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PREFACE 



TO THE SECOND EDITION. 



It is not easy to adapt a Treatise on Trigonometry to all 
descriptions of Students ; to state, in its beginning, within a sm^l 
compass, and Mrith their simplest solutions, those Propositions 
which relate merely to the cases of oblique-angled triangles, 
and then, on the ground of those propositions and by the 
method of their solutions, to proceed to investigations of greater 
intricacy. 

The Student, if he be supposed to possess a knowledge of the 
first six Books of Euclid, may thence, by a f^w easy inferences, 
and by the aid of some simple constructions, arrive most readily 
at the Trigonometrical solutions of the cases of oblique-angled 
triangles. If his views extend no farther, he cannot take a better 
guide than Ludlam or Robert Simson ; nor proceed by any easier 
method than the Geometrical. 

But few Students are content with such confined views. 
Trigonometry is now extended far beyond its original object, and 
to other investigations than those of the relations of the sides 
and angles of Triangles. The collateral uses of the science have 
become the most numerous, and are not the least important. 
To the knowledge of many of these, however, the Geometrical 
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method is unable to conduct us. At some point or other of our 
enquiries (we speak of its present and actual state) it must be 
abandoned) and recourse be had to that which technically is called 
the Analytical Method. 

Since this latter is the sole thoroughly efficient method, will 
it not be better to make it, in a Treatise on Trigonometry, the 
predominant one, instead of being compelled merely to call in its 
aid, when the resources of the former are exhausted ? 

The Authpr of the present Treatise has endeavoured to construct 
it on such a plan ; and, with this view, he has had as little recourse 
as possible, to Geometrical constructions and the properties of 
figures. What he thence has borrowed are not so much to be con- 
sidered as the first steps in his process of demonstration, as the 
data and ground- work from which the process itself is to commence 
and to be instituted. 

By these means the process is made uniform and systematical. 
But uniformity may be purchased at too dear a rate ; and the 
main purpose of the Work, which is utility, would be sacrificed, if, 
for the sake of system, the analytical method were reluctantly 
compelled to submit to modes of proof that are strange to its 
nature and genius. 

The specimens of demonstration contained in the following 
pages must determine whether or not such sacrifice has been 
made. 

The great practical use of Trigonometry is the resolution 
of rectilinear triangles ; but, that it is capable of being extended, 
and to objects, not merely curious, but of real interest, we may 
learn from the history and actual state of the science. 

The first considerable extension of Trigonometry, beyond its 
original object, was made about twenty years after the death of 
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Newton. It was then^ on the ground-work laid down by that great 
man, that three Mathematicians of the Continent, Clairauti 
Dalembert and Euleri and Thomas Simpson our countryman, began 
to establish a system of Physical Astronomy more perfect than 
what its Author had left. With this view, they laid aside the Geo- 
metrical method which Newton had used, and which they thought 
incompetent to their purpose, and adopted the Analytical. Pursuing 
this method, they perceived the formulae of Trigonometry to be 
of continual use and recurrence, and the language, by which the 
process of demonstration was conducted, to be formed, in a great 
degree, of symbols and phrases borrowed from that science. In 
order, therefore, to render the process precise and expeditious, it 
became necessary to improve the means and instruments by which 
it was carried on ; and, accordingly, at the time spoken of, the 
advancement of Trigonometry, the pure and subsidiary science, 
was contemporaneous with that of Astronomy, the mixed and 
principal one. 

This general statement would be confirmed by an examination 
of the Memoirs and Treatises on Physical Astronomy published 
about the year 17^0. . ^ 

Clairaut and Dalembert in their Lunar Theories embody in 
those Works, or introduce as prefatory matter, several, now 
commonly known. Trigonometrical formulae*. In the Volume 
of Tracts which Thomas Simpson published, the Author evidently 



^ It will hardly be believed that theorems, such as are given in 
pp. 28, 29, &c. were almost unknowo. Yet Clairaut, {Mem. Acad. \ 74t5, 
p. 342, and JTiearie de la Lune, edit. 2, p. 9.) alluding to these 
Theorems, says, * M. Euler est le premier, que je s^ache, qui ait fait 
usage de ces Theoremes pour operer sur les sinus et cosinus d 'angles, 
sans avoir recours a leurs formes imagiaaires.' 
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intended the one which is inserted at p. 76^ as prep^iratory to the 
succeeding Theorjr of the Moon ; and Euler distinctly states as 
a reason for cultivating the algorithm of sines^ its great utility in 
the mixed Mathematics. 

In the arrangement of the Treatise, which the Table of 
Contents sufficiently explains. Spherical succeeds to plane Tri- 
gonometry. Now, the former has not, like the latter, been ex- 
tended beyond its original purpose. It has no collateral and indirect 
uses ; it has not enriched the general language of analysis, by 
its peculiar phrases. But^ notwithstanding this confined range, 
and apparent simplicity in the object of the science, its propositions 
are more easily established by the Analytical method than the 
Geometrical. And, (at least in the opinion of the Author of this 
Treatise) this would be the case, even if there existed no simi- 
larity and artificial connexion, between the processes by which 
the series of formulae in the two branches of Trigonometry 
were respectively established. But, so far from there being no 
^milarity, the corresponding propositions can be deduced by 
methods so analogous, that to know the one is almost to know 
the other. 

This will appear to be the case, if we refer to pages 24 and 
139i &^c. of this Treatise. We shall there find similar Algebraical 
derivations of formulae from two fundamental expressions for the 
cosine of an angle. The principle of the derivation, however, 
is not new ; it originated with Euler, who inserted in the Acta 
Acad. Petrop. for 1779i a Memoir entitled Trigonometria Spherica 
Universa, ex prinus principiis breviter et dilucide derivata. Gua 
next, in the Memoirs of the Acaderm^ of Sciences for 1783, p. 291, 
deduced, but by awkward and complicated processes, Spherical 
Trigonometry *' from the Algebraical solution of the simplest of 
its Problems." In 1786, Cagnoli, in his excellent Treatise, 
derived without ^* similar triangles or complicated figures>^' the 
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fundamental expressions for the sine and cosine of the sum of 
two arcs. And lastly, Lagrange and Legendre, the one in the 
Journal de L'Ecole . Pofytechnique, the other in his Elemens de 
Geometries have followed and simplified Euler's method, and 
instead of three fundamental expressions^ have shewn one to be 
sufficient. 



PREFACE 



TO THE THIRD EDITION. 



The present Edition is not different, in its plan, from the 
second. It contains, however, more matter^ to the amount of 
twenty-five pages, and some alterations. The additional matter 
(the greater portion of it) will be found in the enquiry concerning 
the properties and uses of logarithms ; the altered matter at the 
beginning of the Treatise. But whatever is changed or added, 
has been so with a view of rendering the Work more plain and 
easy to the Student ; and, for the same end, it has been inter* 
spersed with new instances of illustration. 

Caius College, Feb,^, 1819. 
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PLANE TRIGONOMETRY. 



CHAP. I. 

On the Division of the Circle into Degrees^ Minutes^ Seconds^ 4'C. — * 

Definitions of Sines, Cosines, SfC, ' 

m 

ARCS THE MEASURES OF ANGLES. 

Art. 1. It is proved in the SSd Proposition of the sixth 
Book of Euclid, that, in equal circles, angles have the same ratio' 
to each other, as the arcs on which they stand- Hence also, in 
the same circle, the angles vary as the arcs on which they stand ( 
and consequently we may assume arcs as the measures of angles. 

In the circle ABDE^ the arcs AB^ AD, are measures of the 
angles ACB, ACD ; and of the same angles, in the smaller circle 
mbde, ab, ad, are the measures ; which latter arcs have the same 




rado to the arcs AB, AD, that the radius Ca has to CA, Vov, 
since, in the circle aide, the measure of four right angles is the 
whole circumference aide, 

A 



2 

aCb X 4 right jL s :: ab : aide, therefore 

ab 



/: aCb zz 4 right Z / X 



ab de 



AB 

Similarly, Z ACB, or AaCb =4 right Z / x ^ui\p • 

^^"^^' ^ "^ JBDE " C2' ""^®' (Playfair's Geometry, 
edit. 2. p. 219.) the circumferences of circles are to one another 
as their radii. 

2. If from the points B, ^, two lines BF, bf be drawn 
making with CJ equal angles C-FJ5, C/b, then, by the similar 
triangles CFB, C/b, we have 

BF ^ CB 
bf Cb ' 

and hence, if, in a circle ABDE, we have determined the value 
of a line such as BF, we can always assign the value of a similar 
line ^yi in another circle abde, provided the ratio of the radii 
CiB, Cb, be known: for instance, if CB be called 1^ and Cb, r, 

bf =1 BFx"^ = BF>^r, or BFzz^. 

3. * It is usual to divide the circumference of a circle into 
360 equal parts^ which parts are called degrees, and of which 
the symbol is fP or 5% if « or 5 be their number : each degree is 
also divided into 60 equal parts^ which parts are called minutes ; 
and of which the symbol is m' or 7', if m or 7 be their number : 
and, finally, each minute is divided into 60 equal parts, which 
parts are called seconds, and of which the symbol is t'^ or 35% if 
/ or 35 be their number: thus, if AB (Fig. p. 1.) equals one- 
fourth of the circle ABDE, AB contains 90 degrees, or, sym- 
bolically, AB=: 90®. UAB=: T^^th of the circumference ABDE, 



TT- 



'♦ See the Note at the end of the Chapter. 
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A B contains 30" or AB a= 30®. If jIB = ith of the circumference 
ABDE, JB=:zi 360" = 51» + c 1» = 51» + ^yi- 

= 51» 25' + I I'=:S1<> 25' 42"+ f 1". 

7 7 

The values of ■- T' and of like quantities are, usually, ex- 

pressed by means of decimals ; thus, - l'\ retaining only the two 

first figures^ equals 0^83 ; and 7th of the circumference would 
be expressed by 

510 25' 42".85. 

But it is occasionally useful (see Astron. p. 397.) to extend the 
division of the circle beyond that of seconds, and to introduce, 
with their proper symbols, thirds ^ fourths ^ &c. In such an ex- 

tension, - I" would equal 51"' aS*"".? and the foregoing arc, the 

seventh of the circumference, would be expressed by 

5P 25' 42" 51''' 25»\7. 

4. The arcs of circles, it has appeared, are proper measures 
6f the angles which they subtend ; if the angles be increased, the 
arcs are also increased, and in the same ratio ; and knowing the 
value of one, is, in fact, knowing the value of the other. But, 
in Trigonometry, the values of angles are made to depend 
on the values of certain right lines, drawn according to certain 
rules, but not varying as the angles vary. The lines just 
alluded to are called sines, tangents, secants, &c. which it now 
becomes necessary to define. 

The Sine of an Arc is a right line drawn, from one extremity 
of an arc, perpendicularly to a diameter passing through the other 
extremity. 

The Cosine of an Arc is a right line intercepted between the 
centre of the circle and that point in the diameter (xliQ foot of the 



sine) at which the sine of the same arc drawn perpendicularly to 
the diameter meets it. 

The Versed Sine is a part of the diameter intercepted between 
, the common extremity of the arc and diameter^ and the foot of the 
sine. 

The Tangent of an Arc is a right line, drawn from one ex- 
tremity of it and perpendicularly to a diameter passing through it, 
and terminated by its intersection with another diameter passing 
through the other extremity of the arc and produced beyond it. 

The Secant of an Arc is a line intercepted between the centre 
of the circle and that extremity of the tangent of the same arc 
which lies without the circle. 

The Chord of an Arc is a straight line joining its two ex- 
tremities. 

The Complement of an Arc less than a quadrant is its defect 
from a quadrant. The Co-tangent, Co-secant of an arc are, re- 
spectively, the tangent, and secant of its complement, and, there- 
fore, may be drawn according to the preceding directions, by 
considering the complement of the arc to be the arc itself. 

If we now illustrate these definitions, and assume, in the 
annexed diagram, AB io he the arc : then, see p. 3. 1. 24. 

BF is the sine of AB, and jF is what we have called the Joot 
of the sine. 



CF is the cosine of JB (see p. 3. 1. 27.) 
AF is the versed sine of AB (1. 3.) 
ATh the tangent of AB (1. 6.) 
CT i^ the secant of AB. 



A line joining A and B would be the chord of AB : as Bgl, 
hfV (see fig. p. 7.) are the chords of the arcs BQ^h, haV, 

The complement of AB is (1. 15.) JBQ, since AB'\-BQ/=^£paA' 



rant : nor SQ being considered at the ate of which the une^ 
tangent, secant, Sec. are required, its sine, cosine, tangent, secant, 
hj the preceding definitions, are (see tig. p. 7.) respectively, Bg^ 
CgiQt, Cl: and, accordingly, (see pp. S, 1.) those same lines 
are respectively, the cosine, sine, co-ungent, co-secant of the 
vecJB. 



The lines that have hitherto been drawn expound the sine, 
coBine, 6cc- of an arc jiB less than a quadrant : but if we take 




A b greater than a quadrant, then, according to the above defini- 
tions, bf is the sine of the arc j4Q b. 

Cf is the cosine, 
Af ia the versed sine, 
CS the secant, 
AS is the tangent. 

In order to determine the co-tangent and co-secant of this are 
Ab -we must vary and extend the definition of the complement 
of an arc : now, (see p. 4. 1. IS.) the arc being less than a 



qiladrant, its complement was defined to be its difeet from that 
quantity : but an extended definition which should make the com' 
plement of an arc to be the difi^erence between it and a quadrant 
would suit both arcs greater and less than a qufadrant ; and, ac- 
cording to such definition, Q^b (fig. p. 5.) would be the com- 
plement of A bj and Q^s (AQ being a quadrant) the tangent of 
Qb would be the co-tangent o{ Ab, Cs the secant of Qi, 
would be the co-secant of A b. 

Let the arc be called Aj then when A is less than a quad- 
rant (0, 

^ + ((2 - ^) = (2, 
or, 4 - (^ ^ <2) = (^ 

when A is greater than a quadrant (Q), 

A •-{A^Q)zzQ, 

therefore, by what has preceded, 

sin. A = COS. {A — Q), and sin. (A ^ Q) := cos. A, 

tan. A = co-tan. (A — Q), and co-tan. A = tan. (A — Q), 

sec. A as co-sec. (A — Q\ and co-sec. A = sec. (-4 - - Q). 

Let now the arc be greater than two quadrants but less 
than three: and let AQad represent such an arc, then, by the 
preceding definitions (fig. p. 5.), 

^^ is the sine, 
Ce the cosine, 
Ae the versed sine, 
AT the tangent, 
CT the secant. 

Lastly, let the arc be greater than three quadrants but less 
than four, or less than the circumference of the circle ; and let 
AQak represent such an arc, then 

A:g is its sine, 
C g the cosine, 
Ag the versed sine, 
A m the tangent, 
C m the secant. 



We may also use the definitions of p. d^ 4, and draw the 
sines, cosines, &c. of arcs gretaer (if we may so call them) thao 
the circumference : for. instance, suppose the arc to be equal to 
the circumference plus the arc AB ; then, guided by the definition 
(see p. 3,) begin from A^ one extremity^ and go round the 
circle in the direction AQ^aR till you arrive at B the other ex- 
tremity of the arc (= AQ^a A + AB) : from B draw J5/^ perpen- 
dicularly to A a passing through A^ and BF is the required sine of 
the arc, CF is the cosine, AF the versed sine, AT the tangent, 
and CT the secant : which are evidently the sine, cosine, &c. of 




the arc AB. Hence, admitting the existence of arcs greater 
than a circle, and applying to such the original definitions of 
p. 3, 4, we have these equalities 

sin. AB =: sin. (circumference + AB), 

or sin. A = sin, (2 «• + A), 

calling ABy A, and the circumference 2 ir ; also 

COS. A =z -COS. (2 w + A), 
tan. A = tan. (2ir + A), 
sec. A zz sec. (2 tt + A), 

and in a similar manner we might easily obtain more like 
equalities. 

Tlie sine, cosine of an arc are thus expressed by means of the 
sine, cosine^ &c. of other arcs,: but they may also be expressed 
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in terms of one another : thus, since by the forty-seventh Pro- 
position of the first Book of Euclid, 

we have, making r = CB, 

r* = cos*. -4 + sin.* A, 
and, accordingly, 

sin,* -4 = r* — COS.* A. 

Again, since CT^zz CA^ + JT^, 

sec* ^ = r* + tan.* A, 

and, accordingly, 

tan,* A = sec* A — r^> 

Again, by the similar triangles CFB, CAT, 

CF : FB :: CA : AT; 

.'. A^r ss L/A X TTTi » 

sin. A 

or, tan. -4 = r. ^j . 

' cos. A 

and, by the same similar triangles, 

CT=CBx^ 

:z rad. X 



COS. AB 



r« 



COS. A 



In like manner we may easily deduce from the similar triangles 
f^Q^3 CgB, the values of Q^ and C t, the co-tangent and co^ 
secant (see p. 6.) of th^ arc AB9 (= ^X 



^ Cg COS. QB 

, COS. A B 

=s rad — : — — — 

sm. AB 

— >^ ■ COS. u^ 

sm. ^ 
and, 

C^ = C^x^=rad. X /^^' 

Cg sin.^i) 

"" sin. A 

Or, we may dispense with this second set of similar triangles 
(CQ^and Cg B) and deduce the values of the co-tangent and 
co-secant from the previous values of the tangent and secant, by 
means of their definition (see p. 6.) 

Thus, the co-tangent of an arc is the tangent of the com- 
plement of that arc. If A be the arc and Q a quadrant, Q— ^ is 
the complement : now by 1. 19. of p. 8. 

cos. (Q — A) 
but, sin. (Q - A) =: cos. A^ 

COS. (Q — ^) = sin. A i 
.-. co-tan. A [the same as tan, (Q- A)] = r. . * . 

In like manner, 

co-sec. J = sec. (Q - .1) = ^^3. (q , J) 

"" sin. -4 

If it were worth the while it would be easy to express, under 
different terms, the preceding equalities : for instance, we may 
thus express the two latter. 

B 
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The radius is a mean proporrional to the secant and cosine of 
an arcy and, also^ to the co secant and sine. 

The radius is also a mean proportional to the tangent and co- 
tangent : which may be thus deduced^ 

♦«« A sin. A ^ J. cos. A 
tan. A ss r , , co-tan. A = r.^, r i 

cos. A sm. A 

*•. tan. A X co-tan. A = r*, 

or, tan. A : r :: r : co-tan. A, 

and this same proportion is immediately deducible from the 
similar triangles CQt, CAT (fig. p. 7.). « 

The right line AB is (see p. 4.) the chord of the arc AB. 
If the right line be bisected at n and Cnhe drawn perpendicularly 



to AB^ then the point m, where Cn produced meets the circle, 
bisects the arc AB (Euclid, Book III, Prop. XXX.); therefore 

AB A 
the zrc Am zz Bmzz = — (supposing A = AB), 

But An is by the definition of p. S. 1. 24, the sine of Am, 
the chord (A n B), therefore, of an arc A is double the sine {A n) 

of half the arc ( " ) : or, which is the same proposition, the 
sine of an arc {A) is half the chord of twice that arc (2 A). 

Instead of making A = the arc AB^ make, for convenience, 
9. A to represent it, and let v represent m n the versed sine oi Am 
or Bm{ss A): then, since (Euclid, Book lit. Prop. 35.), 
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w It X np =: A ifl, 
V X (2 r - v) = sin.2 ^, 

or, ^rv = sin.* J. + v*. 
But An^ -^ mn^ =z Am^ (the line ^ w), 

2- 



2 sin. - ) (see p. 10. 11. 1 7, &c.) 5 



.'. (see 1. 6.) 2 r V = 4 . sin.* — ; 

but C n sz C m '-' M n, 

A 

or, COS. — s= r — V 

ai , thereforei r — - sin.* — 

r 2 

= l(^-.sin^.f), 
or, = — ^2 COS.* r*J 



since 



COS.* — + sin.* -— = r*. 
2 2 

If we multiply the two last expressions (11. 13, 14.) for cos. ii, 
we have 

COS. A X COS. A, or cos.* A = 

if 2 r* ("cos,* :i^ + sin.*4V^-* w»^-^4co8-*^l 
r*(.V 2 2/ 2 2> 

= — (r^ — 4 .sin.* -— cos* — ) . 
r2\ 22/ 

Hence, --sin.*— cos.* — = r* — cos,* ^ 
r* 2 2 

= sin.* ./f, 
and consequently, 

2 sm. — COS. ^ = r sm. A. 
2 2 



IS 

The suffittmmt of an arc is the difference between it and a 
semicircle: accordingly, 

BQa is the ^uppUirunt of AB, 
ab is the supplement of AQh, 
and ( is the jappUment of AQ a J. 
Now (Bee the definition) BF is thr sine of BQa : for BFi& 




drawn from one extremity B of the arc BQa perpendicularly to 
the diameter a A passing through a the other extremity : but, as we 
have seen (p. 4.), or by the same definition, BF is the sine of 
AB. Similarly, if is the sine equally of the arc ia and the 
arc AQ hied the sine ot ad and aQJ: and, generally, tie Hne rf 
the suppiement tfan arc U equal the situ of the arc itself. 

#*^ We have already (see pp. 6, 7.) in one or two instances, ex- 
pressed fay means of general symbols certain equalities that subsist 
between the sines and cosines of arcs, which, though different, may 
be said to be related. Such modes of expression are, in the actual 



«*« The parts included within ,% %* are less essential than the 
other partSi and may, in a first or partial perusal, be passed over by the 
Student. 
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operations, carried on by the aid of the Trigonometrical Analysis, 
of frequent and considerable use. It is desirable, therefore, to 
extend them, which may be done without much difficulty. Thus 
with regard to the equality which has just been stated : if 2 ^ t 
represent the circumference of a circle of which the radius is I, 
and A be the arc, then 

sin. A = sin. («• — A)j 
and since A may represent any arc, if instead of A we substitute 
— — ^ in the preceding equation, we have 



sm. 1 


^ 


A I = sm. y 


<i 


h 


and if, instead of Aj 


, we 


substitute 






m 
n 


A, 


we have 






/m 

ftin. 1 — m- 


- 4 


\ /n 

1 — am. 1 


— fii 


ir 



+ a). 



We may also obtain other general expressions ; thus by ex- 
tending the definition of a sine (see pp. 4, 7.) the subjoined 
equations are true 

sin. -4 = sin. (2 IT + ^ = sin. (4 ir + A)y and generally, 

sin. A c= sin. (2 « *• + A\ 
n being a whole number. 

For like reasons, 

sin. («• — il) = sin. (3 «■ — jrf) = sin. (5 «• — A), 

and generally, 

sin. («■ — ^ = sin. J (2 « + 1) » — ^ } , 

n being any number in the progression, 0, 1, 2, 3, &c. Hence, 



* The numerical value of ir, that of the circumference of a circle of 
which the diameter is 1, is 3.14159, &c.: 2ir, or 2x 3.UI59, &c. ex- 
presses^ then, the value of the circumference of a circle, of which the 
radius is 1. 
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since by p. ld> ^itu A =: sin. {^ ^ A) there results dus general 
equation^ 

sin. (2 nir + -^ = sin. { (2 « + 1) ir — ^ } , 

or, what amounts to the same thing, if / be the sine of any 
jirc A^ it is also the sine of all arcs comprehended under the two 
formulae, 

{2nir -{• A\ { (2n + 1)t - ^ } , 
in which n may be any term of the progression, 0, 1, 2, S, Sec. 

1 ] . The definition of a cosine being (see p. 7.) like that of a 
sine, extended to designate the cosines of arcs, that are greater 
than the circumference, we may, in like manner, obtain general 
expressions for it. Thus, CP, which is the cosine of AB^ 




may be considered as the cosine of the (circumference + AB) 
&c. Hence, as before the following equations will be true^ 
COS. A = COS. (2 w + -4) = cos. (4 IT + ^) =: COS. (2«ir + A\ n 
being any term of the progression, 0, J , 2, 3, 4, 5, &c. But^ 
since the same CF is also the cosine of the arc AB a B', we have 
CF=cos. (2 IT — -rf) = (for reasons just alledged) cos. (4 «• — . ^ n 
cos. (2 wir--il), n being any term of the progression, 1, 2, 3, &c. 
or, CFf generally, = 

COS. { (2 « + 2) IT - il } , 

n being any term of the progression, 0, 1,2, 3, &c. 

Hence CF is the cosine of all arcs comprehended within the two 
formulae 

(finir + A), { (2 w + 2) ^ — il } , 
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12. In a similar manner we may investigate the general 
formulae of arcs that have the same negative cosine, 

(y=cos.(flr—^=cos. (Sir— J.) =, generally, COS. { (2«+l)«— ii J j 

n being any term of the progression, 0^ 1 , ^, 3, &c. 

and since the same Cf is the cosine also of ABbab' or ir + ,^ 

C/=C08. (ir + ^) = cos. (3 IT + A) =: COS. { (2 « + 1) ir + ^ } . 

Hence, Cf is the cosine of all arcs comprehended within the 
two formulae, 

{(2w + l)9r- ^}, {{2n+\)ir + A \ . 

The arcs of which fV is the sine, are 
w- + ^, 3 «■ + u^, and generally { (2 « + 1) «■ -f ^ } . 

The arcs of which FB' = fl/ is the sine, are 

2 9r — J[, 4 IT — ^, and generally (2 it + 2) «■ -- A. 

Hence FB' is the sine of all arcs comprehended within the 
two formulae, 

{ (2» + \)ir + A] and { (2n + 2) rr - .4 } , 

n being in each case any term of the progression, 0, 1,2, 3, &c. 

In calculations, where FBy FB', and other quantities are 
involved, if s be the symbol for FB, — / must be the symbol for 
FB', For, conceive a line to be drawn a tangent to the circle, 
at the point opposite to Q in QC produced, and let the distance 
of any point in the circunference from this line be called z, then 
FB (s) = z - r, and FB' = r — z, or FB' = — (z - r). 
Hence, if in any equation subsisting between trigonometrical 
lines we wish to pass from the consideration of the point B to 
that of the point B', we must in such equation substitute — (z— r) 
instead of 2: — r, or - /, instead of /.* 

IS. The preceding results may be conveniently represented 
in a Table, s and c representing the sine and cosine of an 
arc A. 

* This hinges on the general doctrine of negative quantities : the 
•crupulous Student^ who is not satisfied with what is here said, is 
referred to Carnot's Geomelrie depoiitUm, and his subsequent work on 
the Theory of Transversals, &c. 
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It is easy from this Table and the expressions for tan« Af 
co-tan. A, sec. J[, &c. namely, 

sin. j4 cos. a 1 , j , V 

1 ' -• A » T (^^^- = ^) 

cos.^ sin. A COS. A 

to determine the values of the tangent, co-tangent, secant, 8cc. 

^r ^ / i A\ sin. «■ + -4.) — X 
thus tan. (» + il) = -( = 

cos. (w+ -4) — ^ 

= tan. -/f, 

/o ^ COS. (3 w- -4) r- r 

co-tan. (3v — jf) zz —, — ^ = — 

sm. (3 «■ - ^) J 

=: — co-tan. ^, 

sec. (7 V + -4) = = — . = — sec. A, 

cos. (.7ir + ^) — r 

1 8. la some of the preceding expressions, a radius = 1 has been- 

used, and, solely, for the purpose of lessening the fiumber of symbols 

in the'Trigonometrical formulae. For, 1, or any power or root of 

it, used as a multiplier or divisor of an expression, may be expung- 

sin.*^ A 
ed from such expression ; thus, instead of — '- — , we may more 

simply write sin. ^ u4. Still, however, it is, on many occasions, 
necessary to use, for the radius^, a general symbol such as r, or, 
an arithmetical value such as 10,000. For this reason, it is de- 
sirable to be possessed of some easy and expeditious rule, for con- 
verting formulae constructed with a radius =1 into other formulae 
that shall have a different radius. Such a rule may be obtained 
from the following simple considerations : 

If (see fig. of next page) BF, hf be drawn similarly inclined 
to CJ.',. tbeiL^by similar triangles, 

BFLif.£^, or BF=zbf.l (if CB = 1, Ch^r), 

1 1 

In like manner, CF = C/.- , AFzzaf^ . Now, sines, co- 

smes, tangents, See. are drawn after the manner that these lines 
are' J if the angle BFC be a right angle, BF is the sine of the 
^ngle BCF to radius l^ tfis the sine to radius r; and, CF, C/, 

c . 
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are the cosines. Hencej in any formula inrolving sin. A^ cos. A, 8cc. 




calculated for a radius =a l, substitute instead of sin. A, cos. A ; 

— '■ — 9 — '- — , and the resulting formula will belong to lines 

drawn in a circle, of which the radius is r : for instance, 

-^^ ^ 8in. A J. _ tan. jf sin, A . r 
tan. ^z:: -, radiusr:! ; .'. == x 



cos.^ ' * r r cos.i^ * 

or, tan. A^r. ?HL4 , (radius « r). 

COS.il 

Again, sec. J = (radius = 1), then 

COS. A 

sec. Air 

■ =s ' J = . f or 

r COS. ^ COS. JL 

r 
sec. u< = r 9 (radius a= r). 

COS' il 

A • ^ jt J. A 1 4.1. t^n. ^ co-tan. 2^ - 
Agam^ tan. ^.co-tan. ^ s 1, then, • ^ a= I, 

and tan. J. . co-tan. A ^ t^. 

And if in any formula, any power of sin- J^ or of cos. ^, such as 

sin.' Af sin." il, cos.^ A^ or cos." A^ occurs, the radius being 1, then^ 

I. i_ ^-^ ^ sin.' A sin." A cos.* A cos." A . ,^ 

by substituting — — — , , j— , — -j — , the result* 

y 9 W W 9 

tag formula will belong to a circle of which the radius is r. 
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This is the rule i but, since it would leare a Trigonometrical 
formula- with fractional terms (the denominators being powers of 
the radius) it may, with adrantage, be modified and made more 
conrenient. Thus, suppose a form should occur such as 

cos. n^^ as Acos.*^ + *.cos.»—*^ + &c. to radius 1 5 

then, by what had preceded, the reduced form to a radius r, is 

cos. 11^ a. cos* A ., cos**'^^ji «_ 

5S -J +*. ■ . — + &c. 

and, cleared of fractions, is 

r»— 1 COS. nAzza -cos.* A + h^t^. cos.*—* ^ + 8cc. 

Here, cos. »^ is multiplied by r*-"^, cos.*"-* A by r*, &c. % 
that is, if we dioose to call cos.* A a quantity of n dimensions, 
cos«*~' Ay a quantity of /i — 2 dimensions, cos. A x sin. it, a 
quantity of two dimensions, we may announce the preceding rule 
under die following simple form : 

Multiply each term of a Trigonometrical formula , in tukieh the 
radius =1, hf juch power ofxy as shall make it of the same dimen^ 
sions with the term of the highest dimensions / the resulting formula 
will be true when the radius is =zr. 

Thus, if 
COS. S A a> 4. cos.' A — 3. COS. A (rad*. ss }\ 

since cos.' Ay the term of the highest, is of three dimensions^ and 
COS. 3 A, COS. il, are of one dimension, we have 

A COS. 3 -/f = 4, COS.' i4 — 3 r^ COS. A. 

19* The Trigonometrical symbols, such as sin. Ay tan. Ay &c. 
that hare been obtained, are merely general ones, and, hitherto, no 
methods have been given of assigning thdr values in specific 
Talues of the angles. The general methods for this purpose will 
be given in a subsequent part of the Treatise | but, even at this 
stage, by peculiar artifices, we may, in certain simple cases, assign 
the arithmetical values of the sines and cosines of angles. For 
example, 



If (fig. pJl4,.^ ABtsBQ^ th^th^V JJBe=^^ or 

^xpfeiSed in degrees, if JB or z ABCt:^AA\ since JL BCQ=:4SP3 
iho co^. 45°=8in. 45^ but cos.' J + sin.* iJas 1, (1 =radiu8 in this 

case) ; therefore, 2(sin. 45<>)«= 1, and sin. 45^ = = .707IO6S, 

or, (see the preceding rule) =7071.068, to a radius = 10,000. 

If ACB =i 90^ =30^, since jBCjB'=2. JfCJ?=ef»>, and since 
3 

Z.CJSJ5' = jLCB'B=zeO^ the triangle BCB' is equilateral, ajnd 

consequently BB' (the chord of 60^) = radius Cu< = I, aid, 

BF = sm. 3a> = 1 BB' = 1 = .5, and .•. cos. 3a> or sin. 6a> 

(see Art. 10.)= \/^(l - 1) tr^ =.8660254, and (see p. 18.)= 

8660.254 to^ radius tii 10,000, ' 

and 8660254 to a radius = V 



•iiiiiiii 



H6hce may be proved, what was asserted in p. 3, that'Ae 
sines of arcs do not vary as the arcs themselves. For, the 

sin. 30<* = - radius = , .*., - sin. 90® ; in other words, the sines 
2 2 ■ ~ • 

are as 1 to 2, whilst the arcs are as 1 to 3. 

The values of the tangent may be found, in the ^above cases, 

A 

from the expression tan. ^ = — ^. Thus n - 

'^ cos, ^ 

rad* =1. V rad". = 10,000 

t;in. 45« = 521lif = 1 = 10,000 

cos, 45'' 

tan. 3a> = i X -4:= -5773503 ...... = 5773.503 

2 s/S 

tan. 600=.^ X -= 1.7320508...... = 17320.508 

2 1 

/^/.n sin. 90® 1 
tan. 90® = — r = - = oc 

COS. 90® ' - 



«1 



We may here direct the Student's attention to ihe igugerior 
augmentation of the tangent above that of the sine ; for, we have 
edrresponding to 

* Arcs O5 80^ 45^ 60<> 

Sines 0, 5000, 707 1 , 8660, 

Tangents 0, 5773, 10000, 17820, 

In the same manner as we have found, in the preceding casei^ 
the values of the tangents, we may find those of the versed sine, 
8ecant, &c. 



90°, 

looeo, 

00 . 



* We have adhered, in this Chapter, to the antient and common 
division of the circle. But, in most of the French scientific treatises that 
have, of late years, been published, the circumference is divided first, 
into 400 equal parts or degrees, then, each degl^ee into 100 equal parts, 
or minutes, then, each minute into 100 equal parts or seconds: so that a 
French degree is less than an English in the proportion of 90 to 100 : 
a French minute less than an English, in the proportion of 90 x 60 to 
100 X 100 : and a French second less in the proportion of 90 x 60 x 60 
to 100 X 100 X 100 : hence, if n be the- number of French degrees, the 



».9 n(lO-l) 



orn 



corresponding number of English equals -— , or — — , «. ,• , 

which last form points to an easy arithmetical operation for finding the 
number of degrees in the English scale from the number in the French 
scale : since from the proposed number we must subtract the same, afler 
the decimal point has been moved one place to the left : 

Examples : What number of degrees, minutes, &c. in the English 
scale correspond to 73^, to 71^ 15', and to 26^.0735, in the French 
scale. 



73 
7.3 

65J 
6 

650 42' English. 



71.15 
7.115 

64.035 
6 

2.10 
6 



64^ 2f 6" 






26.0735 
2.60735 

23.46615 

6 

.^^.^^■^^^""^■■^ 

27 . 9690 
6 

58.140 Answer 23^ 27' 58". 
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In the next Chapter we will proceed to inreatigate certain ex- 
pressions for the sine and cosine of the sum and difference of 
two arcs, in terms of the sines and cosines of the simple arcs. Such 
expressions are, in this science^ very important^ since from them^ 
by an easy derivation, may be made to flow almost all other 
Trigonometrical formulae. *«* 



This operation of reducing French to English degrees may be super- 
aeded, and rendered less liable to mistake, by means of the opposite 
Table, in which^ as it is usual, the reduction is effected simply by 
addition. 

Exantple to the Tahlc» 

Reduce 260.0735 to English degrees, &c. 
French. Engflish. 

By the Table, 200 q' 0" IS^ 0' (/ 

a 5 24 

.07 3 46.8 

30 9.72 

5 1.62 



*v 



26 . 07 35 23 27 58 J 4 the same as before. 



Reduce 2^.7483 to English degrees, &c. 

French. English. 

By Table, 2© (/ 0" lo 4.8' 0" 

.70 37 48 

4 2 9.6 

80 25.92 

3 .972 



20,7483 2 28 24.492 
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TABLE 

For Reducing French Degrees^ S^c. to English. 

French Division : 

400^ in the circle, IOC/, in a degree, 100'' in a minute* 

English Division : 

3600 60' 60". 



Degrees. 


French. English. 
1© AO 54' 


French. English; 
10^ 9<> 


2 \.l I 48 


20 18 


3 2 42 


30 27 


4... 3 36 


40 ...36 


5 4 30 


50 45 


6 5 24 


60 54 


7 6 18 


70 63 


8 7 12 


80 7? 

90 81 


9 8 6 


10 9 


100 90 






Minutes. 

• 


1' 0' 3-2''.4 


10 5' 24" 


2 1. 4.8 


20 10 48 


3 1 37.2 


30 16 12 


4 2 9.6 


40 21 36 


5 w 2 42 


50 27 


60 32 24 


7 .* 3 46.8 


. 70 37 48 




80 .43 12 


4 51.6 


90 48 36 




100 54 






Seconds. 


I" 0".324 


10 3''.24 


2 0.648 


20 6.48 


3 0.972 


30 9.72 


4 1.296 


40 , 12.96 


5 1.62 


50 1^.2 




6 1.944 


fin 19.44 




7 2.268' 


70 22.68 


8., 2.592 


QA ..25.92 


9 2.916 


OO 29.16 


10 3.24 


lOO ...> 32.4 







CHAP. II 

* » 

ExpressionSy for the Sines and Cosines of the Angles of a Triangle f in 
Terms of the Sides : for the Sine and Cosine of the Sum and Difference 
of two Arcs or Angles^ Sfc, 

Xhe first step in this investigation will be made by the 
solution of the following Problem : 

Problem 1. In an oblique-angled triangle, it is required to 
express the cosines of the angles in terms of the sides. 

Let the 3 angles be ^, B, C, the opposite sides^ a, S, c. 

Let the line between the vertex of the angle C and the point 




where a perpendicular from the vertex of j^ on the line a cuts a 
hep ; then^ p is called the cosine of C to the radius b, and (by 
p. 17.) = ^.cos. C, when the radius =: 1. 

Now, by Euclid, Book II, Prop. 12 and 13, 

c^ =s a^ + b^ - Qap 

= <j2+ i«_ 2 ab. COS. C'y 
fl« + i2 _ ^ 



consequently, cos. C = 



2ab 



• • 

If we investigate cos. B, and cos. jt, the process will be exactly 
similar, and the result similar, that is 

a^ + i^ — b^ 

cos. Jo s= ■■ ■ ^ , 

2ac 



S5 



COS. il fi- 

2hc 



From these expressions, the angles of z triangle ntay be found 
when the sides are given. 



If C be obtuse, then fzzb. cos. (ir — C), 
and c^ :=:a^ +i^ + 2ap 

=i a* + i^ +2tf^.co8. (ir— C) 
zza^ + b^ ^ 2tf ^.cos. C { since cos. (^-*C) = - cos. C \ ; 

consequently, cos. C^ — ^^^ — - — ^ , as before, or the expression 
is the same, whether C be less or greater than a right angle. 

Pboblem 2. Let it be required to express the sines of the 
angles in terms of the side3. 

By Eudidi Book I. Prop. 47. sin.* A « (rad*.)* - cos.* A 
= (when rad*. = 1) 1 ^ cos.* ^ =: (1 + cos. -^ (1 — cos. A)\ 
•ince the difference of the squares of two quuitities is equal to 
the product of dieir sum and difference ; hence we may find the 
value of sin.* A^ by finding, from the preceding Problem^ 
1 + COS. Aj and 1 .— cos. A, aad^ then^ by multiplying toj^ethey 
those quantities. 

V^ ^ fi ^ J^ 

Now* 1 — COS. -4 =B 1 ; — L— . 



2ic 



1 1 J ' 11 



2bf 



<"t*-;y+^T^) ,(byl.l4,»y.) 



2b fi 



similarly, • 1 + cos. A — — p — 

Hence multiplying, 1 + cos. A, and 1 — cos. jtt 

8m.«^= —■ 4^7 » 

or,since«+*-r=«(d^- c) ,i+c^a=9Q±^ -a) , 

This is the expression for the sin.' J.» formed by means of 
that for cos. ^. But^ the expressions for cos. JB» cos. C art pre- 
cisely similar to that for cos. A^ and> therefore, the sin.' B and 
sin.' C formed from them, by the same process^ must be etpressisd 
by similar fractions i in which fractions, the numerators musty from 
the nature of their composition, be the same as th^ numerator 
for sin.' ^, and die denominators will be, respectively, ^^, ^^» 
Let^' represent the numerator, then 

sm. A = — . sin« JB'=i — , sm. C = — - . 
6c ' ac ah 



* 1 + COS. !/4 = ver. sin. (180^ - A)i 

(h + c^ — a* 
.•• ver. sia. (180^ — ^4) = i^ — =4 , or, differeotly expressed, 

4-ftc : (& + c)* — a* :: 2 (the diameter) : ver. sin. (180^— -4) 

which is Halley's Theorem. Fkil. Trans. No. 349. p. 466. Halley 
calls it " A new Theorem of good use in Trigonometry." 
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^ N N 

Cob. 1. Sinceain. JB=~,and8in.C=--, we have 

sin. JB _ b 
sin. C "~ c ' 

or> if diis.eqwality be thrown into a proportion, 

sin.^ : sin. Cubic. 
Thisrelation^however, of the sinesof the angles to the sides opposite, 
may be immediately deduced from (Tig. S.) ; for the perpendicular 
(jf) on a from the vertex of A^ is the sine of B to the radius c, or 
qzze sin. B (radius =1) ; similarly^ q is the sine of C to the radius 
b^ or, qipttb sin. C (rad. 1.) ;..-. since q^q^ c sin. 3 ss b sin. C. 

>CoB. 2. Hence the area of a triangle may be expressed in 

t^fms ctf its^ides, for, (see fig. 3.) area a ^ '^^^^* =^* ^. JB as 

Problem S. It is required to express the sine of the sum 
of two arcs, in terms of the sines and cosines of the nmple arcs* 

From the two preceding Problems, 

sm. Jf n rr^ , sm« i> == , 

be ac 

and, cos. B = , cos. A as —- . 

' 2ac Qbc 

Hence, rin. -rf . cos- JB+cos. J . sm. Bzz ^ ^ — ^ 7^^ ^ ^ 

Butan.C=^, andrin. Cesin. {w^iA+B)\ «sin.(^+B), 

for ii + £ is supplement to «-— (A + J?) as -A + B + C = ir. 
Hence sin. (-rf+J8)acsin.-rf.cos. £+cos. il.sm. B. [1]* 

* It has been objected, and rightly, that this formula is not thus 

obtained 
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This is the fundamental form, from which abnost all other Tr^ 
gonometrical forms may be deduced. 

Cor. ]. 

cos. (^ + JB) = (p. 6.) sin. (^^{A + B>) * 



obtaised by direct iDvestigatioD« but discovered to be true by obser* 
^atioQ on the values of sin. A, cos. A, sin* jB^ cos. Bf and by preriout 
knowledge of those values. There is no difficulty in directly inves* 
iigating it^ by means of a construction (see Thomas Simpson's THg. p. 54.) 
An able, critic, however, (see Edin* Review, No. XXXIII. p. 128.) 
suggests, that this, and similar formulae, may be naturally and simply 
deduced by means of a Lemma of Ptolemy in his iJLeyaXn {nnrra^K, and 
which in Simpson's edition of Euclid is the Prop. 2> of the S^h Bodc. 
Thus, according to that proposition, 

ABx CD + BCx AD=i AC x BD. 

Let the arc AB =z DC ss 26, and the arc BAD zsz 2Ai 

then, 
{AB + BC)AD= AC x BD, or, (see p. 10.) 




\ 2. sin. iA'^B) + 2 Bin. (4+B)] 2Bm.B=i2An.2Bx2m.A (a). 



Let A=^, then. 



Jsin. (|-6)+sin. Q +6) J sin. B = sin. 2 Bxsin. J; 

but, (pp. 6, 13.) sin. Q— 6,^ and sin. Q+JB^=co8. jB and sin. ^=1 ; 

.'. 2 . cos. B X sin. B = sin. 2 6, we have (the same as in p. 12.) and 
substituting this in the form (a) 1. 18. we have 
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p. IS.) sin. (^ + (-1 + B)) ; 

but, sm. Q + (A+B))sun. {(5+^) + b] . 

sin,-(A — JB) + sin. (-4 + JB) a 2 sin. A . cos. B (d). 
Since in this formula A and B may be any arcs provided that A> B, 

sabstitute r + ^ instead of A, and -^ -f* -B instead of B, then 

«n.(-4- S) + sin.(ir + i«+JB)=2.sin.(5 + i4) cos. (5 + jB) 

But, by Table, p. 16, and pp. 6, 13. 
sin. (w +A + B) ss — sin. {A + JB); sin. (^- + -4y = cos. A^ 

and cos. ^^ + ^/ = *** ^i^« ^ i therefore 

sin. (il — JB) — sin. (il + jB) = — 2 cos. ^ .sin. JB (c). 

Hence, by adding and subtracting (p) and (c), there will result 

sin. {A -^ -B) = sin. A . cos. B — cos. A . sin. B, 
and sin. (A + B) ^ sin. il . cos. B -{- cos. A • sin. JB, 

and the deduction of other forms from these fundamental ones may ht 
conducted as it is in the .text. 

Mn Cresswell, in his Treatise on Spherics, has more simply de- 
monstrated the latter of these fundamental formulae : thus 

lei ABzzQA, BDs^2B, 




and draw B s perpendicularly to AD, then 

ADszAs + sDi but 



90 

= sin. (I + A J COS. JB+ ^8. r^+ Aj .tin. JB, 
which is denved from the fonn [1], by substituting^ instead of 

But by pp. 6, 1 S. sin. r - + il y = cos. Jf 

and COS. f - -|* A J =s — sin. A. 

Hence> cos. {A + B) ^ cos. J. • cos. ,9*^ «in. ii .-fin. J5. . . .[S]. 
Cob. 2. By page 6, 

dn.(ii-i5)=tcos. Q-(^-JB))!=cos. {(s"'^)+®} • 
But, by the fonnula [52] that has been just estaUished, 

cos. (I — Aj COS. B — sin. f^ — ^) rin. JB 

::: sin. ^ • cos. JB«^€OS. if • sin. ^9 
(by p. 6.) 

Hence, therefore^ 
sin. (^ - B) ss sin. jf cos. B — cos* jf sm. ^ [S]. 



but (see p. 10.) ADss 2 sin. ^ sz 2 sin. {A + B), 

ma 

BD 
As^AB.cos. BAD szABcob.-— (Euclid^ Book IIL Prop. 90.) 

^2An. COS. jB 
= 2 81D. ^.cos. B, 
Ds = BD .cos. BDA ss 2 sin. JB cos. jl; 

.'. sin. (A + B)*s aiD.A cos. JB -f- cos. ^4 . sin. B. 
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Again, by page 6, 
COS. (^-.^) = sin. (I - (J^B)) = sin. [Q^a)^b} . 

But, by the formula [1], 

«in. {(j-^)+JBj=8hi. (|--^il)co$.B+cos. (--^)8in.B 

= COS. A cos. jB + sin. A . sin. B (by p. 6.) 

Hence, therefore, 
*cos.(-rf— J5) =s COS. A. COS. B + sin. ^.sin. B [4], 

Cob. 8« Add together die forms [1} and [S,] and there 
results sin. (^+J8) + sin.(^ - B) = 2. sin. ^.cos. J9.. ;. ..[«]. 

Subtract [S] from [4], and 
sin. (^ + B) *-* sin. (2f — B) = 2 .cos. A . sin.^ [If]. 

Multiply [Ijand [3], 
and, the right-hand side of the equation is = 

sin,*\4 X COS.* B — COS.* A x sin.* B = 
•in.* ^ (1 - sm.* J8) - (1 - sin.* A) sin.* B = 

•in.* ^ — sin.* B. 

Hence, 

8in.(-i + B) XMn.(^- B)=:8in.«A - «in.*B [c]. 

Add [2] and [4], and 
COS. (-rf — J8) + COS. (-4 + B) =: 2 cos.^. cos. B [JJ. 



* We may from these formulae easily derive expressions for the sine 
and cosine of A ± B + C: 

thus sin. {A + B+ C) = sin. {A + B) cos. C + cos.(A + -B).sin. C 

= sin. A COS. B cos. C -|- cos. ^ sin. B cos. C 
-{- cos. A cos. B sin. C — sin. A sin. B sin. C. 
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Subtract [2] from [4]^ and 

* 

COS. (^ — B) — COS. (-4 + JB) s» 2 sin. A . sin. JB [^]. 

If we substitute in the preceding formulae [a], \ll\^ \c\^ &c. 
the quantity (n + 1) J9 instead of A^ we shall have 

sin. (914-2) £ 4- «in. n^ s Ssin. (» + 1) S cos. ^^ 
sin. (n + 2) B — sin. n B = 2 cos. (n + 1) B sin. B> 
sin. (n + 2) J8 x sin. n J = sin.* (it + 1) JB — sin.* JB, 
cos. n JB + COS. (n + 2) JB = 2 cos. (« + 1) B.cos. JB, 
COS. nJS — COS. (it 4^2)B s 2sin.(ii+ 1) jB.sin. B. 

Cob. 4. Some of the preceding forms may .be differently ez« 
pressed^ for 

A -rf+^ ^ ^-^ -S ^ D f making 
smce il SB —^ — + — -— ss -- + ^ \ © 



and Bs 



^+B ^-B S D 



""5 2 V. "^^ ^ — B, 
we have from [tf], 

sm. S + sm. X> s 2 sm. I — ^ — J • cos. I — - — I > 

and from [^J, 

sm. o — sm. Z^ = 2 cos. I — - — I . sm. I I , 

or, since 5 and 2) are any arcs subject to this condition alone> 
namely, that S > D, and since, in a series of formute, it is con- 
venient to use the same characters, instead of S and D we may 
•use jt and B, and then, 

sin. A + sin. B = 2 sin. ( J .cos. ( j [5], 

sin. A — sin. B =: 2 cos. ( — : — ) . sin. (—^ — ) [6]» 

By a similar process we may transform [d] and [e] into these. 
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COS. A + COS. B =z 2 COS. ( ) . cos. ( '*' J .... [7]. 

COS. JB - cos.^ = 2 sin. (:^±5).8in. (j^^^ [«]• 

CoR. 5. Divide [5] by [6], and 

. /A + B\ /A^B\ 

. . . jy Sin. ( ^ ) cos. ( — — -) 
sin. ^ + sm. B ^ 2 / V 2 ^^ 

sin. ^— sin. jB /A-hB\ * . /A—B\ 

= un. (-_-). cot. (—_-) 



» 



tan. 



^''' = J »* 



[/I- 



. ., , COS. A + COS. B 1 r^T 

. sin. ^+sin. B . /-^ + -B\ w-k-i 

' COS. il+cos. 5 \ 2 / 

which, in a particular case, that is, when ^ = 0, becomes 

sin. A ,^ A Vi-cos.*^ ^, . /l-cos. -A_ il 
■ gtan. — • or ^ 7 • or \/ 3 = tan. — . 

1+cos.^ 2' 1+cos.-^ V i + cos. -4 2 

From diis last expression, we may express, cos. A in terms of 



the tan. — , &c. ; for, since 



mA 1 — COS. A t 

tan.' — = '■ , we have 

2 1 + COS. A 

I « tan.2 d 

J 2 

COS. A = ■ ' ^ • 

1 +tan.*— 
2 
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#*# Cou. 6. The forms for the sine and cosine of A±B being 
obtained, it is easy to deduce from them, the sine or tosine of 

any arc, such as h A, and nearly with as much convenience 

n ~" 

as by reference to the Table given in page 16, thus, by [1], 

sin. (ir -|- ^) == sin. ir , cos. A + cos. » . sin. A, 
but sin. IT = 0, and cos. ir = — 1 ; 
/. sin. (ir + -4) = — sin. A, 

A • * / 3 w >\ • • o If ^ Sir. ^ 

Again, sm. I — Aj = sm. — cos. -^— cos. — sm. A \ 

but, sin. i—j = sin. (^+ o ) =sin. ».co8. - + cos. ^. sin. r 
= — 1, since cos. ^ =s 0, and cos. ir = — 1, 

Sir / ^ •x\ «■ . . «■ ^ , 

COS. — = COS. I «• + - I = COS. «• . COS. -— sm. v sm. ;r « 0- 

The sin. (-^ '^y ' therefore, = — cos. A. 

Again, * cos. *( — — Sil ) = cos. — cos. 3^ + sin. '«^ sin. 8 .if 

= — sin. 3.A% since coa» — ' = 0, and sin. — = — i. 

SI « 

A • ^5 'T^X 5w ^ .5ir. - 

Agam, COS. I — + A ) :=, cos. — cos. A — sm. — - sm. -A, 

but cos. — ssscos. I 2ir + 5 l=co8. 2ir.cos. ^ — sm. fiw.sin. ^sO, 

sin. — Mssin. (2^+ 5) = sin* 2 ir , cos. 3 + cos. 2.w.sin. = 1 1 

.'. COS. (— + A J = — sin. A. 
and, in like manner, other instances may be reduced \*. 
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We will now proceed to deduce expressions for the tangents 
of the sums and differences of arcs : and^ the first step will be 
the solution of the following Problem^ which, indeed, is little else 
than a corollary from the preceding results : 

Problem 4* It is required to express the tangent of the 
sum and difference of .two arcs in terms of the tangents of the 
simple arcs. 

Since (p. 8.) the tangent of an arc is equal to the sine diyided 
by the cosine, if the arc be ^ + B, 

A / >i . n\ sin. (A + ff) sin. A . cos. B±cos. A . sin. B 

tan. (il + ^) = \ A~ ^r^ = -A 5 : — -A — -* — n • 

cos. {A + )-o cos. A .COS. B qp sm. A . sm. B 

Now, since the object is to obtain an expression involving 
tan. A^ tan. Bj we must divide both numerator and denominator 
of the above fraction by cos. A . cos. B, an operation which will 
not change its real value ; beginning then with the numerator 

sin. A . COS' B ±. cos. A . sin. B sin. A . sin. B 



COS. A . cos. B cos. A cos. ii 



ntan. J.±tan. B 



COS. ^cos. jB^sm.^sm. £ , sm.^sm.f ,_^ .^ t> 

3 ' — 7? = 1 q: --zilqitan. ^. tan.^ 

cos. A . COS. B cos* A cos. B 

consequently, tan. (^±B)= ^^' ^ "^ ^^"' ^ (rad. = 1) [9]. 

1 7 tan. A . tan. B 

This formula may be used for determining the tangents of 
such arcs as 90® ± Ay 180®±-^, &c. exactly, as in Cor. 6. p. 34, 
we shewed the formulas for sin. (A ±, jB), &c. might be used in 

determining sin. (^v±Aj : for instance. 



1 — tan.QO^tan.^ 1— ootan. ^ — qd tan.^ 

1 . ^ ,-o^ .. tan. 18(y> — tan. -rf 0— tan. -rf 

B— . . : agam,tan.(18(y— -4)= ,^^ ^=^z — ttz 3 

tan.^ 8 » V J 1 + tan. 180^ tan. ^ 1+Otan.^ 

= — tan. A. 

Cor. 2. Since tan. 45« = 2I!Li£! = i, if we make ^=:45<>, 

COS. 45® 

there will result from the preceding expression^ 



Cor. 3. Let t, t\ i\ &c. be the tangents of the arcs A^ B, 
G, &c. then by formula [9], considering ^ + £ as one arc, 

1 - tan. (A + B) tan. C '^ 

But, tan. (A + B) = -l±il} 
therefore the numerator of the fraction [q1 equals 

and the denominator^ of the same fraction, equals 

1 - {tt' -^tr + t't" 

Hence, 



f jff 



tan. (^ + B + C) = ^ "^/v"^^vr^/l • 

If -4 + B + C = v, (which is the case when A^ Bf C$ are 
the three angles of a triangle), since tan. ir s= 0, 

t + <' + r- t/i^ = 0, or 
/ + /' + ^' = tt't% 

ttrhich is the theorem given in the Phil. Trans, 1808. p. 122. 

But the theorem has an origin much more remote ; for, the 
above formula for tan. (^ + jB + C) and similar formulae for th« 
tangents of A -h B •{- C -^ D, &c. were given as far back as 
the year 1722, by John Bernoulli, and are inserted in the Leipsic 
Acts for that year, p. 36l, and in the second volume of his Works, 
at p. 526. 

The formulae for the tangents of the sums of any arcs Ay B, 
C, 8ic. are symmetrical in their composition, and their law is 
easily defined: suppose, the symbols S, (i t')f S^ (t t' t% &c. be 
made to represent, respectively, 
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tt' + t/'+ ify 

tft" + tfi'" + ti'd" + t't''^", &c. 

then, tan. (^ + B + O = ^flLM^) . 
tan. (^ + B + C + D) = g4ft)~S4(^^'0 

These formulae are easily shewn to be true on the principle, 
that, if the formula for the tangent of n arcs be true, that for 
(n + 1) arcs must be true also: the latter inference being made 
by means of the form [9], p. S5. 

If, instead of a radius = 1, we would introduce a radius =? r 
into the preceding formulae, we must avail ourselves of the 
rule laid down in p. 19. Thus the formula [1], p. 27, becomes 

r . sin. (-4 + J3) =1 sin. A x cos. B + cos. A x sin. B, 

the formula [r], p. SI, is the same, whether the radius be 1 
or r. 

Tlie formula tan.* — = — "^ '- — ; to radius = 1 

2 1 H- cos. A 

becomes tan.* — = '- '-: — when radius = r. ' 

2 r -f COS. A 

The formula [K] becomes 

sin. ^ -f sin. B ^ /^ + B\ 

r X yr = tan. I — - — I j 

COS. A H- COS. B V .2 y 

but, the formula [/], p. 3S, remains the same, whether the radius 
be equal 1 or r. 

^% We will now subjoin a few additional formulae for the sines 
and cosines, 8cc. of the sums and differences of arcs, the investi- 
gation of which the Student, by pursuing a track similar to what 
bas been already proceeded on, will easily discover, 



•in. {4S^ ± il) = 
COS. (45^ =P ^) = 
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COS. A ± sin, jj 
COS. A ± sin. ^ 



v/2 

«n. (60» + J) - sin. (fiCP - A)= sin. ^, 
eo8. (600 + J) ^ COS. (60» — ^)= cos. J, 

tan. (450 + ^ = ' + *^°- "^, , 

1 — tan. ^ 

tan. (450 _ ^) = ^ " *'"• ^ , 

1 + tan. ^ ' 

tan.« J- tan.« B = «»• (^-B)8in.(^ +J?) ^ 

cot.« B- cot.* A = sin.(^-J3)sin.(^+^ 

sin.^^ X sin.^ B 

M. Cagnoli, in his Trigonometry^ has collected into a Table, 
under one view, and for the purpose of reference, formulae 
similar to the preceding. He has also in another Table (which is 
subjoined) exhibited the various values for the sine, cosine, and 
tangent of the angle A. 
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Table. 



1. 
2. 

3. 
4. 

5. 

(5. 

7. 



Values of sin. A. 
COS. ^ tan. A. 

COS. ^ 

cot. A 

^(1 — cos.*^). 
1 

V^(l + cot.* y4) • 

tan. A 
V(l+tan.»^' 

2 sm. -r . COS. — . 
2 2 



^/(i 



2 tan. 



— COS. 2-4 



)• 



8. 



1 +tan.' 



^* 



9. 



cot, — htan.^ 
2 2 



sin. (300+^-sin. (300-^) 

10. -j^^ . 

11. 2 8in.» (450+-) - 1. 

12. 1-2 sin.* (450 - -) . 

I - tan.* (45» - ^) 
1 + tan.* (450 - -) 

tani ^450 +~^-. tan. (450-^^) 
tan. (45f>+:|)+tBn. ^450 -- ^ 
15. sin. (600 + i4) - cos. (60P - -^. 



13. 



1. 

2. 

3. 

4. 
5. 



Values of the cos. A. 

sin. A 
tan.^ * 

sin. A cot.. Au 

V(l - sin.* A). 

1 

is/(l + tan.^-4)' 

cot. A 
V(l +cot,*^)* 



14. 



6. COS.* -- — sin.* -5 . 

7. 1-2 sin.* ^. 

2 

8. 2. COS.*-. — 1. 



,, y^(L±^). 



1 - tan.* - 
2 

1 + tan.*- 
2 

cot. -r— tan. — 
2 2 

cot. -+ tan.- 

1 

1 3- 

1 4*tan. ^ tan. -^ 



10. 



11. 



12. 



13. 



ton. (45o+--)+cot. (45°+-) 

14. 2cos.(450+ ^)cos. /450-. -^ 

15. cos. (600+-4)- cos. (600--^. 



1. 



2. 
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Table. 

Values of tan. A. 

sin. A 

COS. A 

1 



cot. A 

sin. A 



4. 



V(l -sin.«^)* 



- »y(\—cos.^ A) 

5. , 

COS. A 



6. 



7. 



8. 



2 tan. — 
2 

1 - tan.2 :^ 
2 

2 cot. — 

2__ 

COt.2 ~ -^ 1 

2 
2 

cot, tan. — 

2 2 



9. cot. A — 2 cot. 2 -4. 
1 — COS. 2^ 



10. 



11. 



sin. 2 A 
sin. 2 A 



1 4- COS. 2-4 



12. a//^ ^ -COS. 2^ X 

* V Vl H- COS. uAJ ' 

tan. (^450 +^^-tan. A50 - -") 

13. 1 ^ ^ ^^ V 
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The investigation of some of these expressions has been already 
given ; and^ by pursuing its plan, the Student will, without dif- 
ficulty, be able to accomplish that of the others. 

But the Student, whose object is utility, will feel averse from 
their investigation, should he suspect them to be mere Trigono- 
metrical curiosities. Such however is not their character i on the 
contrary, they, in many instances, materially expedite calculation, 
and furnish to the general language of analysis convenient forms 
and modes of expression. It is^ in accomplishing this latter purpose, 
that Trigonometrical formulae are chiefly useful : they serve to 
conduct investigation where the object has no concern whatever 
with the properties of triangles. 

Yet, the investigation of the properties of triangles was the 
object for which Trigonometry was originally invented ; and, if 
the Student purposes to limit his enquiries to that object alone, 
he need not, in quest of the requisite formulae, advance farther 
than the preseht Chapter. He may immediately pass on to the 
fifth Chapter and apply what he has already learned. If, how- 
ever, his views should extend farther, and he should wish to be 
possessed of Trigonometry and its formulae as instruments of 
language, he must pursue his researches^ become conversant 
with expressions merely analytical, and, for a time, defer their 
application. 

In order that this latter plan may be adopted, we will, in 
the next Chapter, continue the deduction of Trigonometrical 
formulae. 



V 



CHAP. Ill 



On tht Sines, CosineSy Sfc, of multiple Arcs, -^ Powers of the Sine and 
Cosine of the simple Arc, — Series of the Cosines of Arcs in Arttk* 
metictU Progression, — Victors, Warin^s, and CoteS's Properties of 
Curves, — De Moivre*s Expression for the Sine and Cosine of a 
multiple Arc by means of imaginary Symbols, 

Prodlem 5. It is required to express the sine and cosine 
of twice an arc^ in terms of the sine and cosine of the simple 
arc. 

By form [1], p. 27, 

sin. (-4 + i?) = sin. ^.cos. B + cos. ^. sin. B. 

Let B = ^; 

.*. sin. (2 J.)=sin. Jf . COS. A + cos. A . sin. A^ 2 sin« A cos. A\ 
ory by the Rul6 of p. \% to rad', r, r sin. lA^9, sin. A .coa, A ^ 

Again, by the form [2] of p. 27, 

COS. (-4. 4- JB) s± cos.^.cos.j? -=• siii.il.sin. B. 

Let il =5 B ; .•. cos. 2 -4 = cos.* A — sin.* A\ 1 

or, = COS.* -4 — (1 — COS.* -df) = 2 . cos.* -<rf — 1 ; 
or, = 1 — sin.* A — sin.* ^ = 1 — 2 sin«* A* 

If we employ a radius = r, then, by the Rule of p. 19, 
r . cos. 2 -df = 2 COS.* -4 — ^> OT = f* — 2 .sin.* jrf, (see p. 1 1.) 

* This result has been (p. 12.) already obtained, but it is here re- 
peated, as being the first of a series of formulae deduced on the s»pe 
principle* 
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Cor. 1. By transposition, 

V— r .COS. 2 J, ot r(r— COS. 2-4)'b:2 sin.* A (see p. 11.)- 
Now, r — COS. 2A=i ver* sin. 2 A, consequently, 

r .(ver. sin. 2A) = 2 sin.* A (see p. 11.) 
which equality^ thrown into a proportion, is 

ver. sin. 2 A : sin. A :: sin. A : " ; 

or, expressed in general terms, announces, that the sine of an angle 
is a mean proportional between the versed sine of twice the 
same angle and the semi-radius. 

Again, r^ + r. cos. 2 A = Q, cos.* A, 
or r (r + cos. 2 A) = 2 cos.* A, 
or r (ver. sin. supp'. o{ 2 A) = 2 cos * -df ; 

or, (if we call the ver. sin. of the supplement of an arc, the 
suversed sine) r .suversin. (2 ^; = 2 cos.* A, which equality, like 
the preceding, may be expressed under the form of a proportion, 
or in general terms. 

CoR. 2. Hence the sine of 30® = |, radius =3 1, 
For, sin. 60^ = sin. (2 . 30®) = 2 sin. 30®. cos. SO®, [Prob. 5.], ' 
buty COS. 30® = sin (90® - 30®) =» sin. 60® ; 
.-. sin. 60® = 2 sin. 30® .sin. 60® ; 

4/3 

or sin. 30® = ^, and consequently sin. 60®, or cos. 30®=?^^ , 



2 



Cor. 3. Since, radius being 1, 

sin.* A + COS.* A = 1, 
and, (p. 12.) 2 sin. A. cos. A = sin. 2 A, 

we have, by the solution of a quadratic equation such as 

oc^ + 1/^ ss a, 

sin. A =z i^O + sin. 2 A) ± i >y{l - sin. 2 A), 
COS. A = i >/(l + sin. 9.A)'^i ^/(l - sin.2 ^), 
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in which expressions the upper or lower sign that affects the 
second term is to be used, accordingly as sin. A is greater or less 
than cos. ji^ that is, in arcs not exceeding a quadrant, accord- 
ingly as j{ is greater or less than half a quadrant. 

These two formulas are useful either to compute arithmetically 
the sines, cosines, 8cc. of arcs, or to examine their accuracy when 
computed by other formulae ; and, performing the latter office^ 
they are called Formula of Verification, It is easy to perceive their 
use in computing sines, cosines, &c. ; since, if we take sin. 2 A^ 
a known quantity, for instance, the sin. 30^ which equals }, we 
may, by successive substitutions, regularly deduce the sines of 15®, 
V 30', &c. Thus, 

sin. 15® = W(^ + i)-i>/(l—i) =-258819, " 

sin. 7® 3(y = ^ >/(1.258819) - \s/ (.741181) = .1305262, 

sin. %^ 45' =, &c. 

Problem 6. It is required to express the sine and cosine 
of 3 times an arc, 4 times an arc, 8cc. in terms of the^sine and 
cosine of the simple arc. 

If we substitute in the formula for cos, {^A^B) (p. 29.) 2 A 
instead of jB, we have 

COS. (il + 2 ^) s= COS. 2 A . COS. A — sin. 2 A .sin. A \ 
but, by the preceding Problem, 

sin. 2 u^ = 2 sin. A cos. Ay 
and COS. 2-4 = 2 cos.^ A— \\ 

.-. cos. 3 -4 = (2 .COS.* A —V) COS. A — 9. cos. A . sin.* A 
= 2 . COS.* A — COS. ^ — 2 COS. ^ (1 — cos.* A) 
= 4 COS.* ^ *- 3 COS. Ay when the radius s= 1, 
4 COS.* A 



r* 



3 . COS. Ay when the radius s= r. 



3ir 



This form, if we substitute therein, instead of the arc ^A^ — ^SJ 

2 

gives us 



f 



COS. 
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COS. f^~ —3-4 1=4.1 co8.^ —-^ J — S.cos.f ^— -iy ; 

but, by Cor. 6, Prob. S, p. S4. 

\. ( ——3-4 1 = — sin. 3-4, COS. I - - ii 1 « sin. A ; 

consequently, 

sin. 3-4=3 sin. A — ^. sin.^ il, when the radius = 1, 

= 3 r^.sin. ji — ^ — when the radius =: r. 

By a similar method may the cos. (4 -4) s cos. (SA + il) or =: 
COS. (2-4 + 2 -4), and the cos. (5 -4) = cos. (4 -4 + -4) or = 
cos. (Sji-i- 2 -4), 8cc. be deduced. But, the successive formation 
of the cosines and sines of multiple arcs may, most easily, be 
efiected after the following manner : 

By the form [d], page 31, 

cos. (-4 + J3) + COS. (-4 — JB) ss 2 cos. -4. cos. B A:^B, 

or COS. (jB + ^) + cos. (JB — A) = Qco$,B.cos»A B>A. 

Let B zz nA^ then transposing 
COS. (« + l)-4 s= 2 .COS. n A. COS. A — cos.(fi— I) A, 

and hence from cos. (n — 1) A, and cos. n -4, may be assigned 
COS. (fi + I) A: for instance, 

if n 8= ], COS. (n — 1) -4 = cos. = 1; 

.-. COS. 2 -4 ss 2 COS.* -4—1 [tf"]. 

If n = 2, 
cot. SAss2 . COS. 2-4 .COS. -4— cos. -4=4 .cos.' -4—3 cos. A [r^]. 

If « = 3, 

COS. 4-4 = 9 cos. 3-4 .cos. A — cos. 2 A 

= 2(4 COS.* -4— 3cos.jrf) COS. -4— (2 cos.* -4— F) 
= 8 COS.* A -S COS.* ^ + 1 [tf'^, 

And, by a like process, if ^ = 4, 

COS. 5 -4 SB 
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16 COS.* A- 16 cos.^ J + 2 COS. A — (4 cos.* A — 5 cot. A) 

= 16 COS.* ^-20 COS.* J -^ 5 COS. A [tf''], 

or, 2 COS. 5jiss(2 COS. ^/ — 5 (2 cos. A)^ + cos. -4. 

Similarly, if [n = 5], 

cos. 6 u4f a= 32 COS.^ ^ — 4-0 COS.* u4f + 10 cos.^ -4 

- (8 COS.* A— 6 C08.2 ^ + 1) 

= 32 cos-^u^f-l-S COS.* ^H- 18 cos.* A-^l [r"J, 

or, 2 . COS. 6u4f =2^. cos.^ ^-6.2* cos.* ^ + ^^^ 2* cos.« ^ — 2, 

2 

and the general form is 
tcos.iwJ=(2cos.^r'^»i(2cos.^-«+^^-^^5!i:^\(2cos. AT''* 



- '"•('»-*)(>»-5) (gcos-^r-" + 8cc. 
2.3 ^ 

• 

The formula for the sines of multiple arcs may be deduced 
from those of the cosines, and, on the same principle as that which 
has been already used in deducing sin. 3 ^ ; by substituting, in 

the form for cos. 5 A^ — ^ — 5 A instead of 5 A, we have 

2 

COS. I ~ — 5^1 = 
16 ^cos. I - Ay - 20 (cos. 5 - aY + 5 . cos. (|-^) f 
but by Cor. .6. Prob. 3, cos. ^^— - 5A^:=: sin. 5 A, 

COS. (Z^Aj =: sin. A ; 

consequently) sin. 5 ^ = 16 sin.* ^ — 20 sin.* A -^ 5 sin. A. 

-Or, the sines of multiple arcs may be successively deduced as 
the cosines have, on the same principle, and by like formulse -, 
thus, by the form fa], p. 31. 
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sin. (B + J) + nn. (5 - ^) = « sin; B . COS. ^. 
Let B zz nA, then^ transposing 

sin. (« -f 1) ^ = g «in< m A. cos. A *- sin. (n-* 1) -4(, - : 
hencej if « = 2, sin. 3 -4=2 . «iri/2 A. cos. u< ~ sin. A^ ' 

(sin. 2^=2 sin. A . cos. -4)=:4 sin. A . cos.* u4f — sin. -4 . . [/'] 

=3 sin. u4f-4 sin.5 A [s'"]. 

Simtlarlj, if « = 3, ' . i ' . . 

sin. 4^ s= 2 COS. ^ (3 sin. A -^ A sin.' u4f) — sin. 2 .idf, 

= 6 sin. ^. COS. -4— 8 cos. -4.sin.'u4f— 2sin. ^.cos. -4 
= (4 sin. A -^S sin.* A) cos. -rf, 
or, sr (8 COS.* A — 4 cos. .4) sin. 4 [/Tl- 

Similady, if if es 4, sin. 5 A as 

(4tsin. -4 — 8 sin.' A) 2 cos.* -4 - (3 sin. -4 — 4 sin.' A) 
= 8 sin. A -16 sin.' -4 — 8 sin.' .4 + 16 sin.^ A — (3 sin. ^— 

4 sin.' A) 
= 5 sin. ^ - 20 $in.3 ^ + l6 sin.* A [s^], 

or, 2 sin. 5.idf = 5 • 2 sin. -4 — 5 . (2 siii. -4)' + (2 si^n. -4)*. 

The general' expression for sin. mA [m odd] is 

sin. mAzz 

«r. sfe. ^^ Jli(2i:J-> sin.3 A ^^^^-dW"^) sin.* ^1 &c. 

.; 2,3 . 2.3.4.5 _ 

and [m even] is 

« 

''i sin. mA:=: cos. -4 < wt . sin. A — — '^ ^ — ^ sin.' -4 + 



... , a. $.4. .5 i -. , ' • > 



The sine and cosine of the multiple arc (m -4> hare been ex- 



irtte 



'^ For the general demonstration of these forms, seethe Appendix. 
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pressed in powers of the sine and cosine of the simple arc (A) : 
but, if we express the cosine of the arc {A) by a particular 
binomial, the cosines of the multiple arcs admit of an expression 
rather remarkable } or, in other words, they may be said to possess 
a curious property : thus, let 

2. COS. A ^ X + -; 
then, 2C0S. ^A = 2(2co8.«^ - 1) = 2 \\^ "*""/"" ^} 



x« 



By the form of p. 45. 

2 • (cos. S ^) = 4 COS. 2 A • COS. A ^ 2 cos. A 

= J^ + i- . 

Generally, if 2 . cos.(»- \) A ss a*— ^ + -- — - , 

or '■ 

and, 2 .cos. nA =zx^ + ~ > then, since (p. S2,) 

COS. (« -f 1) u4f SB 2 . COS. n -4 . COS. A — cos. («— 1) -^, 
2 CO.. («+ 1)^ = (^ + 1) (x +0-(^-^ +-ii) 

1 



*=::r* + ^ + 



^ + 1 



Hence, if the form were true for two successive inferior numbers, 
n— 1, and ftf it would be true for n + 1 ; but, it has been proved 
to be trUe in those cases, when n— 1 =2, and » b S : conse* 



* This mode of denoting the cosines of multiple arcs, which leads 
to several curious results, occurs first in De Moivre's Mucellanea 
Anafyiica, pages 8 and 16. 
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quently, it is true forn + 1 = 4?, and so on successively for all 
whole superior numbers. 

The above expression holds good also for cos. ■ AfWhenn 

is an even number. For, since 

« A cos. A •{- I 

C0S.2 ~ = f 

2 2 

A 1 

4 .C0S.2 — = 2 .COS. il + 2 = x + 2 + - ; 
2 X 

.•. 2 . COS. — '- = \/x + 



2 ^ V^ 

Now, 

COS. -4=2 .COS. - ui X COS. COS. A\ 

2 2 2 2 

n+l I 



X "*> 



n- 1 



therefore, as before, if the expression be true for cos. -il, 

it is (since it certainly is so for cos. ^ A, n being an even 

number) true, for cos. ^ . A. But, (1, 5,) it is, when ii=2, 

2 

-^ . S il 
true for cos. — ; therefore, it is true for cos. • ; therefore for 

2 ' ' 2 

cos. — - , and, by virtue of these successive inferences, generally ^ 

true. 

The above mode of expressing the cosines of multiple arc$ 
is useful on several occasions : for instance, in finding the sum 
of a series, such a$ 

c 
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co8.^ + C0S.2A + COS. 3 A + &c. + cos.nJ, 

for, retaining the former notation, the sum is equal the sum of 
the two following series, " , 

^ (:r + 01^ -f x« + &c. + x»), 
l(Ul+L+&c.+i); 

2V x-X xr{x-\)J ^ 



^i\ jr"(a?— 1) /~2 



x^ X « 








(» 1 V » 




((«.ces.!!^)'-4) 

=N/|(..^.f)' - 4 



. nA 

sm. — 

: consequently the sunt of 



. A 

sm. — 

2 



. n A 

sm. 



the series is equal -^ x cos. I — -z — J A. 



2 
sm.^ 

2 



Since the sin. nA zz (x^ ) , we cannot, using 
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the above notation^ directly investigate the sum of a series such 
as 

sin. A + sin. 2 A + sin. 3 J. + &c. 

except by introducing imaginary symbols. The investigation, 
however, is not difficulty and may conveniently be effected, 
(although by something like an artifice of calculation) in the fol- 
lowing manner : 

In the form [8], p. 33, if we substitute, instead of B and Ay 
successively the arcs^ and — , and , &c. there will 

result 

COS. -- — COS. -—- =: 2 . sm. A . sm. — , 

3A 5A ^ . ^ . . A 

COS. — COS. ss 2 sm. 2 A . sm. — , 

2 2 2 

COS. -—- COS. = 2 sm« 3 A . sm. — , 

- 2 2 2 

&c. &c. 

Hence, by addition, 

A ^ n JLm\ A 

co8.-r — cos. — ^!1— il = 2 sin. •-- (sin. -^ + 8in.2il + sin. 3Jl 
2 2 2 ^ 

+ &c. + sin. n A) ; 

consequently, sin. A + sin. 2 A -V sin. 3 ^ + &c. ss 

A 2» + 1 ^ • » ># • «+l ^ 
COS. COS. A sm. - . ^ x sm. — = — A ^ 

2 2 2 2 



2 sm. — sm. — 

2 2 

By a similar artifice may the sum of the series 

- tan, — + 7 tan. -7 + - tan. — + &c. 
2 2 4 4 8 8 

be found. 

FoTj if in the expression for tan. {A + B) we make A sz B, 
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taii. 2 ^ = ^ ^^^'^ ^ , and therefore (p. 10,) 
1 - tan.« A' vr >/ 

, ^ - 1 - tan 2 A 1 tan. A 

cot. 2 A ^ -— = 3- • . = 

2 tan. A 2 tan. il 2 

- cot. ^ — - tan. A (which agrees with the 9th expressbn fiJT 

tan. A in the Tablei p. 40.). 

Hence, transposingi and substituting, instead of 2 A^ A^ suc- 

A A A ' 

cessively the arcs, A and — , — and — , &c. there results (con- 

tinually dividing each successive formula by 2), 

- cot. — — cot. -4 = - tan. — , 
2 2 2 2 

\ ^ A \ , A 1 ^ 

- cot. cot. — = - tan. — , 

4 4 2 2 4 4 

\ ^ A 1 ^ 1 A o 

- cot. cot. — =z - tan. — , &c. 

8 8 4 4 8 8 

Hence, by addition 

-- cot. cot. A=»^ tan. — + - tan. — + r tan. — + &c. 

2»2* 2 24 28 8 



By a similar process, 

co-sec. -4 + co-sec. 2 -df +co-sec. 4^ + &c. =cot cot. 2*""^ A. 

2 

See Cagnoli's Trigonometry, second edit. p. 122. 

We will now return to the expression 2 cos. nAsnx^ + — > and 

J?" 

shew its use in demonstrating a property of curves given by 

Waring, in his Proprietates Curvarum, p. 110. The property is 

this : 

If in a circle. ABCD, 8cc. the radius of which is 1, equal arcs 
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jiB, 3C, CDj &c. be taken^ and if P3 be taken ssp, p being 




the coefficient of the second term of the quadratic equation 
2* — /? Z + 1 = 0, of which the roots are, «, /3 ; 

then, PB = o4-/3, or=a+- since a /3 = l. 



PC = a2 + /32,.or =a2 + -!-. 



PD = a^ -k- /3% or = a3 + -; , 



&c. = &c. or = &c. 



AB 



Now, PB = chord(w— ^B)=2 8in. (^ V=s 2. cos. 

similarly, PCizchord (w^jiC) = 2 sin. (^ — ^ J =2 .cos. , 



PD=.... 
PE = &c. 



= 2 COS. , 

2 



^5 



and it has been already proved, that if, (putting — for -df), 

2 . COS. = :r + - : 

2 X 

then 2 .COS. 2 ( j , or 2 cos. T ^ =:ar* + — ; 

2 . cos. 3 I — I , or 2 . COS. --— == x' •+- -r > «c. 
V 2 / 2 .r* 
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htnct, PB being r + - , or o +-. , or, o + /?, 

*f a 

PC = a2 + /3«, 
PD = a» + ^, 

&c. = &c. 

Vieta, p. 295, Opera Mathematical Leyden, l646, expressei 
the values of these chords, not by the sums of the powers of the 
roots, but by expressions equivalent to such sums: thus, he 
puts for PB, 1 AT, or N} {Nf he represents by 1 (2> (-W)' by 1 C, 
(Nf by 1 QC, &c. then 

1 (2-2 = PC ^N^ --2 z2 PC 

iC-SN^^PD ") 

1 5c-5 C + 5 JV=PPr^"'^"°**'"" 

*&c. ^ ^ &c, 

but, W* - 2, jV^ — SjW, &c. express the sums, of the squares, 
of the cubes, &c. of the roots of an equation #?* — JN^x + 1 ; for, 
the formula for the sum of the mf^ powers is 

2 2 3 

Vieta, therefore, is not to be entirely excluded from the 
honour due to the invention of th^ preceding theorem^ 

Vieta calculated by chords ; and, his formulae, wluch we have 
just given, are, in fact, the ^ame as the expressions for cos. 2 A^ 
COS. d A, &c. given in pages 42 and 44. 

Vieta also has, p. 297, given another form, exhibiting the 
relations between the chords of ABt ACy AD, &c. He puts 
the chord of AB = 1 and the relation of the chord of AC to the 

chord of AB, N, consequently, N:=i ^^^^^^ "^^ = 

' ^ ^' chord ^JB 



* See Simpson's Essays, p. 106. 
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S.sin.— —- . ^ 2 sin. .cos.-—* ,_ 

^ . jiB — ~zb r~iB = ^ ^^'' — 

2 , sm. sm. sm. — - '^ 

2 2' 2 



He then forms this Table : 

1 Q- 1 =chord ^D -J CN^-l z=: chord ^2) 

1 C-2iV=chord AE f ^^J^^'J^ 1 iV« - 2N = chord AE 
^QQ-SQ-^l=zchord AFC nXtioT, jN* -3iV2+ l=chord^JF 
&c. 1 f &c. 



Now since the chord JD=z2 sin. 3 ^~ ) , and the chord JEi^ 
2 sin. 4 f—-j , &c. and since 2 sin. — is put = 1, the 
preceding formulx become,' if we put -^— = A, 

(2 COS. -4)* - 1 = 2 sin. 3 J, 
(2 COS. Ay — 2x2. COS. ^ = 2 . sin. 4 ^, 
&c. 
which are the same, in fact, as [s"] [s'^] given in page 47. 

We may also employ the above mode of expressing the 
cosines of multiple arcs, in deducing de Moivre's formula, 
which is 



* (cos. A + v^-T. sin. A^ zz cos. mA + v - 1 , sin. i».<rf, 
for since 

CO,. 4=1 (x + l) . sin. ^=1y/(-.-+« - L) 



* Lagrange, p. 116 Ca'lcul des Fonctionsj says, that this form is as 
remarkable for its simplicity and elegance, as it is for its generality and 
utility : and M. Laplace, in the Lemons dc9 Ecoles Normales, conrnders 
the invention of this formula to be of equal importance with that of th% 
Binomial Theorem. 
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= ^ (j: -I) , or 2 .^^^^ sin. 4 = (a: - i) , 
and similarly, Q ./—i . sin. m A = a* —i 

hence, cos. J[ + V — i sin. .4 =x, cos, A — v^-— l . sin. -4 = - , 

■ 1 

and, cos, mA + V^—l . sin. mAszx"^, cos. fwJ. — V — l sin. m^iss 

consequently, 

(cos. ^ + V^— 1 sin. -^)^ = COS. m-4 + V^ — 1 . sin. fw -4, 
and (cos. -4 — V — i . sin. ^)'" z= cos. iw -4 — V - l . sin. «ii ^. 

If we expand these expressions, and then add them^ we shall 
have 

COS. tn A ^ 

cos.-^-^:(^^IlL) cos.-'-^^ X sin.^^-h^^- ^Xm"2)(m-8) ^ 

2 2.3.4 

cos."*—*^ X sin.*^ — &c. 

If we subtract them 

sin. tn A zz. 

HI. COS.** —^-4 X sin. A— ^ K^— ^ cos.*''"^j1 x sm.' A +&c. 

2,3 

From the above mode of representing the cosines of multiple 
arcs we may also deduce, and concisely, the formulae of Cotes, 
page 1 1 3, &c.* Theor. Leg. Praf, in Harmonta Mensurarum^ and 
of De Moivre, Misc. Andyt. p. 16, &c. thus, 



* The Theorem of Cotes was not announced to the public by its 
Author, but by the Editor of his Works, Dr. Robert Smith, who informs 
us, page 113, Preface, that after various conjectures and trials, he ex- 
tracted it and its meaning from the deceased Author's loose papers *' Rc^ 
vocavi tandem ab interitu Theorema Pukherrimum.** M. Lagrange con- 
jectures, and with probability, that Cotes arrived at his Theorem by the 
way of Vieta's Theorems. See page 54. 
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In the expressbn, 
2. COS. mA := x^ •] , make /» J.sO; 

then X** H — r = 2 cos. B, or, x"" — 2 . cos. a x x^ 4- 1 =0, 

Id d 

and X + - = 2 . cos. — , or, x*— 2 .cos. — x + 1 = 0- 
X m m 

1 1 
Now, from x + -=2 . cos. — , x^ H =2 cos. ^ was deduced ; 

X »l X** 

therefore, if x were deduced from the first .expression in terms 

6 
of cos, — , or, in other words, if a were the root of the equa- 
tn 



tiori, x^ — 2 COS. — X + 1 =0, that same value of x, or root a, 

in 

substituted in the second expression, x~ -f- --; = 2 cos. ^, would 

m 

make it a true equation, or a would be a root of the equation 

x'"* — 2 COS. ^ .x~ -h 1 = 0. 

Hence, by the doctrine of equation, x — a, is a divisor, both of 


pfl -^ 2 . cos. — X -h 1, and of x"" — 2 cos. ^ .x"* -h 1 ; and similarly, 



1 

since - is the other root of x*— 2 cos. — x -f 1, provided a be 
a m ' 

1 ^ 

one root, x — - is a divisor both of x^ — 2 cos. — x -f- 1, and of 

a m 

a:*" — 2 COS. ^.x** + I J and consequently, (x--a) f x— -^, or, 



sfl — 2. cos. — X + 1 is a divisor of 

m 

x^*^ — 2 cos. ^ . x~ + 1. 

Now, by Table, p. I69 and by the preceding rea^oningi it appears 
that the arcs 

H 
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2 ir - ^ 4 IT - ^, &C. (2 » +, 2) w - ^, 

2 ir + a, 4. TT + ^, &C. 2n'n- -j- 0, 

have the same cosine as the arc 6 has : but if, instead of the 
equation 

a: + - = 2cos. — ., we assume 

X ^. l=2.co8YH!Lt^)or==J.cos/*!:±^)or=2co8.(?2l±i) 
x \ m / \ m / \ m ^ 

or =2.cos. ( lor = 2.cos.( I or =2cos.l ^ 1 

the resulting expressions will be respectively 

x*^-\ =cos.(2ir -h ^)or=2.cos.(4 7r -|-^)or = 2cos.(2«w+^); 

or = 2 .COS. (2 TT — 6), or sc 2 cos. (4 w — d\ or 

=,2. COS. (2« + 2)ir — ^, 

which expressions, by what has just appeared, (see 11. 1, 2, &c.) 
are all of equal value. 

Hence, of the same expression 

x^"" " 2 , COS. B zxT + 1, 

j:* — 2 COS. — 07 + 1, j:^ — 2 cos. — o^ 4- 1> 

^ m m 

/2^ — ^\ , , ^ 4w + ^ . , fi 

:r^— 2 . cos. ( 1 0? + 1, a:^ — 2 . cos. x + 1, &c. 

V «i X «f 

are divisors; in other words, a:*'" - 2cos. ^.j:^ + 1 maybe re- 
presented by a product, of iii^ich these latter. quantities are the 
factors 5 accordingly, 

(x2 — 2.C0S. -a? H- 1 ) X (a:^ — 2.C08. -^-i-.x + l I x 

(X* — 2, COS. ^ ^ ■ JT+l ) X &C. 
m / 
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« .. , J fv + 2ir— J 

If we make =0, we have cos. d= 1 , and cos. gcos. • 

m fn 

and jr''* - 2 a:* + 1, or {x^ — 1)* = 

X«— 2COS. X+l) I X*- 2. COS. X+ll X 

HI >/ \ f» -^ 

&c. 

and accordingly, 

;r* - 1 = 

(«-l). (x* — 2.C0S. —X + 1 I . I ^* — COS. —x+l) . &c. 

V m y \ m y 

which is the analytical expression of Cotes's Theorem. See 
Harmonta Mensurarum, p. 114, &c. and De Moimre's Miscellanea 
Anafytica, p. l7» &c. 

We will now proceed to investigate expressions for the powers 
of the cosine and sine of an arc, in terms of the cosines and 
sines .of multiple arcs, which expressions are highly useful in 
all Mathematical Investigations connected with Physical Astro- 
nomy. 

Problem 7* It is required to express the powers of the 
cosine and sine of an arc, in terms involving the cosines and 
sines of the multiple arc 

2 .COS. A :^ X + - } 

X 

.'. 2" cos ." As: ( ^ + " I = 

(collecting into pairs the terms equidistant from each extremity of 
the series) 



* For the expansion of the Binomial, see Wood's Algebra, page 109, 
first edition ; or Vince's Fluxions, p. 45 ; or Woodhouse's Principles qf 
Analytical CaleukiHon, page 24, &c. 
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.•• by page 48, 2» — ^ cos.*^ 
ass COS. nA-{' n.cos. (»— 2) A + n. cos. (n — 4) -4 + &c. 

The number of terms is « + Ij therefore, if « be even, the 
last term is 

«.(n-l)(«-2) (n - 2+1') 

■ ■ X - COS. (n — «)-4- 

2 
Now, 
« . («— 1) (/1--2) Tw -- H- 1^ 2« (2 n - 2) V'*"^ "^ / 



J*'«*«^**«a» 


n 

2 






2.4. 


6 


.ft 


. 


_2«.(2/i- 
2,4. . 


-2) 

• « * • 


.&c. 
n 


1 . 


3.5 

3.5 


.(»-l) 
(n-1) 


= 




$x2x2,&c.(to| 


terms J x 


1. 


i-l)(w-2) 
2 . 3, &c. . . 


(i - 

— ; — r^ — X 


1.3.5 


.... (w - 1) = 2^ 


1 
X — 


.3.5 
1 .2. 


• • * • 1 
9 • • 1 


..(/*-l). 
- > 

• ^ • • ^^ 

2 








consequently, since cos. 


(n- 


n)^ 


= 1,-the last term 


an 




2-^ 


1 

X - 


.3.5 
1 .2, 


• • • • 
» • • 


••(«- 1) 
n 









Hence, as instances of the general form, 

/i=2, 2.COS.2 J = COS. 2^ + 1 [/*] 

«=3, 22.cos.'^ = COS. 3^ + 3. COS. ^ [/'^ 

« = 4, 23.cos.4^ = COS. 4^ + 4. COS. 2^ + 3 [/''] 

«=5, 24 cos.^ A = COS. 5^ + 5 .cos. SA + lOcos. ^. . . [^'^J 
«=6, 2^co8.6^ s COS. eJ+ 6 cos. 4^ + 15. cos. 2^ +10 [^'^J 
&c» &c. 
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In order to obtain a general form for sin." A, in the form for 
-COS *-^, substitute instead of ^, - — A^ then 

2*— 1.C08." (^5 — ^^ =cos. f^w^ -nA\ + «.co8. (n-2)^^-^^ 

+ ^^^ .COS. («— 4)f - -^ l-f-&c. 

Now, let n be even, and of the form 2**" ./?, /? being an odd 
number, or let n be, as it is called, pariter par ; ' 

then — = 2*'"-'/i.w =2''"-V*2'r* but 2""-*./7 is a whole 
number, and therefore cos. (2"*""*/? . 2 w) is = l. 

Again, («-2)r =(2*«j,-2^ = (2*— »/; - l)ir, 
but (2**— *^i — 1) is an odd number, and .*. cos. (2"'*— */? — iV = — 1 ; 
hence, since cos. (^ — A\ = sin. Ay and cos. ('~ — ^Aj = 

COS. — COS. n A -=. cos. w -4, [smce sm. — = OJ, &c. 

2— *.sin.«^ = 
COS. nA^n. cos. (» — 2) ^ H ^^ . cos. («— 4) -^ — &c. 

If « be even, but of the f6rm 2/7, or impariter pat 
-— = 2/7 - =/i7r and COS. p IT = — 1, and consequently, 

since cos. (pv ^ n -4)= cos./? w . cos, n A ^— cos. w -4, 
2*—*. sin." A -=. - COS. w ^ + « . cos. (n - 2) -4 — &c. 
and. In both these cases, the last term is, as before, 

1.3.5 (n-l).2^ _ 

when » is odd, cos. — ^=0, and cos. i —--nAjsz sin. — sin. nA 
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= ± tan.nAf where the upper sign U to be taken> if w be 
li 5j 9, &c. Henccj 

wnA - ii.sin. (» — g) J + ^ f"^ rin. (/I-4?) J— &c. 

Hence, as instances of the general form, 

Mm2f 2.sin.^ A =i - cos. 2^ + 1 [f^ 

n=sS, S^.sin.* ^ «= — sin. 3^-1-3. sin. ^. • [f"] 

fi=4, 2^sin.* A = COS. 4 ^ - 4. cos. 2 A -{■ 3 • • -[/T 

nssS, 2*. sin.* -4 = sin. SA — B* sin. 3^ + 10 sin. A [/"T 

n 8=6, 2«. sin.fi ^ = — cos. 6 A +6 cos. 4^ - 1 5 cos. 2 J + 10 [/"] 

Problem 8. It is required to express the tangent of twice, 
thrice, &c« an arc in terms of the tangent of the simple arc. 

By Prob. 4, page 35, 

^ '^ 1- tan. ^.tan. JB' 

consequently, 

/ J i j\ ^^ 4.^^ ti J *^"- A + tan. A 2 tan. A 
tan. (^+^), or, tan. 2 J -^_____ = ^—^ . 

Again, tan. (2 ^ + J) = i?B:i4j±-^!L4, , 
** 1 — tan. 2./4f.tan.^ 

and the numerator, 

/» v# . A- ># 2 tan. A , ^ ji 3 tan. -4 — tan.* A 

tan. 2.4+tan. -<f ss y-— + tan.-4 = y-j , 

l-tan«^ 1 — tan.*^ ' 

the denominator, v^hich is 

># . « ># , 2 • tan-* ^ 1 - 5 . tan.« A 

1 — tan. A . tan. 2-4 = 1 — > ^ ^ = u ; • 

i^tdji,^ A 1 - tan.*^ 

Hence 

« ># c X /A ># . ^\ > 3 . tan. .4 — tan.' A 

tan. 3 u4 { = tan. (2A-^A)] =: ; — — y-j — , 

* 1—3 tan.* 4 ' 

and, by a similar method, since 4 j^ s S^ + iij and 5 A zi4J 
+ A, 
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♦^« A ^ — 4 tan. -4 - 4 . tan.* A 
tan, 4 ^ == - — ^ a—- -—2 , 

1— 6.Un.«-rf + tan*^ 

- . 5 tan. ^ — 10. tan.' -4 + tan.* -4 
tan. 5 ^ = — r- y--3 ■ -—5 — • 

1 - 10 tan.« A ^ 5 tan.* A 

lliese expressions for the tangents of multiple arcs may also 
be derived from those given in p. 37. For instance, since 4* B^ 
C, D are equal, t, H, f, t'" are, and S^ (t) = 4 t 

*^ 1 X 2 X S ' 

consequently, 

tan. (u4 + ^ + ^ H- -4) = tan. 4^ = ^^ '^ ^^^ 

1 - 6/«+<* 

as before, in 1. 1, 

In like manner, we may deduce tan. 5 A from the expression 

for tan. U + JB + C + D + i!) (see p. 370 

For, 

Ss(0 = 5^ 

* '^ 1x2x3 

^^ ^ 1x2 

^ SAteff)^ ^ X 4x 3 X 2 ^, ^^ 
• 1x2x3x4 * 



.*. tan. 5 A as ■ ^ — l-— 

1 - 10 ^« + 5 /* 



as before. 



It is not, perhaps, necessary to multiply farther trigonometrical 
formulas ; such as are chiefly useful, and usually occur in inves* 
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tigation, have been given ; and the Student, who thoroughly 
apprehends the principle and mode of their deduction, will be 
able, by his own dexterity, to deduce others. 

A sufficient number of formulae haying been given, it may 
now be thought proper to proceed to their application ; and, the 
first object of their application seems naturally to be that for 
which the science of Triujonometry was originally invented; 
namely, the Solution of Rectilinear Triangles. Now, this solution 
consists of two parts ; first, it is necessary to express the relations 
of the sides and angles of triangles by Trigonometrical symbols } 
and, secondly, to afford the means of arithmetically computing, in 
specific instances, the values of such symbols. For instance, if 
two sides, a^ b^ and an angle A oi z rectilinear triangle should be 
given, the value of the angle B (see p. 26.) would be truly ex* 
pressed by 

sin. B =: sin. ^ x - . 

a 

But this is an algebraical value ; in order to obtain a practical 
result, we must be able, when b and a are expounded by numbers, 
and A by degrees, minutes, &c. to express B in degrees, minutes, 
&c. we must, therefore, possess the means of. assigning sin. A 
from a given value of Ay and also of assigning B from a re- 
sulting value of sin. B. These means, in practice, are afibrded 
by Trigonometrical Tables, and their formation, or, what tech- 
nically is called the construction of the Trigonometrical Canon, is 
an easy consequence from the preceding results. 

We will, in the next Chapter^ proceed to the construction of 
this Canon, which may be viewed either as a distinct application 
of the preceding formulae, or as a preparatory step to their appli- 
cation in the solution of rectilinear triangles. 



CHAP. IV. 



On the Construction of the Trigonometrical Canon. — Methods of conh 
puting the Sine of 1'. — The Sines and Cosines of successive Arcs, — 
Formula of Verification, or Methods of examining the Accuracy of 
Computed Tables, 

Problem 9. It is required to find a numerical value of 
the sine of 1 minute ; the circle being divided into 360 x 60 or 
2! 1600 minutes, and its radius being 1. 

By Prob. 5, cos. J = \/ { i (^ + cos. 2^)} [a], and by 
Cor. 2, Prob. 5, if 2 Ji = 60^ cos. 2^ = ^ = .5, 

f consequently, cos. 30®=>/ { ^(1 -h i) } = .8660254; 

■ 

substitute this value into the form [a]^ and we shall have cos. 15^ : 
and, by a repetition of the operation, successively, the cosines 

-60» 60> 6a> 60^ , .. r n o . j r .i. 

successive cosines^ the operation may be thus exhibited : 



COS..— , or, COS. 30»=4/|i^l -f-MJ = r^ = .8660254, &c. 
cos. ^, or, COS. 15<> = y/^- (1 +c')j=c^^= .9659258, &c. 
, or, COS. 7® SO' = v/C-i^ H-^")")=r^^= .9914449, &c. 
COS. — , or, COS. 3« 45' = v/^S (^ + c^^^)^=,c"'=z,9976589,6ic. 



60^ 

COS. — V 

2» 



8cc. 8cc. 



*C08 
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.^, or, COS. 52'' 44'".3^.45'^= \/Q -♦•^)) = 

.99999996782. 
From this value of the cosine, the sine = .000255663462. 

In order to find the sin. 1', we must compute on this prin- 
ciple, namely, that the sines of very small arcs are to one another 
as the arcs themselves + ; and then, since the arcs 52" .44'".3^45% 

60 60 



and 1' are to one another as 



2" * 60 X 60 ' 



60* 
* The values of —^ may be shortly obtained by the following 

mode of decomposing numbers : 

60* 60 . 60 . 60 , . ... , . (64 - 4) (64- 4) (64 - 4) 
— = ^„ -(the units bemg seconds) = i-— 

but 2« + |j=64".45'^ 
3.2»+ ig = I2".0.56'^15'; 

subtracting, —j; = 52^ . 44'" . 3"". 45^. 

t If from the two extremities of an arc there be drawn two lines 
touching the arc and meeting each other, such lines will be equal. By 
the principle assumed by Archimedes, the arc is < sum of tangents > 

chord joining the two ends of the arc j consequently - arc < tangent > 

1 A A A A 

— chord or > sine of \ arc : and therefore tan. sin. — > — — ain.r t 

2 " 2 2 2 2 

hence, if, in the instance given in the text, we find the difference be- 
tween the tangent and sine of l' ^computing tan. l' from — '• — -^ , it 

will be found to be .000290888216— .000290888204 = . 000000000012 r 
consequently, the arc of T differs from its sine by a quantity less than 
^000000000012: so that, it is plain, the principle of very small arcs 
varying as their sines, is very little remote from the truth j or, rather* 
if assumed will entail on the computation a very small numerical error. 



«7 

or, as 3600 : 4096, 

we have, sin. l' = .000255663465^ x ^^ = .000290888204. 

3600 

This method of computing the sine of l', although very operose, 
is of no great difficulty ; for, it requires only the knowledge of the 
simplest arithmetical operations. But, even if we avail ourselves 
of the formulae and inventions of the Analytic art, the computa- 
tion of sin. 1' cannot, in any case, be very expeditiously effected ; 
more expeditiously, however, than by the preceding method. 

If we employ the expression for sin. A which was given, in 
page 44, we may successively deduce the sines of 30^, 15®, 7® 
30', &c. by operations analogous to those already given ; thus, 
since sin. ^=iv/(l H-sin.2^)— J -v^(l— sin.2-/rf), and sin. 30^=4. 



•-4=30* 
^=3^ 45' 



sin. 30° ==i r =.5 

sin. 15*» =i's/{l + i) - i>/(l-|) = «' =.258819 
sin. r SO' =1^(1 + O - WO -*') = «" =.1305262 
sin. 3° 45'=iV(l +/)-" 4^(1 -O =*'- -0654031 

30» 



and so on we may compute till we obtain the sin. ^^ . 

The preceding computation was made to begin from A = S(JP, 
because the sin. 30® is known ; but we might have begun from 
any other arc, the sine of which is known : thus, if we take 9. A 
= 18®, the sine of 18® = J chord 36®, but the chord 36® = the 
side of a regular decagon inscribed in a circle, == BD the base of 
the isosceles triangle described in the 10th Proposition 4th Hook 

of Euclid, * = " ' : hence, sin. 18® =^^— : — , and substi- 

2 4 

tuting this value for sin. 2 A in the above form, we have 
ain. 9° =iV(3 + >/5) - i>/(5 - ^/5) = 5 = .156434 
SID. 4*» 30'=iV(l +«) - W(l - *) =«'= .0784591 
sin. 2* 15' =iv/(l + s) - ^>/(l - s) = *"= .0392598 
&c. = &c. 

— — — I.I I . .1 1 . ^ , 

* J5^i)+2^BiJ=180^ hut ABDz^2BAD ; .\ 5BADz=lS0^ ; .-. 
10J5.4D=360» and B.4D=:36^ again, by the Prop. ^B . 5C= i4C * 

/i/5— 1 
= J5D», consequently, if Bi>=*, AB=z 1, 1 . (1 - *)=«*, and x=: ^^ — 
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Having thus computed the sine of a small arc that is nearly 
1', the method of determining the sin. 1' is, in principle, pre- 
cisely the same as in Prob- 9 ' Inhere is, however, a third method, 
considerably different in its principlei which finds the sine of 1' 
by the quinquesection and trisection of an arc. It may be thus 
explained. 

By the form [/^], page 47, 

sin. 5A^S sin. -4 — 20 sin.^ ^ + 16 sin.* A. 
Let 5 -4 s 30° then sin. 5 A—\ and A'=i&^\ let 2 sin. -rfssx, then 

By approximation, find the value of x : thus, suppose a to be a 
near value, and £i -f- v to be the true, then 

1 =5(a+t?) - 3(tf» + Sa^v) -f fl* + S(^v^ 

neglecting the terms that involve i?*, i?', &c. consequently, 

5(1 - 3j2 + tf*) 



V = 



Now, since sin. 5^ = - , assume, as a first approximate value * 

of Xf a iz — = .2 : substitute in the expression for v this value, 
10 

and find the resulting value of v ; it will appear to be = .009> 

the corrected value of a then, or a + v, is .209 5 with this, find a 

new value of v, and another corrected value of a, and repeat the 

operation till x is found exact to a certain number of decimab, 

seven for instance ^ in which case 

X ss .2090569, and consequently sin. A = .1045285. 

Having thus obtained the sine of 6®, in the form [/"'] page 47, 
that is, in sin. 3A zz S sin. A — 4 sin.' A, put 3 4 = 6®, and 
2 sin. AzzXy then the equation becomes .2090569 =3r—ar*. Find, 
as before, by the method and formula of approximation, a value of 
X, which, to seven places of figures, will be .0697989, conse- 
quently a? or 2 sin. 2^ = .0697989, and sin. 29 = .0346995. 

In order to find sin. 1®, take the form (p. 42,) sin. 2^=2 sin. A. 
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COS. Af then sin.' 2^ ss4 . sin.^^ — 4 .sin.^^ : substitute iots\n.*9.Af 
or sin.' 2^| its value, and by the solution of a quadratic equation 
find sin.^ A^ and then, sin. Aj or sin. l^^ the value of which to 
seven places of figures is .01745£4. Repeat the operation^ and 

we have sin. < — .or sin. 30^ the value of which is .0087265. 

By this method then we have descended from the sin. 30^ to 
the sin. V and sin. 30' ; and consequently, by like operations^ we 
can descend 'from sin, 30' to sin. I' and sin. 30'' : and by this 
method, which is however extremely operose, we are able to 
find the sin. 1' without a proportion, and accordingly to 
avoid the use of a principle, which some may tliink doubtful ; 
nameJy, that the sines of small arcs are to one another as the 
arcs themselves. 

The above method is, in fact, the same as that which is given 
-with all its detail, at page 451, &c. in the sixth Volume of the 
Scriptores Logartihmici^ edited by Baron Maseres. It is plain, 
however, that there is no necessity for beginning the computation 
from an arc of 30^ ; we may make it begin from any arc, the sine 
of which is known : for instance^ by the form, page &l^ 

sin. 9^ = i V(3 + v^5) - i V(5 - s/S) = .156434 ; 

since, therefore, sin. 9® = sin. (3 .3^) =3 sin. 3^-4 sin.* 3®, 
solve, as before, by approximation, the equation 

.156434 =3t — 4x', 

and the result gives x the sin. 3^. Again, solve a similar equation 
by the same mode and formula^ and the result gives sin. 1^ And 
many like methods will suggest themselves to the mind of the 
intelligent Student. 

We shall now proceed to the second part of the constructioa 
of Trigonometrical Tables, the object of which will be under- 
stood from the succeeding Problem. 

Problem 10. It is required from the sin. 30" and sin. T, to 
compute the sines of 2, 3, ^^ 8cc. minutes, and also the sines of 
1, 2, 3, &c. degrees. 
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Bj the form [a], page 31, 

sin. {A -{• B) ::z2 sin. A . cos. B — sin. (^ — jB) 

= 2 sin. A f 1-^2 sin." ^^ - sin. (A - B) 

s= sin, A + { sin. -4 — sin. (A — B)] — 4 sin. A sin.^ — . 

2 

If B = 1^ then 
sin. {A + lo)=sin. ^ +sin. A — sin. {A — 1^) -< 4 sin. A sin.* 30' 
which is Delambre's formula. 

Let JB= 1' and let A successively equal T, 2\ S\ &c. then 

sin. 2' = sin. 1' + (sin. 1' — sin. 0) — 4 sin. ]'.(sin. 30")' 
sin. 3' = sin. 2' -f (sin. 2' - sin. 0—4. sin. 2'. (sin. 30^* . 
sin. 4' = HO. 3' + (sin. 3' - sin. 2') - 4 sin. 3'. (sin. 30")' 
sin. 5' = sin. 4/ + (sin. 4/ - sin. 30-4 sin. 4'. (sin. 30")*, 
&c. = &c. 

and thus may the sines of all succeeding arcs be computed^ by 
a process not very tedious, since the only part of it at all long is 
the multiplication of sin. Of, sin. 3^ &c. by the constant factor 
(2 sin. 30")** which is the square of the chord of 1'. 

In the above form substitute, instead of B, 1^, and, instead of 
Ay successively 1, 2, 3, &c. degrees; then 

sin. 20 = sin. !<> + (sin, !<> - sin. 0) - 4 sin. I® (sin. 30'0* 
sin. 30 = sin. 20+ (sin. 29 - sin. l0)-4 sin. 29 (sin. 30")% 
&c. 

and so on for the sines of all succeeding arcs. 

In order to compute the sines of arcs composed of degrees and 
minutes j arcs, for instance, such as 3^ 2', 3^ S\ substitute for 
B, 1', and for A successively 3^ 1', 3<> 2^, S^ 3', &c. then 

sin. 30 2' = sin. 3* 1' + (sn. 3» 1' - sin. 3') - 4 sin. 3* l'(sin. 30")» 
sin. 3* 3' = sin. 3* 2* + (sin. 3* 2' - sin. 3* - 48in. 3« 2' (sin. 30*)* 
&c. 

or, if we wish to compute for every ten minutes, put B ss 10^* 
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and for A write successively A + 10', A + 20', A + SO', &c. 
thus, if ^ = 70, 

fin. ?• 20' = sin. 7* IC+Csin. 7« lO' - sin.7o) - 4 sin. 7* l(/.(8in. 5')* 
«in. T Sty = sin.7<»20'+(sin. 7* 2(y - sin. 7° 10')- 4 sin. 7« 20'.(8in. 5')% 
&c. 

By the preceding methods we are enabled regularly to com- 
pute the sines of all arcs from T or \" up to 90® ; but, when the 
arcs exceed 60®, the application of the Trigonometrical formula, 
page 31, renders the arithmetical computation more simple and 
concise; thus, since 

sin. (JB + ^) = sin. (B — ^) + 2 . cos. B . sin. A. 

Let B s= 60^, then cos. B = cos- 60® = ^, consequently, 
sin. (60® + -^ = sin. A + sin. (60® - A). 
(see form 1 5 of Table, p. 39.) 

Hence, instead of the preceding, we may use this latter 
method, and compute the sines of all arcs exceeding 60®, by the 
simple addition of the sines of arcs previously computed : for 
instance, 

sin. 63« 5' = sin. 3« 5' + 56o bb* 
and, since sin. 3» 5' = .0537883, and sin. b^" 55'= .83787r5 
the sin. 63o 5'= .891665. 

The -sine of all arcs from to 90® being computed, the 
cosines of all the arcs of the quadrant are known ; since cos. A zz 
sin. (90® - A); for instance, cos. 63® 15' 7" = sin. 26® 44' 53" 
COS. 13® 47' = sin. 76® 13', &c. 

The sines and cosines being computed, the tangents may be 

computed from this expression, tan. A = — '-—^ , and the co- 
cos. joL 

tangents from co-tan. A = .. ' ^ . 

sm. A 

When the tangents of arcs up to 45® have been computed, the 
Trigonometrical formulae previously given may be conveniently 
used in computing the tangents of arcs that lie between 45® and 
S^: thus, by Prob. 4, page 35, 
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tan. (A + B) = S.n.^ + tan.J pj j^ _. ^^oi ^ + ^^'^' ^ ; 
^ ^ 1 -tan. ^. tan. 5 ^ J 1 - tan. ^ 

hence, as instances, putting jl=:l^, 2^, 3^ &c. 

tan. (45^ + V), or, tan. 4©>= ^ "^ ^^"' ^^ , 
^ 1 - tan. 1° 

1 4. tan QP 

tan. (45° + 2«), or, tan. 47^ = L > 

&c. &c. 
or, we may thus avoid the fractional form, 

tan. (450 + ^) = l±iHIl4 and tan. (45« - J) = LzJ^El^; 
^ 1-tan.^ ^ I + tan.^ 

.-. un. (450 + ^) . tan. (450 ^ j^ ^ {I + tzn. Af^jl^t^n. A)\ 
^ ^ 1 - tan.* A 

4 . tan. ^ 
l-tan.*-4' 

but, by the form of page 62, tan. 2 -rf == "T^ • 

r *"- tan.* A 

Hence, tan. (45® + ^) = 2 tan. 2 -4 -f tan. (45® -r -iX c^*'*" 
sequently, 

tan. (45« + 1"), or, tan. 46" = 2 tan. 2o + tan. 44% 
tan. (45' + 2«), or, tan. 47« = 2 ten. 4« + tan. 43% 
&c. 

By these formulae and methods may the sines, tangents, &Cr^ 
of arcs be computed. If we attend, however, to the history of 
the construction of Trigonometrical Tables, we shall find that all 
Tables have not been computed exactly by the same formulae 
and methods : modern Tables, from the improved state of analytic 
science, have been computed by the most certain and expeditious 
methods. In the immense Tables du Cadastre^ formed at the 
expense of the French Government, the sines of arcs are com- 
puted regularly by successive addition, according to the formulie 
given in page 70 ; but, in such a construction, an error committed 
in the sine of an inferior arc would, it is plain, entail errors on 
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the sines of all succeeding arcs. Hence is created the necessity 
of some check on the computist, and of some independent mode 
of examining the accuracy of the computation. For this purpose/ 
formulaCj^ such as those given in pages 43, 67, derived immediately 
from established properties, are employed ; if the numerical results 
from these formulae agree with the results obtained by the regular 
process of computation, then, it is almost a certain conclusion 
that the latter process has been rightly conducted. 

As there is, in these formulae, called Formula of Verification^ 
besides their practical utility, something curious, several are sub- 
joined and proved. 

[1] sin. 30>=i J sin. 45o = ~ • sin. 6(fi = —■ . 

[2] sin. 18® = ^^-- — , by the Note to p. Ql , or, it may be 

be independently proved thus : 

sin. 36® = COS. 54®, or, sin. <2 .18*)= cos. (3 . 1 8°). Let x = cos. 18* j 

then by form [c'"], page 45, cos. (3 . 1 8«)=4 X3— 3 x, and by form, p. 42, 
sin. (2. 18*) = 2* V(l-«*)=.-. 4^- 3«, or, 2 v^(l-jr*)=4r»-. 3. 

This equation, cleared of radicals and reduced, is 
16 J?*- 20jr* + 5 = 0; 

whence «» =^-i^ and .-. l-*»=^-^=^ and ,/]P?',ovsin. 180= 

8 o 

'^ — "^ — which is also cos. 72®. 
4 

[3] sin. 90, or, cos. SI® = J ^(^5+3)- J >/(5- ^5), by the form, 

of p. 43, on substituting for sin. 18*^ its value, 
icos. 9S or, sin. 81*=J >/(^+ v'5)+i s/ip - >/5), by the same form. 
[4] sin. 27°, or, cos. 63° =: J V(5 + V5) - i ^(3-^/5) 

cos. 27°, or, sin. 63° = J ^(5 + v/5) + J V(3- s/5) 

1 * 

for, in the preceding proof of the arith*. value of sin. 18°, (cos. 18°)*= 

. ^ + /? and (sin. 18°)* = IZJ^ ; .•. cos. 2.18°, or, cos. 36° = 
o 8 
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(COS. I80)» - (sin. Igy = ^ + ^^^ = 'l^-±l. = sin. 54», since 

COS, S^" = sin. 34% 

sabstitote tbis valoe of the sin. 34® in the forms of page 43, for sin. ^At 
and there will result the above valves for the sine and cosine ol27^ 

Since, COS. 36* = -^ — ?— , sin. 36*^ -^ r — 2^— i . 

4 4 

The subjoined Table contains the sines of arcs from 0® to 90^ 
that diffet by 9®, or, in the French division of the circle, that 
differ by 10 degrees. 

French Scale. Eng^lish Scale, 

sin. IQo, or, CO8.90' sin. 9°, or, cos. 8I» =i>/(3+>/5)-Jis/(5— n/5) 
sin. 20, or, cos. 80 sin. 18, or, cos. 72 =J (>/5— 1) • 
sin. 30, or, cos. 70 sin. 27, or, cos. 63 =|\/(5+>/5)— ^^(3— s/5) 
sin. 40, or, cos. 60 sin. 36, or, cos. 54 =Ki>/(IO — 2 s/5) 

sin. 50, or, cas. 50 sin. 45, or, cos. 45 =~7;5 

sin. 60, or, cos. 40 sin. 54, or, cos. 36 =:J(>/5+l) 

sin. 70, or, cos. 30 sin. Q^, or, cos. 27 =i>/(5+>/5)+iv'(3— n/5) 

sin. 80^ or, cos. 20 sin. 72, or, cos. 18 =t>/(104-2v/5) 
*sin. 90, or, cos. 10 sin. 81, or, cos. 9 =i>/(3+^/5)+J>/(5— /y5). 

But the most general formula of verification is this, which is to 
be found in Euler's Jnalysis Infinitorum, page 20 1 , vol. I. (Lausanne, 

1748). 



* There is a large Table of this kind in Cagnoli's Trigonometry^ 
p. 58, &c. edit. 2. And, it is ^asy to see how additional formulae raiy 
be obtained : for instance, 

sin. 15« = sin. (45« - 30*) = sin. 45" (cos. 30* - sin. 30*) 

" V2 V~ 2/ - 2V^^^^ ^^- 

Similarly, sin. 75* = ^^j^^ • 

And these and like expressions, besides that utility which is pointed out 
in the text, may have a farther one, in the theory of Polygonals. 
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[5 J sin. A +• sin. (SS^-il) + sin. (72o + ^) = sin. (36® + ^) 4- 
sin. (7^0 - A). 

In order to prove this formula, we will use the numerical 
values of the cosines of 36® and 72®. 

sin. (36® + ^) - sin. (36®-^)=:^ . cos. 36®. sin. A ^ ^^^^ .%m.A 

andsin.(72® + ^)— sin.(72®-^)=2.cos.73^.8in.^ = ^-^ — sin. A\ 

subtract the latter equation from the former^ and 

then we have, sin. (36® + ^) + sin. (72®- A) - sin. (72® + ^) - 
sin. (36® — ^) as sin. Ay which transposed is the equation [o]. 

If, in the above equation, we substitute 90®—^ instead of Ay 
there will result 

sin. iS^ - ^) + sin. {A - 54®) + sin. (18« + ^) = 
sin. (54® + ^) - sin. (1 8® - A\ or 

sin. (90® -A) — 
sin. (54® + ^) + sin. (54® - ^ - sin. (18® + ^)-sin. (18®- ^4), 

which is Legendre's mode of expressing the equation. But, it is 
plain from the mode by which the latter has been deduced, there 
is no real difference between the two formulae, and, with regard 
to their application, it is quite indifi^erent, whether we adopt 
Euler's or Legendre's. 

In using these formulae, different values must be substituted 
for Ay thus : in Euler's, 

if ^=9^, then, sin. 9® + sin. 27° + sin. 81® = sin. 45* + sin. ^V'i 
or, sin. 9* + sin. (3 . 9^+sin. (9 . 9^=sin. (5 . 90 + «n. (7 .9*0- 

'If in Legendre's forniula we make J. = 81®; then 

sin. 9° = sin. 45° - sin. 27° - sin. 81° + sin. 63'; 
or sin. 9° + sin. 27° + sin. 8 1* - sin. 45* + sin. a3^ 

the same as befpre ; which proves what we have just asserted, 
(1. Jl,&c.) 

Again, if :^=:18", then, by the formula [5] 
sin. 18«+ sin. (36*- 18*) -f-sin. 90*= sin. (36<»+18*) + sin. (72«- 18*) ; 
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or, 2 sin. 18* + 1 = STsin. 54.«. 

If A^lCf, then sin. lO* +sin. 26^ + sin. 82* = sin. 46' + sin. 62». 

Examples. 

Take Sherwin's Tables, in which the natural sines of arcs are inserted : 

from these it appears^ that 

sin, 9* = 1564345 

sin. 27 == 4539905 sin. 45o=:707l068 

sin. 81 = 9876883 sin. 63 =8910065 



15981133 15981133 



sin. 10°= 1736482 

sin. 26 = 4383711 sin.46° =719339» 

sin. 82 = 9902681 sin. 62 =8829476 



16022874 16022874 



Here the numerical results of the two sums exactly agreeing, as they 
ought to do according to the formula, we may conclude, almost with. 
certainty, that in Sherwin*s Tables the sines of 9, 27, 81, 45, 63, 10, 26, 
46, 62 degrees are rightly computed. 

These formulae are most convenient for practice ; but if, from 
the solution of an equation of three dimensions, as (j^^^) p. 47, or, 
from that of an equation of five dimensions, as (s^ ), the value of 

A . ji 

sin. — , or of sin. — be computed, such value would become a 

means of ascertaining the accuracy of Trigonometrical Tables. 

In I6l0, Pitiscus published great Trigonometrical Tables, 
inserted in his Mathematicus Thesaurus^ and, from the account of 
this Work, given in the Berlin Memoirs of 1786, page 24, it 
appears, that formulae^ which, in fact, are formulae of verification, 
were employed by that mathematician : thus, in order to ascertain 
whether the chord of 30^ had been rightly computed, he sub- 
stitutes in the equation, 
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* 4 x« — j:* = c2 (x = chord of 30°, c = chord 60^) 

instead of x the computed value, and he finds the resulting value 
of c to be 1000 ; as it ought to be, since the chord 60^ = radius : 
and accordingly he concludes x to have been rightly computed. 
Again, in order to ascertain that the chord of 10° is rightly com- 
puted, he substitutes its computed value in an equation, such as 
chord 30® = 3 chord 10° — (chord 10)' [see form [/"] page 47] 
and the chord 30° thence computed ought to agree with its value 
(jO previously ascertained to be right ; and he pursues a similar 
course, in order to verify the computation of the chord of the 
fifth part of an arc. 

Previously to quitting this part of our subject, we wish to 
employ the arithmetical values of the sines of 18° and of 36°, 
which have been just deduced, in proving that which may be 
announced as a geometrical property. 

By the form p. 74, cos. 36° -^L^^ , and .-. sin.2 ^^"^ = ^"""^^ 5 

4 o 

3— \/5 
consequently, 4 sin.^ 36°— 1 = ^^ — 4 sin.^ 18°, see page 73, 

or (chord 72°)^ - i = (chord 36°)*, but the chords of 72° and 
36° are respectively the sides of an equilateral pentagon and 
decagon, inscribed in a circle. Hence, the square of the side 
of an equilateral pentagon inscribed in a circle, is equal to the 
square of the radius plus the square of the side of an equilateral 
decagon inscribed in the same circle. 

Having now obtained methods of arithmetically computing the 
sines, cosines, &c. of angles, when the angles are expounded by a 
specific number of degrees, minutes, &c., we may proceed to 
apply our formulae to express the various relations that subsist 
between the sides and angles of rectilinear triangles. 



* Pitiscus*s notation is like Vieta's, given in page 34 ; the form of his 
equation is 4y—l^g=square of chord of twice the arc. Another account 
of this Work of Pitiscus, and of similar Works, published about the 
same time, and now very rare, is given in the 5th Volume of the 
Memoirs of the ImtittUe, 



CHAP. V. 



On the Resolution of the Cases of Rectilinear Triangles-^Ut ^ When the 
Triangles are Right-angled. — 2d^ When Oblique, --Reasons for in- 
troducing different Solutions of the same Case, ExampleSf SfC. 

In a triangle there are 3 sides and 3 angles : any three of 
these being given, the remaining may be obtained. There is one ex- 
ception to this, which takes place when the three quantities given 
are the 3 angles. The reason of the exception is this : take any tri- 
angle, then, externally or internally, other triangles may be formed 
with sides parallel to the sides of the proposed triangle, which 
trigngles shall have the same angles, but greater sides or less 
sides : the magnitudes of the sides therefore are independent of the 
angles, and consequently cannot be determined from them. 

We will begin with the solutions of the cases of right-angled 
triangles, 

1st Case of right-angled triangles, in which two sides are given. 

Here, besides the right angle C, a, b, are given, and c. Ay B are 

required. 

Example, 

fl = 43; .-. a*= 1849 
b =z 55} .-. ft* = 3025 
.-. c* = 4874 
and c = 69,81, &c. 

Computation . 
r the tabular radius = 10'* 

log. r =s 10 

log. 43= 1 .6334685 

11.6334685 
log. 55=^ 1.7403627 

.*. log. tan. ^=9.8931058 
.-. ^=38° I' 8" 

and B=5l 58 52 
Again, log. r =10 

log. 55 =1.7403627 

11.7403627 
log, cos. 38*^ 1' 8' =9.8964202 

log. c =1.8439425 

.'. c = 699 SI, &c. as before. 



Solution, 
c determined. 
1st. c= V («*+*"*) Euclid 47. Book 1. 
A and B determined. 



2d. 



sin. A a 



sm 



— -r = -- bv Cor. 1. to Prob. 2. 
. ij o " 



but\4 + B=- or 90° .-.sin. B=cos.^ 



a 



—. , or tan. ^= 7 (rad. = 1), or 

. A 



cos 



a 



tan. A=:r .-J and expressed in log"*. 

log. tan. A = log. r-f-Iog. a — log. b 

B =90^-- A 
y^ being determined, cmay: for 

__ b . sec. A br 

r COS. A 

.'. log. c=log« r-J-log. ^— log. cos. A, 



79 ■ 

2d Case, in which the hypothenuse and one of *the acute angles are 

given. 
Here c, B, and-C = 90% are given, 

and a, b^ A required. 

Solution, 
b determined, 
sin. B ^ b sin. B b 



-, 7; r= - or 

sin. C c 



1 



.*. ft=c.sin. ^=c. (rad.=r) 



Example. 
c=361.4, B=i^V 12' 

Computation, 
log. 361.4=2.5579881 
log. sin. 41° 12' =9.8186807 



log. b =2.3766688 
.'. b =238.05 



In logarithms, 

log. (islog. c-f*]og*sin. ^— log. r. 

^=90^-5=480 48'; ... !![L4!lii' = f . 

' sin. 90* c' 

sin. 48** 48' 
•or a = c . — '- — ; and, consequently, a may be deter- 
mined exactly as b has been ; or thus, from b, 

a= V(c»-6*)= V {(c + ^)(c-^)}. 

In Log™, log. fl = 2 J ^og- (^+*)+log. (c - ^) } . 

3d Case, in which a side and the acute angle (which is not opposite to 
it) are given. 



Here, b, A and C=i9(? are given, 
and a, c, B, are required. 

Solution, 

B determined. 

5 = 90° - ^ 
a determined. 

sin. A a -^ -r^ , -, 

". — = = ^ [Cor. 1 . Prob. 2.] 
sin. B ^ -^ 

, sin. A y sin. A 

sin. 5 cos. A 

__ 6 tan. A 

"7 ^^ 
.*. in logarithms, 

log. a=log. J+log. tan. A^ 10 

c determined, 
sin. C _^c . ^, sin. C 

sin. 5 b* * * ' sin. 5 

since C=90* and sin. 5=cos. A 

c = 7= 7 (rad. = r) 

cos. ^ COS. ^ ^ ' 

In logarithms, 

log. C= 10-|-Iog. ^*-l0g. COS. ^. 



Example, 
b=:3l.76 A:=zir 12' 51" 
.-. B =72* 47' 9". 

Computation for a. 

log. ^ or log. 31.76 = 1.5018805 
log^. tan. 170 12^ 51" = 9.4911132 

log, a + 10=10.9929937 
.*. a = 9.8399 

Computation for c. 

log. 10** =10 
log. 31 .76 = 1.5018805 

lO+log.J. = 11.5018805 
log. COS. 17° 12' 51" = 9.9800967 

log. c = 1.5217838 

.-. c = 33.249. 
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We now proceed to the Cases of Oblique-angled Triangles* 

Fii'st Case, in which two angles and a side opposite to one of the angles 

are given. 

Here, A, By o, are given, and b, c, C are required. 

Example, 



Solution, 
C determined. 

b determined. 

by Cor. 1, Prob. 2. 
sin. B b , sin. B 

sin. A a sin. A 

In logarithms, 
log. &=log,a+log.sin. J5— log.sin. A 

The side c is similarly determined. 



41* 13' 22", 5=71* 19' 5", a — 55 

.-. C = 
ISQO- (112* 32' 27") = Ql"* 27' 33" 

Jog. a or log. 55 = 1.7403627 
log. sin. 5 
or log. sin. 71* 1 9'^'= 9.9764027 

log. a + log. sin. £=11.7168554 
log. sin. ^= 9.8188779 

.-. log. b = 1.8979775 
.-. b = 79,063. 

Second Case of oblique-angled triangles, in which, two sides and an 
angle opposite to one of the sides are given. 




Here, a, b, B are ffiven. 

Solution, 
A determined. , 

sin. A a . . . » n^ 
-: — =r=r .'. sm. -4=sm.57 • 
sin. Bo b 

In logarithms, 
log. sin. -4=:Iog. sin. 5+log.a— log. b 
This case may be ambiguous, or 
will admit of two solutions, when 
a > b, and B is acute : for, let MN 
=za,MPzzb, Z MiVPzzB, take Af» 
= AfiV;then MP( < Mn) falls between 

N,n, 



and A, C, c are required. 

Example I. (ambiguous). 
a = 178.3, 5=145, -B— 41* !(/ 

Computation for A. 
log. sin. B 

or log. sin. 41* 10'=9. 81 83919 
log. a or log. 178.3 =2^2511513 

12.0695432 
log. b or log. 145=2.1613680 

log. sin. A =9.9081752 
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N, n>and another line MQ, also between 
Nj n^ can be taken equal to it ; .*. the 
triangle may be MNP, or MNQ, and 
the angle A may be either iWPS or 
its supplement MS iV; but, if 6 or 
MP be > fl or MN, MP would fall 
beyond iVand w, as MP' does, and no 
other line equal to it can be drawn 
between P' and N: in this case, A has 
one yalue only. If JB be obtuse, A 
cannot ; therefore here also the case is 
not ambiguous. 

A and B being known, C = 180® 
— (-4 + ^) J8 known. 



.-. A = 54." 2' 22" 
and C = 84 47 38 

or ^=125 57 38 
and C = 12 52 22 

Example 2. (not ambiguous) 
fl=145. 6=178 .3, B-^V 10' 

log. sin. 4l« 10'=9.8183919 
log. 145=2.1613680 

11.9797599 
log. 178.3= 2.2511513 

log. sin. ^= 9.7286086 
.-. ^ = 320 21' 54". 

In this instance the supplement 
of A cannot belong to the case 
proposed. 



c determined, 
sin. C c , sin. C 

* _^-«_^~ M • /•— ^ h — — ••^M • 

sm. B b l|in. B 

or c may directly, thaln|j$ without the 
intervention ofD^pr^pess for finding 
A, be determined from this expres 
sion 



cos. B 



, whence, 



2ac 
cxza COS. B ± V(^*-a* sin.* B). 



Computation of c in Ist Example, 

log. 145=2.1613680 
log. sin. 84° 47' 38" 9-9982047 

12.1595727 
log. sin. 41° 10^=9.8183919 

log. c= 2.34 1 1808 
.-. c=2l9.37 



Third Case, in which two sides and the included angle are given. 
Here, a, b, C are given, and A, B, c are required. 



_ ■ , a sin. ^ 

By Cor. 1, Prob. 2. - ^=,-4^7^ 

' * b "" sin. B 

a-^b sin. ^— sin. B 

or — 1--= : — 5 » 

sm. j0 

• •! 1 fl+^ sin. ^+sin. J5 
similarly — r* = • ■ ' p ■ ; 
•^ 6 sm. ^ 



a=562, ^»=320, C=!28° 4'. 

Computation. 
a—b = 242 
fl+A = 882 
^+5= 180°- (128° 4') =51^ 56' 

^lt5= 25« 58'. 
2 

log. 
L 
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• • 



fl— & _»in. ^— gin. B 2 

«+^~sin7"34-siurB ^ + -^ 

tan. g— 

^y [/] page 33 

compute .'. tan. from this ex- 
pression, and is known from 



the Trigonometrical Tables, and 
since 

^+-5=180°- C we shall have A 
and B, for if 

— - — zz St and = a 

2 * 2 

then, A^s^ d, and B = s -^ d, 

c determined. 

sin. C c ^ ^ sin, C 

Sin. ^ a stn. A 

In logarithms^ log. c = 

log. fl + log. sin. C— log. sin. A, 

or c may directly be found, thus : 

^*J A* ^* 
fl 4-ft — C 

cos. C = ^r r 

2a^ 
.«. c=: \/(a* + 6* — 2 a ^ cos, C) 

which form however is not suited to 
logarithmic computation. 



log. tan. 250 53' = 9.6875402 
log. 242 = 2.3838154 



12.0713556 
= 2.9454686 



log. 882 



log. tan. ^^i^= 9.1258870 



A^B 



• • 



2 

A^B _ 
2 



= 7» 36' 40" 
= 25o 58' 



.-. A = 33* 34' 40" 
B = 18» 21' 20" 



Computation of c. 

log. 562 = 2.7497365 

log. sin. 128« 4') 
1 • /:i .« J = 9.896)369 
or log. sin, 51 66 ) 

12.6458732 
log. sin. 33* 34' ^' = 9-7427789 

log. c = 2.903094S 
.•. c = 800.01 



The above is a complete solution of the case^ in which 
two sides and the included angle are the quantities given. 
But) the analytic art is required to fumish» besides merely ade- 
quate solutions^ commodious and concise ones. And, of this latter 
character are the solutions which have been given of the third 
case by Dr. Maskelyne, in the Introduction to Taylor's LogarithmSf 
and by Legendre, in his Trigonometry^ p. SGQy 4th edit. These 
solutions we now proceed to explain. 
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!Let a> b : find in the Tables an angle 0, such that tan. 0= r« 

b 

and from this logarithmic expression : 

log. tan. ^ =: 10 + log. a — log. 3 [o] 

in this case, since a> b^ B is > 45®, for when =: 45®, tan. ^ = n 

•KT - a ^ /a \ a "^ b 

Now, smce tan. a=r. -, tan.^:;:r=rf -qpl J = y . ; 

tan. a— r_a-^_ 'V 2 ^ 

r— 9 



tan. (^-f r a-^b 

tan* 



(^) 



but by Prob. 4, pp. 35, 36, &c. tan. (a»45®)=r^ ^^"' ^ ^ 

hence, r tan. (^^^I-?^ zztan. (^:i±:?^ . tan. (0-45®) [/3] 

consequently, since B is known from the expression [a], 
tan. — 2 — '^^y ^^ computed; and thence, by means of the 

A D 

Trigonometrical Tables, is known, and A and B may be 

determined as in the former case. 

Solution of the preceding Example by this method. 

Computation of B by the formula [a]. 

10 + log. 562 = 12.7497363 
log. 320 = 2.5051500 



.-. log. tan. B = 10.2445863 .-. 0=6O» 20' 35" 

a — 45'= 15" 20' 35". 

^— B 
Computation of — - — by the formula [fi\ 

log. tan. 15" 20' Zb" ^ 9.4383476 

log. tan. — -- , or log. tan. 25* 58'= 9.6875402 . 



.'. 10 + log. lan. ~-~ = J9.I258878 
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.'. — -^ = r 36' 40" 
2 

and since "*" = 25® 58' 

2 

A — 33* 34' 40" and B = 18^ 21' 20" 

the same result as was obtained by the preceding method, arid 
obtained in practice, almost with equal facility, even when it 
is necessary to take from the Tables tlie logarithms of a and b. 

The demonstration of this method is not more concise than 
that of the preceding; but, the rule and the connected com- 
putation are, and, especially, in those cases in which the loga- 
rithms of a and b should happen to be given ; for then 6 would 

immediately be determined from the form [a], and from 

the form \_(3], so that the whole of the rule would be expressed by 
the two forms [a], [fi]. 

The above method of determining the angles ^, J3, is the 
same as that which is contained in the fourth Proposition of 
Robert Simpson's Trigonometry ^ p. 486, of his Elements of 
Euclid, 6th edition : and, in substance, is the same as the method 
given by Dr. Maskelyne, p. 36. Introduction to TayloPs loga- 
rithms : the sole difference of the two methods is in the ex- 
pression : instead of the formula, 

^. tan. (^^) = tan. {j~^ tan. (fl-450) 

Dr*^ Maskelyne directs us to employ 

— )= co-tan. — . tan. (B — 45^) 

but, since ^ + B + C z= 180, - = ^90^ - £±:?^ 

consequently, co-tan, — = tan. ( ! ) . 

Two methods of computing the side r, have been already 
given, one, from A and B previously determined; the other, 
independent of such determination : the latter method, however. 
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is not adapted to logarithmic computation ; but^ it may be by the 
introduction of an angle, called a subsidiary angle, such as B is 
in the preceding demonstration^ thus : from page S2, 

c = >/(/|2 + ^- Sa^.cos. C) 
= s/{jfl -2/1^+^ + £/!*- 2/i5.cos. C) 
= V { {a-hf + 2ah{\ - cos. C) } 

= («~*V(^1 + . ^ g ver. sin. C^ 

. 4flf^ ver. sin. C ^ « n • i.* i. 
Assume , r-^ = tan.* ^, m which case 

_ , 4ab ver. sin. C . , , ^ an « /j 

1 + •; 7^5 • :; = 14- tan.2 6 = sec.^ 6 ; 

consequently, 

£1 — ^ 

c ':^ {a ^ b). sec. ^, or = (rad. = 1) 

cos. 

, ,, sec. B (^ — 6) ^ / J \ 
or c ^ia^h) , or = ^ ^ (rad. = r) - 

^ r COS. 6 ^ 

and in logarithms^ 
log.^=log.(tf — ^)+log.sec.^— 10, or=log. (/i- 3) + 10 -log. cos. ^. 

This agrees with Dr. Maskelyne's determination of r, given 
in page 36 of his Introduction to Taylor's Logarithms : and the 
sole difference in the process is that, instead of 

ver. sin. C • ^^^ • « C 
, he uses, sm.'^ — ; 

which two values, as it appears from p. 43, are equal. 

Example of the computation of c : a and b being 562 and 320, and 

C= 128* 4. 

2 log. tan. d— 10= log. 2+log. fl+log« *+log. ver. sin. C— 2 log. (a— ft) 

Now, log. 2 = 0.3010300 

log. 562 = 2.7497363 

log. 320 = 2.5051500 

log. ver. sin. 128* 4' = 10.2085966 

15.7645129 
2 log. 242 =4.7676308 

1 0.996882 » 
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.*. log. tan. 6 s= 10.4984'410; .'. log. sec. 6 = 10.519282S 
.*. log. c= 10.5 192823 + 2.3838154 - 10 = 2.90S097T 

.*. c = 800.01. 

If we make the value of c equal to 

^/(a^ +2flf^+^ — 2tf^- 2a b COS. C) 

we shall have c = (a + ^) v/ ( 1 - - ^^^^ (1 -f cos. C)y 

J .r 4flf^ /^l + cos. C\ . a a 

and, if we assume ; r-^ . f — — 1 =s sin.* 0^ 

there will result^ c = (a •{• b) .cos. 0, 

1 4- COS. C 18 the versed sine of the supplement of C, which 
Mr. Mendoza, in his valuable Tables on Nautical Astronotmfy 
Cdlls the * juversed sine s hence the rule for the solution alge- 
braically expressed is, log. sin. 

ssi\ 10 + log. 2 + log. suver. sin. C + log. a + log. ^—2 log. (a + b)] 

log. c = log. (a -^ b) + log. COS. — 10. 

Of the preceding solutions of the third Case, one alone, as 
it has been remarked, is^ in strictness, sufficient: the others 
have been added, for the sake of rendering, in certain cases, the 
computation more expeditious. And, when a specific instance is 
presented, it will not be difficult to determine which method of 
solution it is, that ought to be adopted. If, for example, the side 
opposite the included angle be alone required, we ought to com* 
pute it by the method of p. 85, 1. 1 4t, avoiding, as unnecessary, 
the calculation of the angles (^, B,) at the base. 

Fourth Case, in which the three sides are given. 
Here, a, b, c, are given, and ^, B, C, are required. 



* In these Tables the log. suyersed sine = log. —3^^ •' . 
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First Solution. 
By Prob. 2, page 26, sin. A ss 

and, in logarithms/putting ^2^-— tf == ^S*, and instead of sin. A^ 

sin. A 
r 

log. sin. -4 — 10 s= log. 2 + 
\ \ log. S + log.(S-flf)4-log. (S-*) + log. (S-r) J —log. *-log. c 

and similarly, log. sin. C is expressed by the same form, sub- 
stituting in the negative part, instead of — log. r, — log./i, so is 
also 

log. sin. £, substituting instead of —log. ^, —log. a. 

Second Solution. 
By Prob. 2, page 26. 

1 _ COS. ^ = <^±£=#^±i^ 






{(e±i±f_.)(-i±f-,)} 



But 1 —COS. A:zSL . sin.* — , [page 42.] hence, introducing the 
radius r, 

5" (S-»)(S-r) 



sin.* . — 



he 



In logarithms, 



^ log. sin. :!=: 20 + log, (S -4) + log. (S— c) - log. b - log. tf, 
and similarlyt 
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Q 

2 log. 8in. — = 20 -f log.(S-flf) + log.(S— 6) — log. a — log. if- 



ThiFd Solution. 
By Prob. 2, page 26, 

But 1 +C08. ^= 1 -cos. (tt — ^)ss2 sin.2.^^^^1— =2 sin.* f^ ) 

= 2 . cos .2 — . Hence, 

a A a S.(S - a) 
COS.* . — = r' X — ^ ^ . 

In logarithms, 

2 log. COS. — = 20 + log. S + log. (S — fl) - log. ^— log. c 

' 2 

and similarly, 

Q 

2 log. cos — =s 20 + log. S + log. (S -r) — log. /I — log. b, 
2 



Fourth Solution. 

.A A 

Divide the expression for the sin.* — by that for cos.* — , and 

since the tangent is equal to the radius multiplied into a fraction 
of which the numerator is the sine and the denominator the 

cosme, we have, tan.* — = r* x ^ ^ \ . 

2 S.{S—a) 

In logarithms, 

2 log. tan. — = 20 + log. (S- ^) + log. (S - ^)— log. 5 - log. (S -a) 
2 

and similarly, 

r 

2 log. tan. ^ =:20+log. (S— *) + log. (5— ai) - log, 5-log.(S— c). 
2 
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£x9mpk by the ^rst method of solution. 

a=33 log.= 1.51«5i:3P^ .-. log. a +Iog. A= 3.5479235 [C]* 
^=^42.6 log. = 1.6294096 > log. *+log. c=3.3585744 [4] 
c=53.6 log.= 1.7291648) log. a+log. c=3.2476787 [B] 

J, ■ ■ =64.6 log.= 1.810325 

^^^ -g=31.6 log. = 1.4996871 

^^ - ft = 22 log. = 1 . 3424227 

-ZLJT — c=l I log.= 1.041 3927 



2 ) 5.6937350 | 

2.8468675 C = log, area : Cor. 2. Prob. 2. 
(10 + log. 2) 10.3010300 l .'. area = 702.858 

13.1478975. 

Hence, (see the formula <pf 9pkitioD) if we si^btract from this loga- 
rithm (13.1478975) the values [C], [A\, [B], we shall have, re- 
spectively, the Jog. «ine8 pf the angles C, A ftnd J? : 

13.1478975 13.1478975 13.1478975 

[C] 3.1479235 [A] 3.3585744 [B] 3.2476787 



9.99997 40«log.8iB. C9.7893231 =log. sin. -4 9.90021 88=log.sin.B 

.-. Czr^&Sf" 22' 21" A^Sr"" 59' 53" £=52* 37' 46"i 

or 89 22 22 i?=52 37 46^ 

to 89 22 95 .*. C=89 22 20a 

180 

la this c«9e, if we had not determii;i!9jBl A and JB, the value of C 
(determined from its logarithm of seven places of figures) would have 
1>eeQ idoMblfol to tbe e^l^nt of V : consequently, for the finding the 
e%mt vatae of Cy in this ioatance, ithe first method is not proper. 



♦ [C] [A] [B] are merely marks of reference. 

M 
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By the second method ; the same Example. 



Angle C computed. 

Jog. (5^ a) = 1.4996871 

log. (5- ft) = 1.3424227 

(20 added) 22.8421098 

[C] or log. «+log. b = 3.1479235 



Angle A computed. 

log.(S'-ft)= 1.3424227 
log. (5-c) = 1.0413927 

(20 added) 22.3838154 
[A] 3.3585744 



2 log. sin. ^ = 1 9.6941 863 2 log. sin. ~= 19.0252410 



log. sin. - = 



9.8470931 



.-. C= 2(440 41' lo^sJ) 
= 89 22 20ii 



log. sin.- = 9.5126205 



ii»^ 



r.A=: 2(18* 59^ 56't) 



>6o 



= 37 59 52s, 



By this method the angle C is determined at once with great accuracy. 



By the third method* 



Angle C computed. 

log. 5= 1.8102325 

log. (5 - c) = 1.0413927 



(20 added) 22.8516252 
[C] 3.1479235 

19.7037017 



log. cos. - = 9.8518508,5 

.'. C =2(44»41'lG^o) 
= 89 22 20^ 



Angle A computed. 

log. iS'=: 1.8102325 

log. (5- a) = 1.4^6871 

(20 added) 23*3099196 
[A] 3.3585744 



19.9513452 



A 



log. COS. — = 9.9756726 

.-. ^=2(180 59' 56".5) 
= 37 59 53. 



As C, in these two last methods, is determined to a great degree of 
exactness, the value of B is not computed from the formula, but it may 
be had by subtracting A+C from 180*. 
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By the fourth method. 
Angle C computed. Angle A computed. 



log. (5 - *) = 1.3424227 
log. (5'- a)= 1.4996871 

(20 added) 22.8421098 (c) 

Again, 

log. S =z 1.8102325 
log. (5 - c)= 1.0413927 

2.8516252 (d) 

,-. (c)-(d) =19.9904846 

C 

.". log, tan. -^ = 9.9952423 

.-. C=2(44» 41' 10"5) 
= 89 22 2C)JJ 



log. (5- A) = 1.3424227 
log. (5 - c) = 1.0413927 

(20 added) 22.3838 154 (a) 

Again, 

log. iS = 1.8102325 
log. (S- a)= 1.4996871 

3.3099196 (^) 
.-. (a)- (*)= 19.0738958 

.-.log. tan. ~= 9.5369479 

.'. A = 2(18* 59' 5&\S) 
= 27 59 53. 



As far as instances prove, any one of these three latter methods may 
be used for determining the angle C, and angles nearly of the same 
magnitude ; and, it is of no material consequence which it is that is 
used. The first method is plainly, from a mere comparison of results, 
insufficient to give exactly the value of such an angle as C is : and we 
need not go through the labour of the arithmetical computation in 
order to ascertain its insufficiency : for, if we perceive that the square 
of the side, such as c, is nearly equ^l to the sum of the squares of the 
other two sides, we shall know that the value of C does not diflfer 
much from 90'.* 

It may now be Mrorth the while to enquire^ more minutely, 
why, since compendium of calculation is a desirable object, several 
methods of solution have been given. 



* This 4th case of oblique triangles is commonly (see Robert 
Simpson's Euclid, page 488 ; Ludlam, page 220,) solved by means of 
this proposition. The sum of the two sides of a triangle is to the base as 
the difference of the segments of the base is to the difference of the 
sides; but the demonstration of this proportion, since the case is other- 
wise more conveniently solved, is purposely omitted. 
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Now, each of the preceding methods is adapted to logarithmic 
computation y and each> in an analytical point of view, afibrds a 
complete solution. One solution, therefore, would have been 
sufficient, and one alone given, if the same applied, with equal 
convenience and equal numerical accuracy, to all itistanceft ; but 
the fact is otherwise. If an example were proposed in whkh die 
angle A should be nearly 90^, as C is in the former Example : the 
log. sin. A might be deduced from the first solution ; but^ to 
such logarithmic value, there would not, in the Tables, correspond 
a precise value of the angle A : for instance, if the numerical value 
of log. sin. J should be 9.9999998j J might equal (by the 
Tables) either 89° 5& 19", or 89° 57' 8", or any angle inter- 
mediate of these two angles. The reason of this is, the very 
small variation of the sine of an angle nearly equal to 90^. And, 
this small variation is apparent from the mere inspection of the 
Geometrical diagram, in which two contiguous sines should be 
drawn to two arcs each nearly equal to a quadrant ; or, ana- 
l]rtically, it may be thus shewn. Let ^ be an arc nearly s90^; 
let it be increased by a small quantity (T' for instance), die^ by 
the formula [1], p. S7, making B zz l'\ 

sin. {A 4- I'O = sin. -4 .cos. 1" + cos. A . sin. l^'. 
Subtract sin. A from each side of the equation, then 

sin. {A + 1") - sin. ^s=sin. A (cos. 1" — l) + co6. A sin. 1% 

\" 
(by p. 42,) = — sin. ^ .2 stn.^ — -f cos. A rin. l*'. 

At 

\" 
Now, «in. A X 2 sin.^ t- may, from the imsllness of the 

' . 1 " 

factor 2 sin.2 — ^ be neglected; atid, according, 

sin. {A 4- l") - sin. A = cos. A . sin. 1"!, nearly ; 

therefore, the difference of two contiguous sines, or what has 
been called, the variation of the sine, varies nearly as cos. A^ 
and the cos. A is when A zz 90°, nearly, a very small quantity 
relatively to its other values, in which ^ is of a mean value. 
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It must not, however, be unnoticed, that the want of precision 
in the determination of the angle is partly owing to the con^ 
struction of the Logarithmic and Trigonometrical Tables. The 
Tables referred to, and in common use *, are computed to seven 
places of $gures ; but, if we had Tables t computed to a greater 
number of places, to double the number, for instance, then the 
logarithmic sines of all angles between 89** 56' 18", and 89** 5T 9"^ 
would not be expressed, as they are in Tables now in use, by the 
same figures. In such circumstances, we should obtain conciu*- 
sions very little remote from the truth ; but then, such Tables 
would be extremely incommodious for use, and would, in all 
common cases, give results to a degree of accuracy quite superfluous 
and useless* Moreover, such Tables, even tn the extreme cases 
which we have meAtioiied, are not esseotialiy necessary : since their 
use can besupereeded, by abandoning the first method of solution^ 
and recurring either to the ^d, 3d, or ith method. 

When the angle {A) sought then is nearly = 90^, the first 
mediod mu^ not be used, but one of the latter mediodt, hi 
which either the sine, cosine or tangent of iu/f the angle i» detec- 
inined ; and, in such an extreme case, it is a matter of indifier- 
•cnce whether, instead of the first method, we substitute the 2d» 
or 3d, or 4th. But, in other cases, it is not a matter of 
indifference : for since, as it has been shewn, the variation or 
the increment of the sine is as the cosine, and of the cosine as 
the sine, these two variations are equal at 4^« but beyoad 45^, 
up to 90^9 that of the sine is less, and that of the cosine greater ; 



* Shirwin's 8vo. Hutton's 8vcu Taylor's 4to. 

t In Vlacq's Tables, published at Gouda, 1633, we have 

Arcs. Lo£f. Sines. 

89' 56' 10" .9.9999^7500 

20 .^530 

40 ^r..- 97958 

50 98154 

89 57 98346 
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and} the contrary happens between 45^ and ; consequently we 
have this Rule : 

If the angle sought be < QQP, use the second. method ; 
if > gp^^ use the third method. 

The 4th method may be used^ and commodiously, for all 
ralues of the angles sought from up to angles nearly s 180^: 

when^ however, the angle (A) is nearly = 18(y, tan, — , which is 

nearly tan. 90^9 is very large, and its variations, (which are as 
the square of the secant *) are also very large and irregular. If, 
therefore, we use Sherwin's Tables, which are computed for 
every minute only of the quadrant, the logarithms corresponding 
to the seconds, taken out by proportional parts, will not be 
exact ; for, in working by proportional parts, it is supposed, if the 
difierence between the logarithmic tangents of two arcs differing 
by 60 seconds be d^ that the difference between the logarithmic 
tangents of the first arc, and of another arc, that differs from it 

only by n seconds is —d: now, this is not true for arcs nearly 

equal to 90^ ; and an example will most simply shew it : by 
Sherwin's Tables, 



* For by the formula, p. 35, 

/A I ,/'\ tan. A + tan. 1" 

tan. (^ + 1 ) = ' s — r-^,, . 

^ ^ ' 1 — tan. A. tan 1' 

Subtract tan. A from each side, and 

, ^ , ,//N * jt ^^' 1" + tan.* A tan. l" 
tao. (A+n - tan. A = ,_Zn.A,^„, i" 

by expanding aad neglect-l r'+tan.'^.tan. l")(l+tan.^ tan. l') 

mg terms mvolvmg tan.* r J ^^ * ^ 

= tan. V'(l +tan.*^) nearly; 
;*. since tan. I'Ms an assigned quantity, 

ten. (-4 + 1")- ten.^ocl + tan.* -4 oc sec* ^. 
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log. tan. 89° 3(y = 12.0591416 

log. tan. 89 29 = 12.0449004 [2] 

log. diff. corresponding to 60" = 1424« 1 2 

diff. corresponding to S0"= 7 1206 [4j 

.-. by Rule, log. tan. 89° 29' 30" ([2] + [4]) = 12.0520210 
whereas true log. tan. 89° 29' SO', by Taylor's Log. = 12.0519626 

Again, 

log. tan. 89° 50' = 12.5362727 
log. tan. 89 49 = 12.4948797 

log. diff. corr«. to 60" = 413930 
.-. diff. corr«. to 6" = 41393 

.-. by the Rule log. tan. 89° 49' 6'' = 12.4990190 
whereas the true log. tan. 89° 49' 6", by Taylor's Log™". = 12.498845 

In these instances, the log. tangent, determined by the pro- 
portional parts, is too large, which it plainly must be ; for, the 
logarithmic increment of the tangent increasing as the arc doed, 
that is^ the increment during the last 30" being greater than the 
increment during the first 30'', if we take half the whole 
increment for the increment due to the first 30", or one- 
tenth of the whole increment, for the increment due to the first 
6", we plainly take quantities too large. The same reason would, 
it is true, hold against calculating logarithmic tangents of any 
arcs by proportional parts, if the values of logarithmic tangents 
were exactly put down in Tables ; but (we speak of the Tables 
in ordinary use) the values are expressed by seven places only of 
figures ; and, as far as seven places, the irregularities in the suc- 
cessive differences of the logarithmic tangents of arcs that are 
of some mean value, between arid 90®, do not appear ; thus, 
by Sherwin's Tables, 

log. tan. 44<> 30' = 9.9924197 
log. tan; 44 29 = 9.9921670 

log. diff. corresponding to 60" = 2527 
.*. diff. corresponding to 30 = 12635 
.'. by the Rule log. tan. 44° 29' 30"= 9.99229335 
and the true log. tan. by Taylor's Tables = 99922934. 



9& 

It appears then, from the assigned reason, and by the instances 
given, that an angle nearly 90^ cannot exactly be found from its 
logarithmic tangent. The determination of the angle-by means of 
proportional parts will be wrong in seconds by Sberwin's Tables ; 
and will be wrong in the parts of seconds by Taylor's Tables. 
From the whole of what has been said then, it appears that in 
computing the values of angles, two inconveniences may occur, 
either when the successive logarithmic numbers are too nearly 
alike, as in the case of smes of angles nearly 90^, or too widely 
different, as in the case of the tangents of angles nearly equal to 90^. 
It is the business of the Analyst to provide formulae, by which these 
inconveniences may be remedied or avoided ^ and hence have 
arisen the different methods for attaining, apparently^ the same 
end. 

Before we entirely relinquish this digl!«ssion, we wish to 
observe, that, although the log. sine or log. tang^t of the angle 
A may be determined exactly either by the first or the fourth 
method, yet, if it should be very small^ its value cannot^ "^th 
sufficient exactness, be determined by the Tables in common use. 
For, very small angles cannot be exactly found from their loga* 
rithmic sines and tangents ; . not exactly in seconds, by Sherwin's 
Tables^ nor exactly, in parts of seconds, by Taylor's Tables \ and 
therefore, as great exactness may be required, and is commonly 
required, in those cases, in which a very small angle is to be de- 
termined, the Tables are not to be used. They are to be super- 
seded by a peculiar computation, of which, without demonstration. 
Dr. Maskelyne has given the rule in bis Introduction to Taylor's 
Logarithms^ p, 17 and 22. This rule and similar rules will be 
stated and demonstrated in a subsequent part of this Work, wh^ 
the analytical series for the sine and tangent of an arc are deduced* 

To the several cases of the solution of oblique trianglef, 
examples have been given, but, merely arithmetical examples; 
it may proper therefore, to subjoin a feigned case of practice 
and observation, in order to shew, more plainly, the use and appli- 
cation of the formulae of solution. 

An observer at A wishes to determine his distance from two 
inaccessible objects^ J?, C, and also the distance BC, of the same 
objects. 



The observer takes a new station D, and measures the distance 




4D ; suppose it to equal ] 76S yards : at A and D, by means 
of proper instruments, he makes the following obsenrations : 

. /BJC = 45« 1' 3"\ jy fBDC = 360 15' 5"\ * 
' VC^D= 3(y 0' £''/ ' * VBD^ = 330 r 40^/ 

consequently, 

CZ)ui=;69« 22' 45", ^Ci3= ISO^— (^DC + C^2))«8a> 37' IS'' 

AB determined. 



By ] st Case of oblique triangles, p. 80. 
AB _ sin, ABB 
AD- 8\n.4BD'' 

.*• log. AB = log. AD -f- log. sin. 
ADB - Jog. m.ABD. 



log. 1768=3.2462523 
log. sin. 33« T 4O"=9.7375066 

12.9838489 
log. sin. 7r 51' 15' =9.9778456 

log. -45=3.0060033 
.-. AB = 1014. 



.4C determined. 



By 1st Case of obli<|ue. triangles, 

AC _ sin. ADC 

AD " sin. ACD ' 
.'. log. AC =.log. AD + log. sin. 
-4DC- log. sin. -4Ci>. 



log. 1763=3.2462523 
log. sin. 69* 22' 45 ''=9. 97 12441 

13.2174964 
log. sin. 80« 37' 13"=9.9941543 

log. -4C=3.223342l 
••. i^C = 1672.4. 
N 
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CB determined. 



By the formula of computation 
given in page 85, 

tan.*^ 2ab . ^ 

-— =. rrr VCT. 8in. C 

r (a — by 
and^ Jog. tan. 6 

^ , ClO+log. 2+Iog. a+log. h ) 
C+'®&-^®'*sin.C— 2log.(a— ^)5 

and CB or <: = — ^ x ia—b) 

COS. 6 ^ ^ 

and 

log. c=10+log. (a— *)— log.cos. e 

here,a=-4C=l672.4,ft=^B=I014 

C^zBAC^^b"* I' 3", «- 6=658.4 



lO+log. 2= 10.3010300 

log. 1672.4= 3.2233421 

log. 1014 = 3.0060033 

log. versin. 45* 1' 3" = 9.4670294 

25.9974048 
5.6369796 



2 log. 658.4 



20.3604252 
10.1801466 

9.7 4 1 2271 [a] 



.•. log. tan. B = 
and log. COS. =: 
.% since 

10 + log. 658.4= 12.81 84898 [A] 
log. c = 3.0772627 . [A] - [a] 
and c= 1194.7. 



The last part of this Example (the detennination of CB) 
belongs to the third case of oblique-angled triangles, in which two 
sides and the included angle are given ; but, since the angles at 
the base, that is, the angles ABC^ ACB, are not required^ the 
method of solution given (see p. 82,) was not adopted : BC, 
indeed, may be computed, and, according to the common 
practice of calculators, would be computed, by first deteiminiiig 
the angles ABCy ACB from the form 



tan. 



/"ABC^ACB^^AC-AB ^ /'ABC±ACB\ 



K 



J^acTab''^''K 



and then BC from this expression, BCznAB . 



sin. BAC 



) 



: but it IS 



sin. ACB 

plain, that the computation, without being at all more exacts 
would be longer than that by which BC has been already 
determined. 

The last part of the Example will also serve to illustrate the 
use of that solution of the third case, which was given in page 83 : 
for, the logarithms oi AC and AB being determined in the 
previous part, we have immediately 

log. tan. ^ = 10 + (3.2233421 - 3.0060633) = 10.2173388; . 
whence = 58° 46' 23", and a - 45<> = 13<> 46' 28''; 

consequently, since log. tan. 13^ 46' 23".8 =9.3893876, 
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ibg. tan. (^tE£±j££F\ or co-Un. 22° SC/ 3r'.5 = 10.3835881 ; 

.-. log. tan. ^^^^^^^ = 9.7729757 
^ 2 

and ^^C-^^^ ^ 300 39' 48" 

2 

but ^^C!+^C.B _ g^o 29/ 2S\5 
2 



consequently, ^BC = 98<» y i6''.5 

u4CB = 360 4V 40".5. 

The process had been somewhat more tedious If we had 
found these angles by the formula given in page 82^ in the 
solution of the third case, for then we must have computed 
AC — -4B, AC + ABf and have taken out their logarithms. 
This instance, and the remark on it, have been introduced to 
shew, not that the common and general solution is insufficient^ 
but that other solutions may conveniently, that is, with some 
gain of expedition, be introduced. The Student, however, who 
^all peruse this Treatise in order to be initiated into Trigo- 
nometry, is advised, in the first perusal, to attend solely to the 
general solutions, and to postpone to a time of leisure and of ac- 
quired knowledge, the consideration of the methods that are 
either more expeditious, or are adapted to particular exigencies *• 



* With the view of renderiog every thing as easy as possible to the 
Student, separate investigations of the cases of right-angled triangles, 
have been made to precede those of oblique*angled triangles ; bat» cori- 
sidered generally, the former cases are really included in the latter, and 
their solutions comprehended within the general solutions ; we will shew 
this in two instances : suppose in the third* case of oblique triangles, 
that the included angle is a right angle, then by the solution. 



tan. 0^-^^=^^' C^^2^) • f+i' bttti4+J5+C=180»andC=9C^ 




consequently, 
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We will terminate this Chapter with one or two Problems^ 
the solutions of which may be deduced, almost immediately^ 
from the preceding formulae. 

1. In a triangle of which the sides are a, b^ c, and the angles 
opposite. A, B, C, it is required to determine C, when a, b^ and 
A ^ B 2LYe given. 

By the formula of p. 82, 

tan. I J = tan. I |x ;=tan.( 90® 1 x r 

V 2 / V 2 y a + b V 2/ a + 6 

= (see p. 9,) cot. -;- x — _=(seep. 11,) ^ x — ■— ; 

tan. — 
2 

1 . A^B ^ ^^ a-^b a—b ^ ^^^ _ 

coDsequently, tan. — - — = tan, 45^. -t^^ — rr » since tan* 45* = 1 ; 
^ J' 2 a+b a+b 

but -4 = 90* — Bi 
A-^ B 



•\ - 



= 45« - B] /. tan. (:il^^=tan.(45*--B)a(byProb;4, 
^ « «t V 1 " tan. 5 

hence ^^~=: T ^"' ■ and tan. JB s= » the same solQiion, in fact, as 
a-^-o 1 + tan. B , a 

was given, page 78, in the solution of the first case of right-ahgted 
triangles; 

Suppose next, in the same instance, we employ the form used in 
the fourth case of oblique-anjgled triangles, thus : 

• . >! /a+b+c b+c^a\ , ^ b + c + a b + c,^.a 

1 + cos. ii = (^Xo<-^^— ) , but r^-r ^ nr ^ 

s = ' ■ = — ^ — : Since c* s= a» + 6* : 

4 2 

hence, 1 +cos. A = — ^ — =-+1 and cos, ^as- , 

be c c ' 

and .'. c = -r the same result as that which was obtained, page 78 : 

so that it is plain the variety of cases might have been diminished, but 
not without a considerable loss of simplicity and facility. 
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C a^b A-B 

/• tm. — = ; X cot. "' ■■ >" • * 

2 a -^ i 2 

2. Given, A, By C, and a±b; required a and k. 

C A— B 

If the upper sign be used, then /i — * = (^ + i) x tan. -- x tan. -. 

if the lower sign be used, then, «+* = (« — *). cot. — - cot. ■ 

afid in each case, by adding and subtracting, we obtain 2 a, and 
2 ^, and thence a and ^. 

3. Given A^ a and ^ + ^ ; required b^ Cf tic. 
By the third formula of 6dlutl6n> p. 8d> 

2 . be 

Hence ^ r is known, let it =r /r, aUd let & i- ^ s / ; 

theA * + ^ = / 

.*. (by the solution of a quadratic equation) 

'=f-v/(^^)• 

4. Given /i + ^ + ^> the sum of the sides, the area of the 
triangle, and the angle Ai it is required to find the side a (see 
Newton, Arith. Univ. Prob. 8.) 

By Prob. 2, p. 26, 1. 2, 

2b c 2Fe 

Again, the area (K) = sin. A x ^r-r^ 

a'\-b-\' c sm. J! 
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since (Cor. 5. p. SS.) ^*°'^ > s tan. :^ = — i-^ . 

^ *^ ^ 1 + COS. A 2 ^ . ^ 

cot. ^ 

The formulae of Trigonometry have now been applied to 
the resolution of rectilinear triangles; the ori^nal object^ for 
which the science was invented. And it is to be observed^ such 
application is the most easy, and is of very extensive practical 
utility. In the next Chapter we will continue to apply, still 
farther, the preceding formulae. The first instances will shew 
their utility in expediting Arithmetical computation : the latter, 
selected from Works and Writings on Physical Astrtmomy^ will 
shew their utility in subjects of great importance and of arduous 
investigation. In this last application, the original object of the 
science, the Properties of Triangles, seems entirely to be lost sight 
of, and the Trigonometrical analysis is peculiarly and almost solely 
useful, because it confers precision and power on mathematical 
language. 



CHAP. VI. 

III ^ 

Instances of the Utility of Trigonometrical Formula. 

1. It is required to compute the logarithm of a dt tf 
a ± bzza (l ±'-^ . 

Aasume, for the upper sign, - = tan.* 0, for the lower, - = sin.* 6 

a a 

then log. (fl + *) = 

log. a + log. (1 + tan.* 6) = log. a-{-2 log. sec. — 20, 
and log. (a — F) ss 

log. a + log. (I — sin.* 0)=slog. ^ +2 log. cos. — 20. 

In the application of this method, a and b are not supposed 
to be numbers : for, then, the simple way would be to add them 
and to take the logarithm of the sum ; but a and b are com- 
pounded quantities, formed of the sines and cosines of angles : 
thus, in finding the Moon's distance from a star, 

versin. dist. = versin. (d^ — d) + cos. d.cos. d'.versin. A 

(d . d' being the declinations, and A the difference of the right 
ascensions) ^ is = versin. (J' — d) and b ss cos. J. cos. J' 
versin. A, and tan.* is assumed = 

J 7/ . ^ COS. d . COS. d' . sin.* — 

cos. a . COS. a versm. A 2 



, or, zz ■ u ' > 

2 



verin. (d'-d) ' ' "" . ad' - (/ 



and then, by the process above stated, the form is adapted to loga- 
rithmic computation. 
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M. Sejour solves this instance somewhat differently (see his 
Traits Aftafyt. torn. I. p. 103.) 

Thus, leta + bssi^, 
then^ a sin. 45® + i cos. 45® = j( . sin. 45® ( I). 

A ^ b sin. z b . 

Assume tan. z = - ; .-. = - , and 

a COS. z a " 

a sin. z — 6 cos. z = (2). 

Eliminate a from the equations (1) and (2), and 
6 (sin. z cos. 45® + cos. z .sin. 45®) = y sin. 45® sin. z, 
or b . sin. (45® + 2:) = y sin. 45® sin. z, 

-« J . , J. ft • sin. (45® -I- i) 

and .-. y, or fl + 6 = — — -J- — . ^ . 

sm. 45® . sm. z 
Again, in order to compute the logarithm of /i + 6 + o 

«mce a + i + f = u+f, make tan. / = - 

9 

c sin. 45® . sin. z ^1 1 r 

= r • -: :: 9 then, as before, 

b sin. (45® + 2) ' 

a •{- b + c=c.^. — )——, ^, 

sm. 4d®.sm. z 

and so on for tf + 6 + ^ + d, &c. 

£. It \s required to compute the sine of an angle; for 
instance, the sine of 3®. 

Sm. 3® j= sin. (2® + 1®) = sin. 2® cos. 1® + cos. 2® sin. 1®, 



==sin.2®cos.l®ri+?Hlii;f??l^) 

V cos. 1® sm. 2®/ 

^n ,a/, . tan. 1®\ 
=: 6m. 2® COS. 1®( 1+ | • 

V tan. 2®/ 



tan 1® 
Assume .-. tan,*^= — ^, and we shall have, in a logarithmic 



form^ 
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. log. sin. S** = log. sia. 2* + log. cos. l" + 2 log. sec. tf— SO. 

3. Let it be required to compute a quantity P^ such^ that 
P = (1 ^e') (1 -f /') (1 + e") X &c. ; the law of the formation 
of ^, e'\ e'\ &c. being 

The computation is conveniently effected^ thus^ put e s sin. 6 ; 

,-. >/(l-^)=cos. 0, and / =^ "COS. g ^ . g^. ^^2 £ 
^ ' 1 + COS. Q ^^ ^ ^ 2 

and, 1 +/ = 1 +tan.* - = sec.^ - . 
Again, put / s sin. ^ ; 

... ^=iz:^5?:^=: tan.« ?land 1 +/'=sec.« ^ . 
1+cos.^ 2 2 

Again, put /' = sin. %" \ 

.'. r^ 1 - COS. &' tan.2£^, and 1 +/"=sec.2^, &c. 
1 + cos. &' 2 ' 2 

Hence P s sec* - .sec* — . sec* — . &c 

2 2 2 

and log. P = [supplying the tabular radius] 

log. sec - + log. sec — + log. sec — + &c ) 

2 2 2 ^ 

- 2 (10 + 10 + 10 + &c) 

4. * Required the integrals of the differential expressions, 
i/a.sm.a.cos. 6$ c20.cos.*0; Jd.sin.*^; ^/dcos.^^; 

J^ . cos. ^ cos. nd ; r^ • 

cos.*a 



* This^ in other words and symbols, is to require the fluents of the 
fluxionairy expressions ^'.sin. 6 cos. 0* ; ^ cos.^ ^, &c 

o 
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In order to integrate these expressions, it is necessary to 
premise (see Simpson's Fluxions^ Vol. I, p. 165.) being any 
arc, that 

j^ d (sin. e) d (cos. &) d (tan . e) 

avsz -— , or r: — — i-; — -— • or =: t-t- • 

COS. sm. 6 sec.^ & 

1 St. fd . COS. . sin. 0. 
By the formula of p. 42, 

COS. . sin. =: -^ • sin* 2 0i 
.\ fd0. COS. 0.91X1.0==^ fd0. sin. Q0=: l/2d0.sin.9^0 

s — COS. 2 -{- c (c =s correction). 

4 

2d. fd0.cos?0. 
By the formula of p. 42» 

cos.*^ = i (1 + cos. 2^;) 
2 

.••/da.cos.«^=/^ +5/i/^.cos. 2^ 



= /^ + i/^je.cps.«^ 



1 . 
= - + - sm. 2 4- ^« 

2 4 



3d. /d^.sia.*^. 
By the formula of p. 42, 

8in.2 e as - (1 — COS. 2^ ; 



\ 
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=J^-\f^de.cos.ie 



- — « sin. ae + c. 
2 4 



4th. fde.cos.^e. 

By the formula of p. 60^ 

1 3 

C0S.3 0:=. - COS. S ^ + - COS. ; 

4 4 

.-. /da cos.^ 0=1 fd0 . COS. 3 a + ?/da .COS. a 

1 3 

= -—/3 da. COS. 3a +- sin. a 

3.4^ 4 

1 3 

. sin. 3 a + - sin. a + ^. 



3.4 4 

5th. yd a . COS. a , cos. II a. 

By the formula of p. 45» 1. 16^ 

cos. a. cos. Tia = - { COS. («— l)a + cos. (« + i)a } ; 

.•.yda.cos. acos. wars -/da.cos. (n— i)a+ -/da.cos. («+i)a 

= ^-i_./(«- 1) da. cos. («~i)a 

2 .(«— 1) 

+ 2,(yl^i) /(^+ i)dacos.(/i + i)a=r 

sin. (« — l)a + — sin. (« + 1) a + r. 



2.(11-1) ' . 2(11 + 1) 



»/ COS.* 6 



By p. 8, —1— = sec.* « «= (sec.« «)« =t (I + taii.« fl)* 5 

COS. V 



1C8 

•■• / -^ -fd^ (1 + tan-' ^ =/rfe (1 +tan «e) x (i + tan.« fl) 

^ COS. V 

= / { rf(tan. a)(l + tan.2 a) } b tan. ^ + ^ tan.' ^ + r. 

- Tr ^ 1 — € COS. c .^ . • J ^ ^ 1 o 

o. If - = -— , It IS required to express — , t > &c. 

& 1 - 6» ^ ir JT 

in terms involving the cosines of multiples of the arc «; see 
Mayer's Theory of the Moon, p. 14. 



1 1 — € . COS. « 



H 



- =: — '—-ir^ =s 1 + €• — 6 .COS. 

y 1 -€« 

rejecting* the terms involving c', c*, &c. 

.*. -^ = (1 +«•)' - 2 . (!+€•) e .cos. « + €*. COS.* «, 

^ 1 . « • n . « $1 . COS. 2«> 

fife 1 + 2 €• — 2 6 . COS. «+€«<- + — - — S. 

(2 2 5 

c= 1 + -"-^ — 2 6 . cos, 9 + — COS. 2 «. 
2 2 

Again, 
~ = (1 + €*)» - 3 £ .(1 + ^f COS. s + 3 €« (I + €») COS.* « 



= 1 + Se* - 3 6. COS.? + 36 



9 



Jl COS. 2 <? *> 
C2 2 i 



£* ^6 

= 1 + X — — 36. COS. « H COS. 2 ?, 

2 2 

and generally 
l.=:(H-fc»)»— /i(l +6«)»~'€,cos. s + «.i^^(l +6«)»-««*.cos.*? 



* The rejection of the terms involving e^ 6*, &c. is not, as it is 
plain, essential to the illustration of the use of Trigonometrical formulae, 
but, we have given the instance as Mayer has, and as all similar 
instances in Physical Astronomy will be circumstanced, in which e 
denotes the eccentricity of an orbit. 
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—.11^9 .n — l^Cl, COS. 2 « 7 

2 la 2 3 

sss 1 H €* — nc . COS. « H €' COS. 2 ?. 

4< 4 

■ 

In this instance, it is plain, if all terms involving higher powers 
of € than that of the square be rejected, that no higher multiple 
of 9 than 2 « can be introduced. The quantity « is the mean 
anomaly, and y is the radius vector. * 

6. If / = \/(/^ "^ ^jTr. COS. t + r^), it is required to 
express ~ by a series of terms involving the cosine of the mul- 

tiples of the arc t. (See Mem, Acad, des Sciences^ 1754, p. 538, 
Clairaut sur Porbite apparent du Soleil). 

Let 2/r COS. ^ — r^ = « , then 
/ = ^/(f^ — a\ and by the binomial theorem, 

1 1 , 3^ , 15fl« . SSfl' , 315 fl* , . 

^^ /' 2/^ 8/7 16/9 128 '/^i 

But, fl« = r*— 4/r«.cos. t + 4/« r^. cos.* r, ' 
(by Prob. 6,) = r* ^ 4/r^. cos. t + 2/« r^ ( 1 + cos. 2 

= f^ + 2/2r2— 4/r' COS. ^ + 2/* r*. COS. 2 ^ 

Again, 

^i» = - r^+efr^ COS. < - 12/2 f^ COS.*/ + 8/»r* cos.*/ 
= « r^ - 6/2 r* + (6ff^ + 6/' r«) cos. / — 
6/2 f^. COS. 2t + 2/5 r» cos. 3 /. (Prob. 7, [^'"]) 

Substituting these values in the series for -7, there results 

1^ _ 1_ 9rf 225 f^ 
^ ""/a ^ A^p 64/7 



, /^3r ^ 45r'\ 
+ I -^ H 7« I COS. / 

v/* 8f«y 



V/* 8/ 
./ISr* . I05r*\ ' ^,^ , 35r« ^. 



no 

In this instance^ r is the radius of the Earth's orbit^ and /that 
of Jupiter'sj and since -^is a small fraction (s=. 19245) the terms 

involving 7^ * 7- > &c. are rejected, (see Astron, vol. II. p. 283.) 

The quantity -; is a factor in a term dependent, in the theory 

of a planet disturbed in its orbit, on the disturbing force ; and, 
the object of the above resolution is to resolve the term into a 
series such as 

^(0) 4. ^O),cos.^ + A^^ cos. 2f + &c. 

which is easily effected when - is a small fraction, and itiay be, 

J 

but not without artifice, when ^ is nearly equal 1, that is, when 

the radii of the disturbing and disturbed body are nearly equal. 
(See Phil Trans, 1804, pp. 265, &c. Mem. Acad. 1754, p. 545, 
and Astron.wol. II. Chap. XVIII.) 

7. If the terms of the series 

^to) ^ j^) COS. t -f ^<^ COS. 2 / + &c 

be multiplied by cos. m t, it is required so to transform the terms 
that the series shall preserve its original form. 

By the formula [rf] of p. 32, 

cos. »/.co8. mtss-- . { cos. (m—n)t + cos.(i»+ii)^ } 

2 

Hence, 

cos. t .COS. fw/ = - { COS. (w— l)/+cos. (m + l)/ } 

2 

COS. 2 f .COS. mt =- { COS. (w— 2)^+ cos. (iw + 2)/ } 

2 

8cc. 

which values being substituted in 

A^^^ . COS. mt-{- A^ cos. / . cos. m t+A^^^ cos. 2 / • cos. mt + &c. 
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and the terms properly arranged, what is required will be done. 
(See Laplace^ Mem. Acad, 1785^ pp. 54, 8cc. and Mecanijue Cekste, 
p. ^63.) 

8. Required the sin. t, cos. t, sin. 2 t, &c. 

when t ziznv (1 — n) sin. m v ; 

the coefficient — (1 — «) being a very small quantity. 

tn 

(See Acad, des Sciences^ l75^, p. 5S9 : also for similar instances, 
Acad, des Sciences, 174<5, p. 348, and Qairaut's T^ry tif thf 
Moon, p. SO, and Astron, vol. II. pp. 140, 8cc.) 

By the formula [l], p. 27, 

sin. / = sin. nv . cos. \ — (1 — «) sin. mv\ 

L tn J 

— eos. /I v . sin. •? ~(1— ») sin. iwv f . 

Now the quantity * — (1 — «) sin. mv, by the hypothesis, is very 

tn 

small } therefore its cosine is nearly ;= 1, ^m4 its sine is nearly the 

arc which it is supposed to represent : consequently, 

2 e 
sin. ^=:sin. nv (1 — «) sin. m v . cos. n v, 

[by(*)p.31,]=sin.iiv— i(l— ») | 8in.(«+m)v— sin,(i>-iw)© } 

Again, 

2 tf 
cos* / =: COS. II V + — (1 — n) sin. Ad v • tm.nv 

m 

[by (e)p.Sl,]=cos.iiv +-^(1— «) { cos,(»—«)v— cos. («+«»)» J 

97} 



* As in the former instance, (see Note, p. 108,) so in this, the 

2e 
smallness of the quantity '— (1— n) is, in no wise, essential to the illus- 

tratjion of the use of the Trigonometrical formulse. 
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zhd, by a like process^ may sin. 2 1, cos. 2 /, &c. be deduced. 

9. Required the value of 

* sin. v/Q cos- v.dv — cos. vf(l sin. v .dv, 

when (2 is represented by a series of terms 

/I , COS. « v + i . COS. «i V + &c. 

(See Clairaut^ Acad, des Sciences ^ 1745^ p. 34I9 also his Thearie de 
la Lune, edit. 2. p. 9* Lalande, Acad, des Sciences^ I76O, p. 313. 
Laplace, Mec. Celeste, p. 241. Thomas Simpson's Tracts, pp. 9^9 
&c. Cousin's, PJysical Astronomy^ pp. 23, &c. Vince's Astronony^ 
Vol. II. pp. 168, &c. and Woodhouse's Astron. vol. II. pp. 99, &c. 

If we substitute the first term a . cos. nv oi the series in the 
expression, then 

sin. vfQ, COS. v ^dv -=. a. sin. vfcos, v . cos. n v • </v 
[form (J)p. 3,l,]=flsin. V -/ { cos. (n— i) v + cos. («+ \)v\dv 

/ yr^\ ^ • fsin. (« — 1)© , sin. (/iH-l)v , ^7 
(p. 106,)= ^ sm. V \ , + \ , +CC 

where C, the correction, will = 0, if the integral = when 
V 5= 0. 

Again, 

COS. vfQ sin. v .dv = a cos. vy sin. v . cos. nv.dv, 
(form[*]p. 31,) = ^ COS. v \f \ sin. (w + 1) v— sin. (it— l)v } dv 

f it/?\ j'cos.(w— l)v COS.(« + l)t?, g^,\ 

(p. 116,) = a COS. V i ^ ^ ^i -i--f C f 

^ " t 2(w— 1) 2C/I+1) 3 

in which, according to the preceding hypothesis of the correction^ 

:= 1 ^ + C, 

2.(»-l) 2.(n + l) 



^ <2 9 is the differentia] of v answering to 9 the fluxion of v. 



\ 
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Hence, combining the two parts of the expression, 

sin. v/Q.cos. nv .dv — cos. vJ'Q sin, nv .dv =s 



— } sin. (» — 1) V , sin. v— cos. (« — 1) v . cos. v ] 



+ — r \ COS. (n + 1) V . cos, V -f-sin. (« + 1) v sin. v } 

+ ±L^^tl . = (by the forms [2] and [4] pp. 30, 3 1 .) 
n* — 1 

^ tf .cos. ^v , a»co$,nv a . cos. v __ 
2(»-l) 2.(n + l) "^— 1 " 

a . COS. v a. COS. w V 

If, instead of a • cos. n v for (2, we had substituted b . cos. mv, 
the resulting value of the integral would have been 

b . COS. V b . COS. m v 



tn 



«_1 wi*-l 



Hence, the whole integral, when Q is represented by the series 
41 . cos. fi V + ^ . cos» i» t; + fcc is equal 

{ f ■ + —3 + &C. > COS. V 

(fl . COS. nv , b , COS. tnv , r. \ 

10. Expand (see Ex. 5.) — / into a series of cosines of arcs, 
when 

»' = —(! 4- ^ cos. ifmv) 

« = - (1 + « COS. ^v) 

/ = 7 , sin. (^ V — 6) 
/ #1 7 being very small quantities, {see Astron. vol. 11. p. 247.) 
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Ist, nearly, t^'^= -;r (1 + S / cos. c m v) 
-r=^(l— 4^ COS. c v) ; 

IT 

ft j^ 
.". -- =--(1— 4^.cos. cv + 3/co8./wt?) 

but / = y sin. (|: » — d) ; 
sin. (g V — ^) 

— 2 ^ . sin. (gv — cv -^ 0) 



«" .1* 






" + -^ — . sin. (gv -{■ c mv -^ 6) 

3/ 
H • sin. (^v — r^iwv — ^) 

11. Required the value (/) oi fdz.co^* mz x cos. it z x 
cos«/7z. (See Simpson's Tracts, p. 89.) 

cos. mzx cos. w 2 X cos.px; = - { cos»(m—n)z+GOs.(m+n)z \ cos,fZ 

= - { Cos,(m^n—p)z +co8.(»i— «+/7)z \ 

+ - f COS. (wi+«— jp)«+ cos,(wi+»+/7);r J 
4 

consequently the integral (/) equals 

sin. (im—n—p)z sin, (m— yi+/^ 
4t.(m — n-'p) 4.(m— »+/?y 

sin. (m + n-p)z sin. {m+n'{-p)z 
4{m + n —p) 4 (m + n +je?) 

12. Let it be required to compound {F\ 

sin. (2 «; — 2 ^) + sin. (2 u' - 2 ^) — sin. (2tr — ^v'} 

into one term, the product of three sines or cosines (see Astron^ 
Yol. II. pp. 441, 442.) 
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By forms (5), (6), Trig. ed. S. p. 32. 

F-2 sin. { (i;-d) + (v -^0)] \ COS. (v - vO I - sin. (2 v-2v') 
=2 sin. I { (V'-O) +(v — a) } — sin. (v — v')^ xcos. (v— t/) 
=4 COS. (v — 0) sin. (t/ — ^) cos. (v — v ) 

This process is> in its nature, the reverse of that in' the pre- 
ceding example. 

13. It is required to resolve (r* — 2rr' cos. • + /*)—*•* {F) 
into a series such as 

A + B . COS. M + C . COS. 2 w + i) . COS. 3 *» + &c. 

(see Astron, vol.11, p. 260: also Lacraix, torn. II. p. 132. 
laaplacty tom. I. pp. 271, 8cc.) 

Make 2 cos. « = j: + - , then 

J? 

f^ -2rf^ COS. « + f^ = r* — r r Tx + -) + r * 

Now, 

m(m+l)(m+2) /rV^ 
1.2.3 \»'/ 

^ 1.2.3 K// x*^ 



», T 



^ See Examples apd 7, 
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+ c-^T^sr^')' (7)* + *=• ■ 

^'^P^Xir + li — r"V7/ 

■ 

^ 2 /iw.m + l f^.m^ w+l m + 2 r* « ^ 

^=;?2^V 1.2 •?2"^1^-'^ T'-P^"^^^-/ 

D = &c. 

14. In the Lunar Theory, one of the equations (that of the 
evection) is represented by — 2 r . sin. {2X - Zy) r being supposed 
to be of a mean constant value : if r should vary and proportionally 
to 1 — 3 ^ . cos. Y, what is the new equation that would thence 
arise ? (See Vince's Astronomy^ vol. II. p. 53.) 

Let m be the mean value of r, then 

the evection = ,— 2 w (1 —8 c • cos. F) sin. (2 X — Z) 

zz -2 m sin. (gJT- Z) + 6mc cos. Y.sin. (2 JT- Z.) 

Therefore, since the first term denotes the mean value, the 
second, that is, 6mc cos. Y sin. (2 JT — Z), denotes' the variation 
from that mean value, or the new equation. 

Now, 6m C' COS. F. sin. (2 X — Z) = (by form [a] p. 26.) 
3fw /: { sin. (2 J^ - Z + 7) + sin. (? A: - Z - Y) ] 

which is the form of the new equation, in which, the angles 
2 -X* — SI -f F, 2.x -^ Z -- Y, are technically denominated the 
arguments, and 3 wi ^ (=z 2' 1") is the coefficient • 

The Student, perhaps, may now be inclined to believe that 
the formute demonstrated in the preceding pages, are not entirely 
without their use, nor invented and shewn as mere specimens of 
analytical dexterity. The instances, indeed, have been, almost 
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all, taken from Tracts on Physical Astronomy ; and it is, there- 
fore, on the assumption of the utility of that science, that the 
Trigonometrical analysis has been affirmed to be useful. 

We will proceed to apply the formulae of Trigonometry to 
the resolution of certain numerical equations: an application 
less extensive than the preceding J and of more doubtful utility. 



CHAP. VII 



On the Solution of certain Numerical Equations hy means of Trigo* 

nometrical Formula; and Tables. 

Is this application of the Trigonometrical Analysis, the utility, 
whatever it be, relates to the expedition- and convenience of the 
resolution of the equations, and not to any thing novel or curious in 
its principle and method ; moreover, the expedition and conciseness 
of the resolution depend^ not on any essential and real abridg- 
ment, but on that sort and kind of abridgment which registered 
computations or tables afford : for instance, we shewed (page 68.) 
that a cubic equation, such as 

sin. 3^ = 3 sin. A — 4 sin.' A 

when solved by approximation, might be used for the computation 
of sines, or the construction of Tables. Reversely, the Tables 
constructed may be used for the resolution of similar cubic equa* 
tions ; again, we shewed (page 68.) that an equation of 5 dimen* 
sions, such as 

2 sin. 5 Ay or s ^z 5x -^ Sr' + ^r* 

solved by approximation, might be made subservient to the con- 
struction of Tables. Reversely, Tables constructed either by the 
approximate solution of equations, or by other methods of ap- 
proximation, may be employed in the numerical resolution of 
similar equations. De Moivre solved equations of the third and 
fifth degree by the cosines of the third part and fifth of an arc ; 
and Vieta divided an arc into three and five equal parts, by equa- 
tions of the third and fifth degree. This is sufficient, perhaps, to 
explain the real principle of the solution of equations by Trigo- 
nometrical Tables. The convenience or expedition of the method, 
as we have already said, is of the same nature as the expedition o( 
computation by logarithms. If we do not avail ourselves of com- 
puted Tables, the whole process of the solution of a cubic equa- 
tion, for instance, will be tedious ; we must employ some metbo4 
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of approximation ; now> if Trigonometrical Tables are employed, 
the process is short and easy, but only so, because the most labo- 
rious part of it is already done for us. In these cases, we avail 
ourselves of the registered computations of preceding mathe- 
maticians. 



Solution of a Cubic Equation* 

It may be proper, however^ to shew more in detail the method 
of solving equations by the aid of Trigonometrical Tables. 

If we take the equations \c"''\ and [/"] pp. 45, 47, supply a 
radius r, and put c and s for cos. 3 A^ and sin. 3 A^ respectively, 
and X for cos. A and sin. Ay then 

^rr'ss 4 a:' — 3r*x, orj:^ ^ ^ — — =0 [1] 

4 4 

and s$^ = 3f«ir-4x», or, x»-.2jf x-f — =0 [2] 

4 4 

Hence, c being given, find in the Tables the arc 3 ^ cor- 
responding to it, and, from the same Tables, take out the cosine 
of il ; this latter value is the root of the equation [ 1 ]• If / be 
given, find 3 A corresponding to the sine /, and then take from 
the Tables the sine of A^ which is the root of the equation [2], 

But, cubic equations have 3 roots; now, by the Tabl^ of p. 1$, 
or by the Cor. 6. of page 28, if c = cos. 3 Ay then also c =: 
cos. {Zw—SA) =: COS. (2 w+3 A) = cos. (4 «•— 3 A), 8cc. hence, 

substituting instead of the arc A, thp arcs ~ -' A, -— + A, 

4 ir 

«— ~ — A, &c* any and all, of the following equations, are true. 
3 



c 



c 



»*=4.(co8. ^-^y-3.#«.C08.(^-^) [a] 

r«=4.(co8. ~ + ^y_3 .r«.co9. (— +^) [*] 



&c. 



130 

But, COS. f^ — - Jrf 1 =: COS. jSir — f — +-4j> s= 

COS' 27r . COS. ( h^ J = COS. (- ^ "^ / [^^^^^ ^^^' 2 ir = 0, 

and COS. 2 tt = l]. Hence^ the equation [d] is precisely the same 
as the equation [3J. 

Again, if we take the equation that would follow the equation [({], 

the cosine in it would be cos. (--^-i-jij ; now, cds. (—'^Jj 

=: icos. |2ir — (— ^- ^)> = COS. 2 IT. cos. f^-^Jj = 

cos. ( — — A J : hence, this equation is precisely the same as 

the equation [a] ; and, in like manner, succeeding equations would 
recur, so that, essentially, there are only S difierent equations 
[1], [a], {t], and hence, in the equation 

cf^ = 4^» -Sr^AT, or, iv^-£j^:c-^ = 0, 

4 4 

X may, either, s= cos. A, or, = cos. f Aj , or, = 

COS. (^ + ^^ , c being the cosine of 3 ^. 

^ • 

The same reasoning applies to the equation [2], and similar 
conclusions will follow. 



Example. 
Let ^ — 147 J? — 285.5 = 0; compare this with 

4 * 4 "* 

3 f* 285.5 

.*. --r-=:147, and rssH : aad c = , ^ ■ • and the tabular cosine ■= 
4 49 

10000 i!L^ 

49x14 

= 41 3.808, &c. Now the arc corresponding to this cosine, or 
3Ap is 65° 24'; 
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.'. i4=21»48' nat. cos.=.9284.858 .•. to rad. 14=12.9988012, 1st root. 
Again^ 

120> - 21V 48' = 98'. 12', nat. cos. = - .1426289; 
.-. to rad. 14 = — 1.9968046, 2d root. 
Again, 

120« + 2P 48*= 14IV48', nat. cos. = -.7858569 ; 

.-. to rad. 14 = *- 11.0019966, 3d root, 

and the sum of these tw6 last roots, that is, of the 2d and 3d roots, 
exactly equals the first root, which ought to be the case, since the 
coefficient of the 2d term in the proposed equation is s= 0. 

But, cubic equations of any form may be solved by substi- 
tuting Trigonometrical lines, sines, or tangents, for the quan- 
tities under the radical sign in Cardan's form : as Dr. Maskelyne 
has done in page 57 of his Introduction to Taylor's Logarithms. 

Not only cubic, but quadratic equations may be solved by the 
aid of Trigonometrical Tables ; and conveniently, when the co- 
efficients are expressed by many figures* 

Solution of a Quadratic Equation, 
Let x^ + i? JJ' — J = 0, 

Assume — i = tan.* ^, then, j? = — -C ( i qi sec. Q\ 
p 2 ^ 

Now by Prob. 3. Cor. 5, pp. 33, 34. 

1 - tan.2 t 
COS. e =: ? 

H-tan.2^ 

I + tan.2 % 

/. sec. 9 = g 

1 r- tan^2 - 
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e tan.* - 
1 - sec. d = ^ > 1 + sec. ^ = 



l-tan.«| l-un.«5 

But by Prob. 8, p. 62, 

e 

2 tan. - 

tan. 6 = gj 

X 1 — tan.* - 

e 

.*. 1 — sec. ^ = — tan. 6 . tan. ~ $ 
ancf 1 + sec. =5 :; = tan. . cot. - . 



tan. 5 







Hence, one root («) = ^ tan. . tan. - , 

<n 

the other (/3) = - -c tan. ^ . cot. - . 

And the whole formula of solution, in logarithms, is 
log. tan. ^ = i (20 + log. 4 4- log. y - 2 log. p), 

and log. a = log. £ +log. tan. ^ +log. tan. -— 20, 

f> 

and for 2d root, log. /? = log.-^-f log. tan. ^+log. cot. -- 20. 
The solution may be exhibited under a different form, thus : 

_ _ y / cos, a H= 1 \ — _ / /^ COS. a ip i X 

"" ^ Vtan. a . COS. 0) '^ * V sin. a / 

= (with the lower sign) — V^ x cot. - , and 


zz (with the upper sign) ^/ g . tan. ^ • 
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Exan^le. Letaf + 13.56 a?- 72.31 = 0. 

Compatation of 0. 

10 =10 

log. 2 , = .3010300 

i log. 72.31 = .9295992 

11.2306292 
log. 13.56 = 1.1322597 

log. tan.^ =10.0983695 

.-. ^= 5P.26'.2", 

and -^ = 25 . 43 . 1 



Computation of positive root. 

log. 6.78= ,8312297 
log. tan. 51* 26' 2"= 10.0983695 
log. tan. 25 43 1 s 9.6827151 

20.6123143 
.*. log. X s= .6123143 



Compatation of negative root. 

log. 6.78= .8312297 
log. tan. 51».26',2" = 10.0983695 
log. cot. 25.43.1 = 10.3172849 

21,2468841 
.-. log. (-a?) = 1.2468841 



and a?, or a = 4.09557 | and —a?, or — /3 = 17.6556 

Hence the two roots are 4.09557 and— 17.6556, and the ^um 
of these two roots is — 13.56, the coefficient of the second term of 
the equation, as it ought to be. 

The equation that has been solved is ar^ + /? j? — ^ = 0;* if it 
had been ofl^p x ^ q = 0, the 2 roots would have been 

that is, the 2 roots of the former equation taken negatively. 
If the equation to be solved be;if^— /?x-fj = 0, then 

and X =^ (1 ± COS. 6)z: p. cos.* - , or = /> sin.* - . 
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Hence the rule of computation, logarithmicallf expressed, 
is log. sin. ^ = i (20 4- 2 log. 2 + log. y — 2 log./?) and 

log. a: = log./? 4- 2 log. cos. - — 20, or =: log./? + 2 log. sin. -— 20. 

If the equation he x^ +px + q =: 0, its roots are the nega- 
tives of the roots of the preceding equation. 

The preceding solutions are, in fact, the same as those given 
by Dr. Maskelyne, page 56 in the Introduction to Taylor's Loga^ 

If, in mathematical researches, equations^ like those that have 
been given of the second and third degree, presented themselves 
to be solved, their solution would be conveniently effected by 
the preceding methods, and by the aid of the Trigonometrical 
Tables ; but, the truth is, in the application of Mathematics to 
Physics, the solution of equations is an operation that very rarely 
is requisite, and consequently the preceding application of Trigo- 
nometrical formulae is to be considered as a matter rather of 
Curiosity than of utility. 



SPHERICAL TRIGONOMETRY. 



CHAP. VIII. 



Definitions, 

1* A iPntnis, is a solid terminated by a curve suf/ace, of 
which all the points are equally distant from an interior pcnnt^ 
called the centre of the sphere. 

The surface of a sphere may be conceived to be generated by 
the revolution of a semicircle round its diameter. 

2. Every section of a sphere, made by a plane, (so it will be 
demonstrated) is a circle. A great circle is that^ the plane of which 
passes through the centre j a small circle, that, the plane of which 
does not pass through the centre. 

3. The pole of a circle of a sphere, is a point in the surface, 
' equally distant from every point of the circumference of the 

circle. 

4. A plane is said to be a tangent of a sphere, when it ha^ 
one point only common with the sphere. 

5. A spherical triangle is a portion of the surface of a sphere 
included within three arcs*" of diree great circles, which arcs are 
called sides of the triangle. 

* Each arc Is supposed to be less than a semicircle, for th6 pro- 
perties of a triangle that has its sides a, b^ and c=zir -{- x are always 
known from those of a triangle that has its sides a^ b, and a thiid side 

S= TT — 0?. 
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6. The angles of a spherical triangle, are the angles contained 
between the planes in which the arcs or sides lie. (See Euclid^ 
Book XI. Def. 6.) 

A spherical triangle is called rectangular, isosceles^ equi- 
lateral, in the same cases that a plane triangle is. 



Proposition I. 

Every section of a sphere made by a plane is a circle. 

Let AnBm be the plane, draw CO * perpendicular to it, 
wliich consequently, (by Euclid^ Book XI. Def. S.) is perpen- 




dicular to every straight line meeting it in that plane ; hence, 
since 

C« = Ciw, and, /L Conzz /L Com sz Q(P. 

On^zz Crfi - CO^j Onfl = Cnfi - CO^ \ .-. On = Om, 

and similarly. On = Op; .: Om,On, Op are equal 5 .•. ApBm 
is a circle, and is its centre. 

CoK. 1. When C0=0, or when the plane passes through the 



* CO is not drawa in the diagram. 
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centre C of the sphere, OnzzOm :=iCm'=i CB, the radius oT 
the sphere. 

Cor. 2. Hence two great circles always bisect each other ; 
for, their common intersection passing through the centre is t 
diameter. 

Cob. 3. Through two points on the surface of a sphere, 
such as ji,p, a great circle, (part of which is represented in the 
Figure by the dotted curve from A top) may be made to pass } 
for, the two points A, p, with C the centre as a third point, de- 
termine the position of a plane, the intersection of which with 
the surface of a sphere is a great circle passing through the points 
Afp. In like manner a great circle may pass through the points 

If the two points^ instead of being A,p, be A, a, the two ends of 
a diameter, then the three points A, C, a lying in the same line, 
do not determine the position of a plane; but, through these three 
points, innumerable planes may pass. 

Prop. II. In every spherical triangle as Apq, (Fig, p. 126.) 
any one side is less than the sum of the two others. 

For the arcs Ap, Aq, pq^ measure the angles ACp^ AC q, 
pCq\ but by Euclid^ Book XI. Prop. 20, any angle, as ACp *, 
is less than the two others ACq^ p Cqy.'- A p i» less than 
Aq + pq- 

Prop. Ill, The sum of the three sides of a spherical triangle 
is less than the circumference of a great circle (2^). 

Let ACB be the spherical triangle ; then, CB < CD + BD 




by the former Proposition, and AC + AB = AC A- AB ; .•. 

■ ■ ■ ■ ■ ■ ■ ■ ■ » ■ ■ ■ I. ■ I !!■ I IF 

* Conceive, in Fig. p. 126, a straight line to be drawn from A to the 
centre C. 
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JC + CB + AB <{AC^'CD) + (J?Z) + ilB)5 .-. <ACD + 

Cob. Hence, the sum of the sides of a polygon ACEFGA 
(the sides being arcs of great circles) is less than 9, ir. 

For, by the Proposition, AD + Dil+ AH is < 2 ^ j 
or, ^C + (CD + -D£) + JSi? + (fW + HG) + ^<? <:2x, 

but CD + D-B> CE, and, FH-hHG> FG-, 

.-. a fortiori, AC + CE + EF + FG + AG <^ ^' 

Prop. IV. If CD be drawn from the centre C, perpendicularly 
to the plane of the circle AN MB, then, D is the pole of the 




circle AN MB and of all small circles, such as anmhj that are 
parallel to it. 

For, since DC is perpendicular to the plane of AjNMB, it is 
perpendicular to all lines in it, as CN, CM, &c. (See Euclid, 
Book XI. Def. 3). Hence, DC A, DCN, DCM, each =9(>>; 
consequently, since DC is common, and CA, CN, CM, are 
equal, the hypothenuses, which are the chords of the arcs DJ, 
DN, DM, are equal ; '.•. the arcs DA, DN, DM are equal to 
one another and to 90®, and .•. D, (by Def. 3.) is the pole of 
ANMB. 

Again, in the small circle anmb, c a^ en, cm, are equal, as are 
the angles D c a, D c n, D c m \ .'.as before the chords of Da, 
Dn, Dm, are equal, and the arcs Da, Dn, Dm\ .". D is 
equally distant from every point in the circuxnf erence of anmb, 
and therefore is its pole. 
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Cop. 1. By Definition 6, the spherical angle AMD is equal 
to the inclination of the planes AMBC, DCM, and therefore is 
a right angle. 

CoR. 2. Hence, to find the pole of a great circle, draw, from 
the point M, a great circle perpendicular to AM, and take 
MD =90^ I then D is the pole: and, reversely, if Dbe the pole, 
DMN, DNM^re right angles, and DN, DM are quadrants. 

Cor. 3. Hence, to describe a great circle, of which D is the 
pole, take D3V, DM, each = 90®; then let a plane pass through 
Nf My and C, and its intersection with the surface of the sphere 
is the circle required. 

CoR.4. Since ^D^f may be of any magnitude from to 
180<>, and since the angles DNM, DMN, are, each = 90*, the 
sum of the three angles of a triangle, as DNM, may be any afigle 
between 180® and 360®, which are the two limits. 

Cor. 5. The radius of the small circle anmbxs Cn, which 
is the sin D w, or, cos. Nn \ and, if the great circle ANMB be 
divided into any number of equal parts, each equal to NM, the 
small circle anmb will be divided into the same number of equal 
parts, each part being equal to ntn\ but, the magnitude of nm 
will be to the magnitude of NM, as the circumference of anmb 
to that of ANMB^ consequently, as the radius rn to the radius 
CNj or, as sin. Dn to sin. DN \ as sin. Dn to radius; or, as 
cos. N n to radius.' 

Prop. V. If a plane TDl is perpendicular to CD, it is a 
tangent to the sphere. 

' For take any point T, join 'DT, then CDT is a right angle ; 
/. CTis greater than CD ; •'. 7* is without the surface, and since 
this is true of every point in the plane, except the point D, the 
plane ZZ)/ (by Def. 4.) is a tangent to the sphere. 

Prop. VI. If DT, D t be drawn, in the planes DCA, DCN 
respectively, tangents to the arcs Da, X)«, at the point 2>, 
the angle TDt is equal to the angle ADN, both of which angles 
are measured by the arc AN. 
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For, DTf D ^ are perpendicular to DC, which is the inter- 
tection of the pfanes DC J, DON; .-. by EucOd, Book XI. 
Def; 6. TD t measures the inclination of the planes, and there- 
fore is equal to the angle A DN ; but TD t, the inclination of the 
planes, = ACN, of whidi AN is. the measure ; .'. AN is the 
measure of TD t and of ADN. 

Cor. If two arcs of great circles intersect each other> their 
vertical angles are equal. 

Pro p. VII. If from the pomta A, JS, C, of the triangle ABC^ 
as poles, be described, the arcs EF^ FD, DjB,'forming a triangle 




DEF; dien, reciprocaMy, the points- Dy E, F are poles of tBc 
arcs jBC, AC, AB. 

Since A is the pole of EF, the arc of a great circle drawn 
firom A, to any point in EF, and therefore to a point as JS, is a quad- 
rant ; similarly, since C is the pole of DE, die arc of a great circle 
from C, to any point in DE, and therefore to E, is a quadrant. 
Hence^ E is distant from two points AyC, in an arc ACf by 
die quantity of a -quadrant ; .*. by Cor. %, Prop. 4, E is the pole 
ei AC\ and similaiiy, i^ is the pole of AB, and D of BC. 

Prop. VIII. The former construction remaining, the measures 
of the angles ^t A, By Cf aire the supplements of the* sides 
opposite, that is, of EF, DF, DE; and, reciprocally, the mea- 
sures of the angles at D, E, F, are the supplements bf the 
sides BC, AC, AB. 
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For, the measure of tbe angle tX A (see Prop. 6.) is GH, 
Now, GH^EH^-EG^EH-^dFE'-' FG) = EH -k- FG - 
FE=:90^ + gQf> -^ F£ = IQQf^ - FE = (p. 12.) the supplement 
of JPfi. 

Again^ 

the measure of the angle at B, or JTJs: FK - JT= FK-(:DF'-DI) 
^^FK-^rBl -- DFzizgf^^-gOf^^DF =z 18(>>-2)F = supp*. DF; 
and similarly, 2. JIf, fhe measure of tlie angle at C, as the supple- 
ment of DE, 

Secondly, the measure of the angle at D, ot MIssMC -f C/=: 
MC+IB-^BC -9QP + QQP'-CB a 180» - C» = supp^ CB, 
and similarly, ifi, KGf the measures of the angles at E and JF, 
are the supplements of AC and AB. 

From its properties, the triangle DEF has been called, by 
English Geometers, the SuppIemetitaJ Triangle j and from the mode 
of its description, by the French, the Polar Triangle. 

CoR. 1. If any angle as B, =90SthenDf= ISO^— 90^=90<>, 
or is a guadrant : and if B and C each := 90P, DF, D-S, each is 
•equal to a quadrai>t. 

CoR. 2. If (Cor. 4. Prop. 4.), the angles at JS and C each = 
SO^, and the angle at A is nearly \SQP == ISO** - x, x being a 
very sms^l angle^ then the side of the supplemental triangle 
opposite to ^ b equal to x ; and the sum of the three sides of the 
supplemental triangle = semicircle + ^, «= 180® + x. 

Prop. IX. The sum of the three aisles of <a spherical triangle 
is > 2 right angles < 6 right angles. 

For, the angles of the triangle 4- sides of the supplemental triangle 
=: 180^ 4- 180® + 180® = 6 X 90®; .'. since the sides of the 
supplemental triangle must have some magnitude, the angles dF 
the triangle must be less than 6 x 90® : again, by Prop. 3^ p. 127> 
the sides of any triangle } and .*. the sides of the supplemental 
triangle* are less than 4 x 90^9 s=:4 x 90—2' i suppose, consequently, 
the angles of the triangle = 6x90®-(4<»90®— x) = 2 x90® + x. 
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Cor. 1. Hence a spherical triangle may hare two or three 
right angles, twq or three obtuse angles. 

Cor. 2. If the angles at B and C are right angles, j4B, AC 
are quadrants, and J is the pole of EC : if also the angle at A is 
a right angle, the triangle ABC coincides with the supplemental 
or polar triangle, and the triangle ABC is contained eight times 
in the surface of the sphere. 

Prop. X. The angles at the base of an isosceles spherical 
triangle are equ^l. 

In the triangle ACB, let AC= BC, draw the tangents AS, BS^ 
which are equal and which cut their secant OS in the common 




point 5. Draw also from A and B two tangents AT, BT, which, 
by Euclid, Book III. Prop. 37. are equal. 

Hence, in the triangles SAT, SBTi SA, AT, ST, are re- 
spectively equal to SB, BT, ST; .'. by Euclid, Book I. Prop. 8, the 
angle SAT = the angle SBT, and .•. by Prop. 6, page 129, the 
spherical angle at ^ = the spherical angle at B. 

To prove the reverse proposition, that is, to prove if the angles arc 
equal, the sides are equal ; take the supplemental triangle ; then, 
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since its sides opposite to the angles at A and B are supplemental 
of equal angles, the two sides are equal/ and the supplemental 
triangle is isosceles ; .*. by this proposition, the angles at the base 
are equal ; .•. their supplements which are the sides AC^ BC, are 
also equal. 

Prop. XL In a spherical triangle the greater side is opposite 
to the greater angle. 

In the triangle ACB, let z. ACB be greater than ABC ; 




make BCa = CBa-^ .'. Ca=aB (Vrop, 10.); but A a + aC is 
greater than AC', .\ Aa + a B, or AB is greater than AC, 
by Prop. 2, page 127. 

Prop. XII. The surface of the sphere included between the 
arcs DN, DM, is proportional to the angle NDM or the arc 
NM. See Fig. 9. 

For, if the circumference AN MB be divided into equal parts 
as NMy and great circles be drawn from D through the points 
of division as N^ M, the portions of the surface, such as NDM, 
will be all similar and equal ; hence, if AM contains NM, 
p times, or, if AM =/? x NM, the surface ADM will ==/? x 
NDM. 

CoR. When DM coincides with DB, the angle ADB and 
its measure AMB = 180^ : hence, if 5 = the whole surface of 
a sphere, and if ii=:the angle NI>M, or the arc NM, the surface 
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S a 
NDMzz'^ X — ; or. since S :=, area of 4 great circles of a 

4 180* * * 

sphere, (See Simpson's F/uxhfts, page 189, vol. I. or Vince's, 

page 89,) =4 ^(ir =3. 141 59, &c.) the surface NDMzzir -— . 

The surface may be differently expressed, thus : «- is the cir- 
cumference of a circle the radius of which is | ; .*. 2 * represents 
the circumference of a circle, such as ANMB^ the radius of which 
is supposed = 1, and as we represent arcs of great circles by the 

number of degrees which they contain, 2 w = 360*, and — = «• = 

1800; hence, the surface NDM= 18(y>.-^ = a^. 

180 

Prop. XIII. The measure of the surface of a spherical tri- 
angle is the difference between the sum of its three angles and 
two right angles! 

Let the triangle be ABC, a, b, c, representing the magnitudes 
of the angles at J, B, C; let P = surface BCmB, Qs=z mCnm, 
R^ ACnA\ produce the arcs Cm, Cn till they meet at e 




(which will be on the hemisphere opposite to that represented 
by AB mnA) then, each of the angles at C and e, equals the 
angle of the planes in which the arcs Cme, Cue, lie; .". the 
angles at C and e are equal. 
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Again, the semicircles ACm, Cme; BC n, Cne are 
equal;or,^C -f C m =: C m -{' m e, znd r. AC =:me, andBC=:ii<: 
and the triangle »i ^ » - the triangle ABC ; let :r = its area, then, 
by Cor. to Pjrop. 12., 



c* 



a 180 

^"^«=|-Iio'^"^'^ + ^ + e + i2 = | 

2 180* 
consequently, by addition, 

by the Cor^. to the last Proposition. 

This result is the same as that given by Caswell, in Wallis's 
Works, Vol. II. page 875, who attributes the Theorem to Albert 
Girard* 

CoR. 1. Since by Prob. 9, page 121, the limits of a -{- b + c zre 
18(y* and 540®, the area of the triangle ABC may be equal to 
any number of degrees between and 360*. 

Cor. 2. If each of the angles a, b, r, = 90®, the area of the 
triangle ABC = 270® - 1 80® = 90®, which is ith of the whole 
surface, since 4ir = 8 <90®) : this agrees with Cor, 2. Prop. 9. 



* Tilts expression for the value of the area was a merely speculative 
truth, and continued barren for more than 150 years^ till 1787, when 
General Roy employed it, in correcting the spherical angles of obser- 
vation made'in the great Trigonometrical Survey, PhiL Trans, vol. VIII, 
year 17iK), page 16S. See also Mem. Acad, Paris, 1787, page S5B,and 
Mem. Inst, vol VI, p. 511. 



136 

Cob. 3. The area of DMN (see Fig. 9), =_ x -^ (if « be 

its angle), zz e; if we conceive DN, DM, to be continued till 
they meet in the opposite pole, and name the space included be- 
tween the great circles a Lune, then the lune = 2 . DtfM = ^e: 
but the area of ABC z=La -^ b -V c — 180® : equate this wiA the 
area of the lune, and 

, = "JLJLLL _ 90.; 

which is the value of the angle NDM, when the area of the 
lune equals the area of the triangle. 

X Prop. XIV. If n be the number of the sides of a spherical 
polygon, its surface equals the sum of its angles,. minus the product 
of two right angles multiplied by »— 2. 

Let the polygon be AGFEQA'. divide it by the means of the 
arcs of great circles into triangles^ then 

area AGF s ^AGF + L.GFA -f z.GAF-\SOP 
area AFC = ^FAC + Z.AFC -f ^ACF- ISO® 
area CFE = Z.CEF + z. CF£ + ^FCE^ ISO® 

.-. area of polygon = z. AGF + (z. FAC + ^GAF) 4- 
(Z. GFA + z. ^iFC 4- Z. CiJ'^) + z. C-ff-F + (Z. FCE + 
Z. ^C-F) - 3 X 180® 

= JL AGF + z. GAC + z. GJFJE + z. C£jF + z. -BCii 
- (5 — 2) 180®. 

This demonstration proves the Proposition to be true for a 
polygon of five sides, and a similar demonstration will prove 
it true for a polygon of n sides : for^ it is plain, if, instead of AC, 
we introduce Ca, A a, that is, if we introduce an additional 
side, we introduce an additional triangle, and consequently we must 
introduce an additional 180^ to be subtracted^ that is, the negative 
part will become - { (5 -2) 180® + 180® } or - (6-2) 180®. 

The preceding Propositions belong, more properly, to Sphe- 
rical Geometry than to Spherical Trigonometry ^ they have^ how- 
ever, been here inserted, because they exhibit certain properties 
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of spherical triangles rather curious, and very easy of demon- 
stration ; so that, if not of essential use in assigning the relations 
between the angles and sides of spherical triangles, (which it is the 
special object of Trigonometry to assign,) they will not materially 
divert or impair the Student's attention. 

In the next Chapter, we will proceed to deduce those formulae 
by which, the relations between the sides and the angles of sphe- 
rical triangles are expressed. 



CHAP. IX. 



On the Expressions for the Cosine and Sine of the Angle of a Spherical 
Triangle in Terms of the Sines and Cosines of the Sides, 

We will begin this Chapter with establishing in the fol- 
lowing Problem, the fundamental formula, from which all the 
methods and forms of solution will be deduced : it corresponds to 
the fundamental one of Plane Trigonometry, inserted in page 24; 
and the Student who understands, in principle, the use made of 
that latter formula, possesses, in fact; the clue to the subsequent 
demonstrations of Spherical Trigonometry. 

Prop. XV. Problem. 

It is required to express the cosine of the angle of a spherical 
triangle in terms of the sines and cosines of the sides. 

Let the triangle be min, let the sides be a, h, c, and the 




opposite angles J, B, C ; conceive to be tfat centre of the sphere^ 
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and draw the two tangents t Q, tP, at the point t, to the arcs 
ttfif tn; then Z^QtP'zi Z.-4: by Prop. 6; and the angle at 
O is measured hj mn^ or a\ and, by the definition of the secant, 

OQ is sec. b 
OP is sec. r. 

The principle of the demonstration that follows, is, to obtain 
two values of QP^ one from the triangle POQ^^ the other from 
P/Q, and then to compare them: now hj Euclid, Prop. 13, 
Book II, or Prob. 1 of this Treatise : 

in APOQ, PQ^ == sec* * + sec* c— 2 sec. b . sec. c cos. a [rad. 1] 
in A P/ (2> ^Q^ = ^^^'^ * + tan.* ^ — 2 tan. b . tan. c . cos. A. 
Subtract the lower expression from the upper, 

then, since sec* b — tan * b = (rad.)* = l, we have 
0=1 + 1+2 tan. b . tan. c . cos. -4 — 2 sec. b . sec r. cos. a 
and thence, 

^ J COS. ^1. sec 6. sec c—l cos. ii — cos. b . cos. r 

cos. Jl «= — 7 ■» = ■ 

tan. ^ . tan. c cos. b cos. r . tan. b , tan. ^ 

[• f ^ r • •-• COS. H — cos. ^. COS. ^ r i 

smce COS. b . tan. b = sm. ^1 tllilz — z — ^ [a] 
sm. ^ . sm. c 

and similarly, since the process for finding cos. P, cos. C, wilf 
be exactly the same, changing a for b^ b for ^ 8cc. the result must 
be similar, that is, 

^^^ D COS. b — COS. a • cos.r i-f-i 

cos. 15 = ; ; [^] 

sm. a . sin. c 

n COS. r — cos. a . COS. ^ r T 

cos. C r= ; ; . . . . , \C\. 

sm. a . sm. b 

Cor. r. Hence, since 

COS. c = sin. a . sin. b . cos. C + cos. a . cos. b 

by substituting this value of cos. c in the expression [a], we 
have 

^/*« ^— COS. /» — COS. b . sin. 6 . sin. a . cos C — cos. a cos.* 6 

cos. XL — ; — , . 

sm. ^.sm.f 
But, cos. tf — cos. a . cos * ^=cos* ^ (1 —cos.* ^)=C08. a . sin.* b ; 
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* 4*-*« A — ^^' ^ 8in.* 6 — COS. 6. sin. B . co^. C , sin. ^ 

sm. b . sm. e 

COS. a.^n. ]^ -*- ot». h.An. a . cob. C 



Similarly, cos. B=: 



sm. c 
COS. h . sin. tf — co9w VI . sin. ^. cos. C 



« n (cos. ff. sin. j + cos. 6. -^in. a) (1 » cofr. C|^ 



.'. cos. 

sm. c 

sin. (a + ^)2sin.* — 
sin. r 



Prop. XVI. Problem. 

It is ireijuired to express the sine of the smgle of a spherical 
triangle in terms dependent on its sides. 

•D -..L f ^ T»- *^' A COS. a — cos. h .x:os. £r 

By the last Proposition^ cos. A = ; — ; — : ^^-i^— \ 

' ^ sm. p . Sin. c 

.•. 1 + cos. A = 

COS. a — (cos. ^ . cos. c — sin. ^ . sin. c) cos* « —• cos. (3.+ r^ 

." ' , — " . ' ■ ■ cs ' ' . "j; 

sm. ^ . sm. c sm. ^ . cos. c 

by the form [2], p. 130 ; but by the form [8], page %% 

COS. tf — cos. (* 4-0 = 2 sin. hT— — : — j sin. I — 1 . 

Hence, 

1 + COS. A = -7 r-: X Sm. ( ■ .1 Sttl. | • ■ ■ I 

sm. *^sin. £r V '2 / V 2 / 

2 . /^a + b+c\ /a + b+c \ 

or, = -i — J—: — X sm. I —-J . »tt. 1 — rr^ — ^J 

Similarly, 

f ^rv« ^ COS. b » COS. ^ -I- iftin. b sin. r - cos. a 

1 "^ cos* ^ Si ' . , . ' ' 

sm.i...an*^^ ' 



IM 



ca4». (^ — r") — 4M. « 



(ty tihe fown [4], p. SI.) 



•: — rp; — : X«i. ( ^— : — 'jsia. ( ^ ■ ^ ■. J by fow»rti|). 33 : 

xfty ^S3 -: — ; — : — X '8MI, I — ^ J Bin. i — --^ f 1 . 

Hence, if we multiply together 1 + cos, A^- and 1 — cos. J^ 
tihe jnrpduct of which is sin.^ A^ and substitute 5 ip^tead cf 

^ ■ ^ ^ ., nre diall have dn/^ ^ •« 

4 
■ . A , — :— y- X sin. S , sin. (S — ^i) sin. (S — W ^n. fS — <^, 
sin.* ^ . sm.* c \ / \ / \ /* 

and consequently, 

sin. A = 

ft 

-: — ^. V { sin, S.sin. (S - «) sin. (S - *) sin.(S - r) } *. 

sin. ^.sm. ^ 

Cob. 1. If we wish to compute sin. B, we must begin 

' from COS. B = cos.^-co8.a.cos.^ ^^ ^^^^ ^^^^^1 j„ 

sin.fl.sm. r 

the steps of the former process : the result \nll be a fraction^ 
the numerator of which is the numerator of the above fraction 
for the sin. A^ and the denominator will be sin. a sin. c ; call the 
common numerator N, then 

sm. A = -: — r — : — , sm. B =3:-, ;— , sm. C =-r 



sin. b . sin. c sin. a . sin. c sin. a • sin. b 

/^ /^ XT sin. A N sin. a . sin. c 
Cob. 2. Hence-: — xi=-:^ — ; — : — x ti = 

sm. i> sm. b • sm. c N 

sin. a , sin, A __ sin, a ^ 
sm. ^ sin, C sin. c 

or (if these equations be expressed, after the manner of expres- 



* The Student, for his own convenience^ is desired to compare these 
expressions and the manner of deducing them^ with the corresponding 
ones in Plane Trigonometry. 



proportional 
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f the sides of a sphirical 



Right-angled spherical triangles may be considered as par- 
ticular cases of oblique. The solutions of the latter, then^ would 
necessarily include those of the former ; and, accordingly, if we 
wished to generalise as much as we could generalise, it would 
npt be requisite separately to consider them. Since, howeyer, it 
is our object to render investigation as simple and as easy as it 
is possible to the Student, we shall not avail ourselves of this 
abridgment, and seek to be compendious, but proceed, in the 
ensuing Chapter, to treat distinctly of the case3 of right-angled 
«pherical triangles. 



CHAP. X. 



Formula of Solution for Right-angled Spherical Triangles, — Affections 
of Sides and Angles. — Circular Farts. — Naper's Ruks. — Quadrantal 
Tria9^les. — Examples. 

Prop. XVII. Problem. 

It is required to investigate formulx of solution for all the 
cases of right-angled spherical triangles *. 

These are to be derived from the fundamental expressions [a]^ 
lb"], [c], given in page 139 : let C be the right angle and = 9QP ; 
•*. COS. C ss 0; 

hence^ 

COS. C, or == ^^^' ^r^^^' f ' T' * , and .-.cos.rscos./i.cos.* [1] 

sm. a . sm. p 

hence, cos. a= — '--r , cos. b =s^?ii£ . substitute these values re- 
cos. COS. a 

spectively, for cos. ^i and cos. b^ in the expressions for cos. A, 
€08* B, and we have 

^ COS. ^1— COS. b . COS. c 

cos. Atzz : — r — ; = 

sm. ^.sm.^ 

1 /'cos. c , ^ 

_ : I r — COS. b . COS. C ) sr 

sm. b . sm. c Vcos. b y 

COS. c (1 — C08.2 ^) COS. c . sin.* h ' 

COS. b . sin. ^ . sin. ^ cos. b . sin. b . sin. c 



'«l ■■! !■ 



* Spherical triangles that have one right angle only, are the subject 
of investigation : and spherical triangles that have two right angles, and 
three right angles, are excluded. 
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COS. c . sin. b a. a. l rrn 
5 — ; =: cot. c . tan. b [2] 

COS. o . sm. c 
Sunilarly, 

-.-.« B COS. ^(1 — cos.^tf) COS. ^. ski. « , . r«i 

COS. Jo = i- r-^ss- ■ ■ ■ ■ . — = cot. c . tan. a . . . .pj 

COS. a. sin, a . sin. r cos. a • smt ^ 

• 

Now in [ 1] a^ b, c are involved, and two of these being given the 
third may be found : in [^] A^ r, h are involved : and if we 
choose, sjmbolicallj, to represent by (A^ c^ h) the forpa in which 
three quantities as A^ c, i, are involved, then, similarly, the other 
several forms that can arise by combining angles and sides may be 
thus represented : 

(r,«,*)5 lU,^,*), (B,c,^){; {(B,c,b) (A,c,a)\ 

{ (A, a, b) (JBf, a, b) \ i { {A, B, 3) {A, B,b)\ I {A, B, c): 

which are in number 10, as they ought to be ; the combination 

ft A. ^ 

in 5 tlungs, S and 3 together, being — — ^ = 10: those combi- 

1*2.9 

nations that are similar, such as the second and third, are ineluded 

within brackets. 

The forms [1], [£], [3], have been already deduced, and there- 

maining ones must be deduced from them, and from the form . ' • 

sm. i) 



sm. a 
sin.^ 



, by the common process of substitution and elimination, 



(f, /J, A), that is, cos. c = cos. a . cos. b [1] 

{Ay c, b) COS. A = cot. c . tan. b [2] 

(jB, r, a) COS. £ := cot. c . tan. a « [3] 

f(B, c, h) 

this is Cor. to Prop. 16, for -7-^a=42^ j .*. since sin. C=l, 

sm. C sin. c 

sin. B:^ 2iS * ^ ^^"* ^^ssin. r.sin. B [4] 
{A^ c, a) is exactly similar ; 



sm.^ 



.-. sin. *B=:-7-^ — ,or sin.^^sin.csia.^ [5] 
sm. c . 



QQS'C 



{J, a,i): cot:jiikQOit^,tmiifhi F21y but cot. c s 

' sin, <r 

and C08.^seeott. i».jCOd.Aby::[l]>Stad8m.^rss:-r-^ by [v^L p. 144^ 

8in* js 

I ># ^ JL COS. a . COS. ^ .sin. A 

.-. COS. -4 = tan. o . ■■ ■■■■ , . 

sin. a 

.*. cot* A zz tot, a'An* b ^[6} 

\(^Bf Of hYwrnoXXaXy and .*. cot. B s cot. ^.sin. a. [7] 

(A, B, ay. divide [2] by |;4]i* then ^^^ = ???l£ = cos. ^ 

|frdni [ij 6r, cos. ^ ss cos. a.'Ati. B [8] 

(^, J5, *) is similar, and cos. B =f ioi. 5. sih. Jf .^ : . . . [^] 

(^ B,f)v itwkiidy t<^lier [9] »<d £7] 

■ • • 

and cot. -4 .cot. B = cos. ^.cos. a:^t6i. r.. [10] 

'Xnus are all the forms easily 4ed.ucea from [1], [2], [3]. 
ladeedj^ the quantities that are to be combined, indicate pl'i|inly 
t^e proper process of elimination ; but these forms, although 
very simple and fitted for logarithmic computation, jare no^ easily 
remembered, and therefore an artificial meniory has been supplied 
to the Student and Computist, by rules, known by the title of 
liapef's Rules for Circular Parts ; and in the whole compass of 
mathematical science there cannot be found, perhaps, rules 
which more completely attain that, which is the proper object of 
rules, namely, facility and brevity of computation. 

The rules and their description are as follow : 

Description of Circular Parts, 

The right angle is not considered \ the complements of the 
two other angles, the complement of the hypothenuse, the two 
sides, making in all five quantities^ are called by Naper, circular 
parts- Any one of these circular parts may be called a middle 
part {M ), and, then, the two circular parts immediately adjacent 
to the right and left of M are called adjacent parts / the other two 
remaining circular parts, each separated from J£tbe middle part. 
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bj an adjacent part^ are called opparite partt^ or opposite extremes : 
thus, let Che side ahe M, 

then, comp. B, or 90^ — Sf and t are adjacent parts^ 
and, comp.'rj or 90^ — c, and 90^-* ^^ opposite parts- 

90^—^ and b are adjacent parts ; QCP^B and a, opposite partff. 
This necessarf explanation being premised, we come to 

ff operas Ruler. 

1. The rectangle of the sin. JIf and nufivs s rectangle of 
the tangents of adjacent parts* 

2. The rectangle of the sim M and radius* = fectangte of the 
codnes of the opposite parts. 

There is no separate and independent proof of these rulesj but 
the rules will be manifestly just, if it can be shewn that they com- 
prehend every one of the ten results, [l], [2], [3], &c. g^ven, in 
pages 144, 145 ; for, those results solve every case m ngfat- 
angled spherical triangles. 
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This is a complete proof of Ae truth of the tulesj and^ as we 
have already said^ the only kind of proof which ' the ' rules admit 
of ; but, aftef tl^e proof , the'' rifles ought to faje used, and the 
formulae having performed tfie service of proving th^, are then 
superseded. The rules ought to be used Jso^T'^ot'^only in the 
inmiediate sblution of jright-aiigled spherical tria^igles, -but in de- 
ducing, yhere they can be so made subservient^ 'the properties of 
oblique triangles. We here allude to those properties announced in 
the Fropoisitions 24, i6, fi6, 27 of Robert Simson's Trigonometry. 
These inmied lately appear on the ap|>lication of Naper's Rules, 
and their deduction if s<j obvious, ^iiat it is, practieklly, against 
the interest of t]be Student to make thefQ the subject of three or 
four fordial Propositions j since it is pot worth the while to 
burthen die memory with the terms and enunciation of a Pro- 
position, for the sake of formally msd^ing one or two Steps in the 
process of deduction. 

The fomis for the solution of right-angled triangles have been 
deduced |rom'the general- expressions for the cos. Ay cos. JB, cos. C» 
in which;* as in a^ particular case, C=:90°.* The same general 
ezpressiohs n^y V8o))e used. for any otl^er case, in which, to any 
one or more' of the sides or alleles particular values should be 
assigned i for instance, ^e sid^ c vizj be ^ quadrant =: 90^* in 
which csifi ^e triangle has $een caBed a q(|adrantal triangle ; in 
this case" 

r* COS. c — CO?, a .COS. b COS. a - cos. b r .^^^ ^^^ ^-.aI 

cos. C= ; ^.\ • =5 - -t T. — 7 [s^nce cos. ^=^0] 

sm. a . sm. sm. a . sm* b 

and .•. sin. (9©^— C) =: —cot. a • cot. b 

" ■' * 

=:-*tan.(90f^-fl)tan.(90°-6)... [a] 

• ' ' . ■* 

cos* 6— cos. a \ COS. c cos. b 



Again, cos* B s; 



cos. A =: 



siii. i.sm.r' sm. a 

COS. a — cos. b . cos. c cos. a 



sill, j^.sin. r ' sin. b 



• 



From these three equations, and the additional one, viz. 

skuj^ _ 8Ub_fl ^ ^ j^g deduced all the cases in quadrantal, as 

sin. B siri. b 

they have already been, in right-angled spherical triangles. 
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If, in the above expression [a], we call 90^ - C the middle 
part, and 90^— j, 90^-i which are the complements of the 
sides, the adjacent parts, the sdbove result might be comprehended 
under a Bj^e like Neper's ; but, if a case like that occurs, the. 
surest method^ and, perhstt>s, on ^he whole, the most expeditious 
for the Stiidjent, and computist, would be to take the supplemental 
or pplar tpri^i^le, and to solve it by Naper^s Rule ; for, the angle 
in the supplemental triangle opposite to r = 1 80® - r = 1 80* - 90^, 
is a right' angle: thus, in the case adduced, the angles of the 
supplemental triangle are ISO**— fl, 180^^*, and the hypothenuse 
is ISO®- C; therefore by Naper*s first rule, 1 x sin. (C — 90f*) 
z= tan. (fl— 90®) . tan. (^—90^) the same result as [a]. 

Examples of the solution of right-angled spherical triangles. 



Example 1. 

A = 23* 27' 42" 

Given { Reqi 

b zsz 10 39 4() 



lired J*a 

Lb 




c determined. 

90* — A middle part, 90* — c, ^, adjacent parts; 

.*. r.cos. ^ = cot. c . tan. b [1st rule] 

.\ log. cot. c=s log. r + log. COS. A — log. tan. b 

tog^^'ild; 

.-. fegf. r + log. COS. 2S« 27' 42".. ^= 19-9625240 

'^ " log. tan. 10 39 40.....;.. ..a : 9-2747329 

log. cot. c... sr 10.6877911 

/. (:i«^ 1 !• jy 49". 



.'1 
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a determined. 

. b middk part, 9Cfi -^ A, a, adjacent parU ; 

.•. r . SID. ^ ±= cot. A.tsm. a [Ist rule, p. 146 J 
••. log. tan. a = log. r + log. sin. b — log. cot. A 

10+ log. sin. !()• 3ff AO" = 19.2671709 

Jog. cot. 23 27 4^.. = 10.3624932 

.-. log. tan. fl = 8.9046777 

.-. a = 4^ 35' 26". 

B determined. 

SO^ ^ B = M, gCf^-- A, b opposite parts; 

••• r.cos. B = sin. A.coa, b [2d rale] 

.'. log. cos, B + log. r= log. sin. A + log. cos. b 

log. sin. 23« 27' 42" = 9-6000308 

log. COS. 10 39 40 = 9.9924380 

.% log. COS. £ + 10 =19.5924688 

.-. B=:66'' 58' !"• 

The above is the solution of a Problem in Astronomy, in which 
fjrom the obliquity A, and the right ascension b, as given quantities^ the 
longitude c of the Sun, and the declination a are required. 

£jLttmpic 2. 

^'•^ {cZn'.ttsy ]^^^ {b] 

b determined. 
90 — c = M»a,bf opposite parts. 

.\ r • cos. c = cos. a . cos. b.,\ ••••.. •«.2d rule ; 

.*. log. COS. 6 = 10 -{- log. COS. c » log. cos. a, 

JO+log*co8.71'39'37" = 19,497828(J 

Jog. cos. 27 48 9.9467376 

.*• Jog. cos. 6 ,. =s 9.5510910 

and b a: 69* 9' 48". 
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B determioed. 

90 — B =: JIfy 90 — c^ a^ adjacent f>arts ; 
•% r.cos. B s cot. c« tan. «« by 1st rule 

log. COS. £ 4*. 1^ ^ 1^* ^^« ^ + ^^S* ^'^^ "' 

log, cot. 71*^39' 37*' s 9^204(574 

log. taD. 27 48 = 9.7220085 

10 + log. cos. B :±: 19.2424759 

.-. B = 79"" 5& 4!'. 

This is the solation of an Astronomical Problem, in which, froni 
the latitude of a pJace = 90* — 27<' 48' = Q9f \2\ and the latitude of 
the Sun at six o'clock = 90^-7 1° 39' 37" = 18» 20' 23", it is required 
to find the Sun's declination, which, by the result, would be 90^ — 
69'' 9^ 48" s 20* 50^ 12"; the angle B^ l^P ^^ H", in the same 
Problem, is the Sun's azimuth. 



®'''"' {i = M 32 O } ^"''** { 



Mxample 3. 
Cnoi a right angle, but c, the side opposite to it, = 90^. 

B 
C 

C determined. 
By the ezpressioD [a], p. 139, 

^ COS. c — COS. a . COS. b 
COS. C = ■ ■ ■■■ . — i ■■ 

sm. a • sm« o 

COS. a . COS. b . _ ^ 

-s -* — - — -- since oee. • « O 

sm. a.sin. D 
ss — cot. a • cot. b I 

/. in logarithms, 

log. cos. C =s log. cot. a+log. cot. b — 10. 

Now - 10 + log. cot. 32* 57' er..n « .1882850 

log. cot. 06 32 0. = 9.6376106 

.-. C08.C. ;.- =9^8258956 

/. C= 180» - (47* 57' 16") = 182* ^ 44". 
The sapplement of 47** 57' 16^ is taken, since from the ezpiessioB 

COS. C = — cot. a .cot. b 
cos. C is negatite , .*. C > 90*. 
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JQ determiried. 

By the expreaioo [h]f pagt 139, 
^ COS. b — cosu a . COS. c 

COS. ^ = : « ■' 

fiio. a.sin. c 

COS. 6 . _ 

s= -:: , Since COS. <r =5 : 

MR. a 

•*• log« COS. ^ = 10 -{- log. COS. b — log. sin. a 

10 + log. COS. 660 32' o" = 19.6001181 

log. sin. 32 57 6 = 9.7355441 

.-.log. COS. B = 9.8645740 

.-. JB =5 42« 5& 12r. 

Here, the Problem is most simply resolved fromr the fwdd^ 
mental expressions for the cosines of the angles : aiid ^ef^ h no 
need that we recur to the supplemental triangle : if homr^et ^ 
do, then since its two angles are 18(y* — a, 180® — i, and the 
adjacent side = ISO®- C, by Naper's first Rule, r sin. (C — 9(f) 
=s tan. (a - 90^) tan. {B — 9^ or — i* . cos. C a? ootk'4r .-cot t, 
as before ; and siihilarly for B. 

The above is the solution of an Astronomical Problem, in 
which, from the latitude = 90* - 32« 57' 6" = 57® ^ 54% and 
the Sun's declination = pO® -- 6©| 32' = 23® £8', it is required 
to find the time at which the Sun rises. 

In the solution of plan? trianglei^^ oiie of the cases, see p. 80, 
is ambiguous : in spherical right-angled triangles, there are three 
ambiguous cases : and these are wheti die qliantiiies, a, r, ji are to 
be found from b and B given i nowy by Naper's Rules, a, c, A 
are given by these tllreeje^dt{Qiis ;- 

r. stUi If = tah. 3 . cot. JS. 
r.sin.^ss din. r.sin* jB$ 
r .cos« JB.9. m. 4..<:.0^ h't . 

but after sin. 0; sin. r, sin^^ aredediUced ^ftanlbese. equations, 
there is nothing to determine us^lf(rheth^^Y^eQughtto take a^c^A, 
or 18a» - a, 18a» -J o 1?0^ - ^, ought to be taken; for, the 
ftines of the 3 latter quantities are the same as the sines of the 3 
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former: and it is easily shewiii that there are two right-angled 
spherical triangles, which have an angle and side opposite the same 
in both, but in which the remaining sides, and the remaining 
«agle of the. oiie, are respectively the supplements of the remain- 
ing sides and the remaining angle of the other. 

The other cases are not ambiguous, and Naper's Rules, with 
an attention to the signs of the quantities involved, will enable 
us to remove the ambiguity which some of these cases appear to 
have : thus, if b be the middle part, 90^ — r, and 90® — J5, 
the opposite parts, then sin. 6 =s sin. ^ . sin. B : if b be 
required firom this equation, will it not be doubtful, whether 
^or 180® — if [since sin. b = sin. (180® — *)] ought to be taken? 
The ahibiguity is removed by this property, that, if B be > or 
< 9G^> 6. is > or < 90®: for by Naper's 1st Rule, sin. a = 
cot. J3.tan. &; now, sin. ^j is positive wheli/j is between and 
180®, and if J? be > 90®, cot. B is negative ; and 'consequently, 

. tan, * =^^^^, is negative, and b > 90®. If JB < 90®, cot. B is 

" COt>x> 9 

positive ; .*. tan. b . = — ^ is positive : and b < 90^ ; 

cot. B 

similarly, make 90® — jB = -Af, and 90® —r, and adjacent parts, 
then, COS. jBsscot. c . tan. a; ,\ if r be sought, 

tan. c = — ~z if a he > 90®, and B > 90®, then tan. a and 
COS. B 

cos. jB are both negative ; .*. tan. c is positive, and consequently, 
r is < 90® : if a> 90®, and B < 90®, or, if ^ < 90®, and 

JB > 90®, then — '-— is negative ; .*. tan. c is negative \ .\ c> 90®. 

COS. JO 

These considerations are so simple and so easily made, that 
ft is, perhaps, better to let the Student endeavour to avail him- 
self of similar ones, than to burthen his memory with the terms 
and results of formal Propositions : for it must be noticed, that 
in order to prevent the ambiguity of solutions in right-angled 
triangles, terms have been invented and propositions framed 
relative to the affections of the sides and angles : sides and their 
opposite angles being said to have the same affection^ when each 

V 
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is less or greater than 90^ : See Simson's Euclid, Prop* 15, 
p. 500^ 8yo. edit. J 781. 

It has been already prored, that sides and the opposite 
angles are each greater or less than 90^, that is, hare the same 
affection : again, since by the form [1], p* 143, 

COS. c =: cos* a . cos. i, 

if a and i be both > 90^, cos. a and cos. b are both negative ; 
.'. their product, which =s cos. r, is positive, and c < 90^5 .'. if 
both be < 90^, cos. c is positive, and c < 90® : if u be > QO^i and 
b <! OOP, or if « < 90®, and b > 90®, the product cos. a . cos. b 
is negative ; .*. cos. c is negative ; .*. r is > 90®. This may be 
easily translated into the terms and language which Rdbort 
Simson uses in his Trigonometry. See Prop. 14, f^herkal 
Trigonometry at the end of Euclid's Elements, p. 500* 

The several cases of right-angled spherical triangles being now 
solved, we will proceed in the n^xt Chapter to the solution of 
oblique-angled triangles. 



GHAP. XL 



Equations exhibiting the Relations of the Sides and Angles <f Oblique- 
angled Spherical Triangles. — Formula: of Solution deduced from such 
Equations. — Examples^ i^c. 

J. N the cases of oblique-angled spherical triaagles six quan- 
tities are concerned, a^b^c^ A^ JB, C:.and the general problem 
requires us to determine three of the six by means of the three 
others. We must have equations then between four of 
these quantities combined all possible ways \ but the number 
of the combinations of six quantities, taken four and four, 

6 5 . 4 . S 
equals — *- — * ' ■> or 15. These combinations are 
^ 1.2.S.4 

(abcA), (abcB), (abcC) 

{ABCa\ {ABCb)y {ABCc) 
(aCbA),'{aCbB), (aBcA), {a Be C), {bAcB\ {bAcC) 

(aAbB), {aCcA), (bCcB). 

Now, the number of combinations essentially different is the 
number of the horizontal rows, or four : for instance, the com- 
binations of the first row depend on three similar equations : 

4 COS. fl — cos. ^ . cos. ^ r_T 

COS. ^s : : [1] 

sm. b . sin. c 

•n cos. b — COS. a . COS. C r«T 

COS. JDas ; : [2] 

. sm. a . sm. c 

Ccos. c — COS. a . COS. b p^ t 

= ; ; 7 [3 J. 

sm. a . sm. b 

The combinations of the fourth row depend on three similar 
equations, 

sin. a sin. A sin. a sin. A sin. k sin. B 
sin. b sin. £ ' sin. c . sin. C sin. c sin. C * 

and similarly for the remaining two rows : hence the solution of all 
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the cases of oblique-angled triangles is reduced, in fact, to four 
equationsi and these four equations must be deduced, as the equa- 
tions in p. 14'4 were, by the ordinary processes of substitution 
and elimination. 

We will now proceed to deduce these four equations. 

First equation belonging to the form {a be A\ 

COS. ^jf— COS. h . cos- c 



COS. A = 



sin. ^ . sin. c 



Second equation belonging to (ABC a). 

In order to obtain this, eliminate cos. 3, cos. r, sin. 5, sin^ e 
from the equations [1], [2], [3] : or, more simply to obtain it, 
take the supplemental triangle; then, if y, *', r are its sides, 
^', J3', C, its angles, we have, by the form [l], 

COS. a' — cos. b' cos. c 



cos. A ' = 



sin. V . sin. c' 



but COS. -A' = COS. (180® — /i) = — cos. a 
COS. a = COS. (180® — -4)= — cos. A 
COS. V = COS. (180° — jB)= — COS. B 
cos. c = COS. (180° — C)= — COS. C 
sin. A' = sin. (180® — JB)= sin. B 
sin. c = sin. (180® — C)= sin. C\ 

^, — COS. -4 — cos. jB.cos. C 

consequently, — cos. a = : — =; — ; — 7= ; 

' sin. B . sm. C 

COS. A + cos. B . COS. C 

or, COS. a = . 

Sin. JD . sm* C 

Third equation belonging to {a Ch A). 

In order to obtain this, substitute in the equation [1], instead 
of cos. r, its value derived from the equation [3] : and. instead 

of sin. c* substitute . ' sin. u, 

sin. A 

_• •> 

then, cos. A . sin. t . . ' ^ . sin. /j = 

sm. ^ 
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COS. a — COS., &(cos. Cisin.fl/.sin. * + cos;.» .cos. *)' 
cs cos. a sin.^ b r-' cos. C . sin. a sin^ b . co$. b. 

Hence^ on diriding each side of the equation by An.a x sin. b, 
there restdts 

cot. ji . sin. C = cot. a . sin. b *- cos. C cos. b- 

Fourth equation belonging to {a Ab B). 

This equation is deduced in Cor. 2. to Prop. 16, where it is 

sin. a sin- A 



proved, that 



sin/^ sin. B 



These four equations analytically resolve the Problem ; or, by 
means of them, "any three quantities being given, the, fourth may 
be found ; but it is plain from their inspection, that they do not 
afford convenient solutions, since none of them are under a form 
adapted to logarithmic computation ; and even, if, in order to 
find one of the quantities involved in the equation, we were to 
express the equation under a form adapted to a logarithmic com- 
putation^ such modified form would be useless, except in the 
case for which it was contrived : that is, would be useless, if one 
of the quantities, by which the required quantity was expressed, 
should itself be required to be computed, the previously required 
quantity becoming, in this second case, one of the given quan- 
tities : for instance, in the combination {ab c ji)ii A be the quantity 
sought, then, by p. 140, 

1 + COS. A. or, 2 dos.^ — = 

-: ; : IsiTi. { 1 Sm. I a}} 

sm. ^.sm. ^ ( V 2 / V 2 /j 

whence, by a logarithmic computation, cos. A and ^ can h^ 
found ; but, from such form, if A were given, and a required, a 
cannot be immediately and conveniently found : and, on this 
account, something more is required of the analyst, than mere 
equations that exhibit the possibility of solutions: he ought to 
furnish formulae, from which, the quantity, whatever it be, side 
or angle, may by a direct, certain, and commodious prociess, b^ 
found. Formulas then, as it will easily be seen, by ' which bnc 
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quantity may be computed from otfaera that are given, must be 
more in number than the equations which merely exhibit the re- 
lations of the quantities. This does not take place in right-angled 
spherical triangles ; in which the formulae of solution need not 
exceed in number the equations: for instance, the equation 
COS. c = COS. a • cos. b represents the relation between c^a^h\ and 
from the same equation may be found, by a like logarithmic com- 
putation, either c from a and h\ ot a from h and c\ ox b from a 
and c \ the same may be said of the second equation, that is, of 
COS. A = cot..r .tan. b : either Ay or r, or 6, may, from the equa^ 
tion as it stands, be found with equal facility. 

The solution of oblique-angled spherical triangles will be found, 
by what follows, to require six cases \ and in using the foregoing 
forms of combination such as (^ ^^ A\ the quantity sought will 
be placed last. 



Casn of OUique'angUd Spherical Triangles. 



Pbop. 18. Case 1st, {a be A), 
The sides 0, j, r, are given, and the angle A is required. 

First Method of Solution. 

By Prob. 16. page 140, if 5= ^ '^ \^ "^ , 

. . a -J \ sm. 5.8in. (S - a ).8in.(S-^) 8in.(.S-r) | 
• ^ . sm. h . sm. c 

and, log. sin. ^s:} f €0+ 2 log. 2 + log. sin. S + log. sin. (5— at) 
+ log. sm. (* — *) + log. sin. (S - ^) J —log. sin. * — log. sin. r. 

. In order to find log. sin. By subtract, in the above form, 
instead of log. sin. h and log. sin. r, log. sin. a and log. sin. c\ 
and, to find log. sin. C, subtract^ log. sin. 0, and log. sin. h* 
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Second Method. 
Bf Proposition 16, page 140, 

1 + COS. ^=2 «3°-,g-«n(g-^) ... ^jt ± _ 8in.S.8in.(S-a) 

8in. ^ • sm. f 2 sin. 6 . sin. c 

and log. COS. I = 

i f 20 + log. sin. iS+log. sin. (£-a) - log. sin. 6— log. sin. c \ . 

JKrd Method' 

By the same Proposition^ in the same page, 

1 — COS. A = 

^ sin. (5-ft )sin.(^-f) ^ . ^A sin. (S-6)8in.(S-i?) 
sm. . sm. c 2 sm. 6 • sm. c 

and loff. sin. '-- = 
^ 2 

i f 20+log.sin.(5— &)H-log. 8in.(5— r)— log^sin. 6— log. sin.r | . 

Fourth Method' 
Divide the 3d equation by the Sd, and 



. A 

sm. — - 

COS. — 

2 



.4 //"An. (5- 6) sin. (S - r)\ 

, or tan. - = y V sin. 5 .sin. (5-^) ) 



and J log. tan. — = 

i [ 20+log.8in.(S-6)-i-log.sin.(S— r)-log.8in.S— log.sin.(S-.fl) | 

since sin. 6 = r-, log. sin. i = 20 -log. cosec. b 5 

cosec. b 

.\ instead of subtracting log. sin. b, 8cc. in the above forms, we 
may (which with certain Tables is a convenient operation) add 
log. cosec* b -- 20^ &c. 
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Example, 

a = 50^ 54' 32" Numerator computed. 

ft = 37 47 18 

c = 74 31 50 20+2 log. 2=20.6020599 

163 33 40 
5= ^-X^-Xf = 81* 46' 50" sin. = 9.9955158 

S-^a. = 30 52 18 sin. = 9.7102163 

S— ft.* = 43 59 32 sin. = 9.8417102 

-S-c = 6 55 0.. sin.= 9.0807189 

2 I 59.2302211 
29.6151105 [a] 

. B determined* A determined. 

log. sin. 50* 54' 32"=9.8899424 log. sin. S70 47' 18" = 9.7872806 
log. sin. 74 51 50 =9.9846660 log. sin. 74 51 50 = 9.9846660 

[c] 19.8746084 19-77 19466 [^] 

[a] - [c] = 9.7405021 [a] - [ft] = 9.8431639 

.\ B =33« 22' 45" .-. A = 440 10' 40'' 



C determined. 

log. sin. 50* 54' 32" ^ = 9.8899424 

log. sin. 37 47 18 = 9.7872806 

[m] =19.6772230 
[a] - [m] s= 9i9378875 

.-. C= 180* - {600 4' 54"} 

= 119 5b 6, 
C is greater than 9Q^ since 
^ cos. c— COS. a . COS. ft 

cos. C = : : T-- 

Sin. a . sin. 
which is negative^ since cos. c < cos. a cos. b. 
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Solution of the former Example by the Second Method. 

I 

20 = 20 

S = SV46'5(y' sin. = 9.9955158 

5- a = 30 52 18 sin. s= 9.710216S 

39.7057321 [d\ 

b = 37* 47' 18" sin. = 9.7872806 

c=: 74 51 50 sin. = 9.9846660 

19.7719466... [ft] 

[d\ - [ft] == 19.9337855 

4 iW - [*]) = 9.9668927 = log. cofl. '^; 

.-. ~ = 22* 5' 20", 
and ^ = 44 10 40 

By the Third Method. 

20 = 20 

5 - ft = 43« 59' 32" sin. = 9.8417102 

5-c= 6 55 sin. = 9.0807189 

38.9224291 [/] 

[ft]= 19.7719466 

[/] - W= 19.1504825 
4 ([/] - P]) = 9.575241 2 = log. sin. | 

.-. "^zs: 22* 5' 20", and ^=44* 10' 40", as before. 
2 

By the Fourth Method. 

20 = 20 
log. sin. (S - ft) + log. sin. (S - c), by last, or [/] = 38.9224291 
log. sin. S+ log. sin. (S-a), by 2d solution, or [ci] = 39.7057321 

19.2166970 
.•• log. tan. -. = 9.6083485 

.•. ^=22' 5' 20", and -4 = 44* 10' 40'', as before. 
A 
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The soIutioD of this Example becomes the solution of an Astrono- 
mical Problemi, when from the co-latitude of the place b, or 31^ 47' 18'', 
the co-declination of the Sun c, or 74^ 5l' 50'*, and the zenith distance 
a, or 60P SAl 32" : the time from noon or the angle A is required ; the 
angle C is the azimuth. 

Any one of the four preceding methods may be used, but 
not, in point of brevity, with equal advantage : if one angle only 
be required, the shortest solution is plainly by means of one 
of the three last formulae : but; if all the angles of the spherical 
triangle be required, the first method is as short, and quite 
as convenient, as the three last methods*. 

Any one of these four methods may be used, but not, with 
regard to numerical accuracy, in all cases, with equal advantage. 
If the angle sought, . A for instance, should happen to be nearly 
90^, then the first method is to be superseded by one of the three 
latter, and this for reasons precisely the same, as those which have 
been stated in page 92, to which the Reader is referred. 

Case 2d, {ABC a). 
The angles A, By C, are given, and the side a required. 

First Method of Solution, 

Let the sides and angles of the supplemental or polar tri- 
angle be a\ Vy c' \ A'y B\ C: then, by the last Case, 

. Af^o'i/ \ sin. S.sin.(S - /»') .sin. (S— f) sin. (5— O \ . 

sm. o' . sm. c 



* In the Logarithmicat Arithmetike, published in 1631, the first 
case is solved by the second method, and in Vlacq's Tables, published 
at G6uda in 1633, the year in which the Trigonometria Britarmica was 
published, the solution is by the third method : the rules of solution, 
then, 200 years ago, were as plain and precise as they now are: yet, 
in the mode of proof we have gained something, which is certainly more 
plain and direct than Vlacq's. 
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but S = llilX±i! = |(i80»-^+ I8(fi-B + 180»-C) = 

2700 - ^ "^ ^ :^ ^ = (2700 - S% if ^ "^ ^ "^ ^ = S'i 

hence^ sin. S = — cos. S', 

Again, S - «' = 210P -^ 5' - (1800 - J) = QO*' - (S'-^) 
.•. sin. (S — fl*) == cosr (S' — -^ ; 

also, S— ft' = 90^ - (5'- JB) ; .-. sin. («-*') = cos. (S' - J3) ; 
and similarly, sin. (S— r ) = cos. (S' — C). . 

Again, sin. ft' = sin. (ISQO — £)=:sin. J5 j sin. if = sin. C, and 
sin. A' = sin. a. 

Hence, 

o V { -cos- *'• COS. (S' - ^) . cos. ( ^'-B).cos.(S'-C){ 

sin. {tSS% • • • • ' ■ ■ . - .uv ; 7^ "- ~~* 

sm. ,Jd . sm. C 
and in logarithms, 
log. sin. fl =s i I 2 log. 2 + 20 + log. cos. S' -f- log. cos. {S' -A) 

+ log. COS. (S '— J5) + log. COS. (S ' - C) } - (log. sin. B + log. sin. C) 

and sin. ^, sin. r, are represented by fractions that have the same 
numerators as sin. a, and denominators, which are equal to 
sin. A . sin. C, and sin. A • sin. JB, respectively. 

4 

The COS. S' under the vinculum is affected with the negative 
sign. Now, by Prop. 9, page }Sl, A + B -\- C> ISQO, and 

< 5400 . .^ ^ ^ **" > 900, and < 270o ; .-. cos. S' is nega- 
tive, or— COS. 5' is positive. Again, S'-^A rr '^ — : but, by 

Prop. 2, page 12*7,*' +«'> y; .-. l80»-5 + 180»-.C> 18a>-i^; 
.. B + C - A < 180», and ^'*' <gcf>i .-.cos. (S* - ^) 

is positive; so are, by similar proofs, ,C08. {S' - B) a^n^ 
COS. (S' - C). 
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Hence^ in the foregoing expression for sin, a^ the quantity 
under the radical sign is really a positive qiiantity. 

As the expression for sin. A has, by the aid of the supple- 
mental triangle, been employed to represent a side in terms of the 

A . A 

anglesj so, in like manner, may the expressions for cos. T-fSin*^; 

tan. -^; thus by the expression, page 159^ 



COS. 



2 V V sin. ft'. sin. ^' J' 



or, since cos. -— =cos. — ^ = sin. - , we shall have a 

2 2 2* 

Second Method of Solution^ 
And, a may be found from the expression, 

2 V V sm. -B.sin. C / 
and similarly, a 

Third Method, 
And, a may be found from the expression, 

cos ^ - 4 // cos.(S'-^.co8.(S>C) ^ 
<^08. g - Y/ ^^ sin. JB . sin. C / 

and similarly, a 

Fourth Method, 

And, a may be found from the expression, 

tan 1 - A // -cos.>S\co8.(S'-^) ^ 
'^- ft - V Vcos. (S' -. B) .cos- (-^ - (V ' 
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Example by the First Method. 
a determined. 

A = 44* 10' 40" sin. =9.8431624 [1] 

jB 3= 33 22 45 sin. =9.7405025 [2] 

C=119 55 6 sin. =9.9378874 [3] 

197 28 31 

.-. 5'= 98 44 15.5 C08,=9. 1815867 

S- ^ = 54 33 35.5 cos.= 9.7633472 

5'- 5= Q5 21 30.5 cos.=9.6200732 

iS'-C=- (21 19 50.5) cos.= 9.9696235 

20+2 log. 2 = .20.6020599 

.2)59.1366605 [s\ 

29.5683302 
[2] +[3] =19.6783899 

log. sin. a = 9-8899403 
and a =50° 54' 30". 8. 

h determined. 

W = 29.5683302 

[l]+[3] = 19.7810498 

sin. b = 9.7872804 

and, b = 37^ 47' 18". 

c determined. 

[5] = 29.5683302 

[I] + [2] = 19.5836649 

sin. c = 9.9846653 

and c = 74^ 51' 49". 

By- the Sec6nd Method. 

log. r* = 20 

5' = 98* 44' 15".5 COS. = 9.1815867 

S"— ^ = 54 33 S5.5 cos.= 9.7633172 

38.9449039 
^-[2] + [3], or log. sin. J5+log. sin. C = 19.6783899 

2)19.2665140 
.•. log. sin. ^ = 9.6332570 

.-. I = 25* 27' 15^^^ 
and a = 50 54 30f . 
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By the Third Method. 

log. r* =20 

5'-B = 650 21'30".5 cos. = 9.6200732 

5'-C=-21 10 50.5 COS. = 9.9696235 

39.5896967 
[2] + [3] 19.6783899 

2)19.9113068 
,-.log,cos. 2 =; 9.9556534 

.-. i = 25^ 27' 15"i, 
and a = 50 54 304^. 

By the Fourth Method. 

log. r* < . . . . =20 

log. COS. S' -I- log. COS. (5'- ^) = 1 8.9449039 

log. COS. (S'— B) + log. COS. (5' - O = 19.5896967 

2)19.3552072 
log. tan. I = 9.6776036 



.-. ^ = 25« 27' 15"!, 
and a = 50 54 30f • 



CASESd. {aCbJ). 



ay by twQ. sides and C the included angle are given, and the 
angle A is required. 

By Cor. 2. Prop. 16, page 141, 

8|"- ^ _ sin, a ^ ^ An. A ± An. B _ sin. g±8in. ^ 
sin. B sin. ^ ' " sin. B "" sin. h 

By Cob. to Prop. 15. cos. A + cos. B = Si. sin, (^-j-ft) ^j^ , C 

sin. c 2 
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• sin> ^ + sin. JB _, sin, a + sin* 6 sin, c . sin. B 
COS. J + COS. B "" . . . , j,^ ' aC* sin. b ' 

2 

, , . sin. A + sin. J5 ^ /^ + J3\ ^„ . 

but 5 = tan. ( — L— . I page 37, and 

COS. A + COS. B V 2 / *^ ^ ' 

sin. f.sin. J5 • r> ^ > C C ^^ i 

: — ; = sm. C =s 2 sm. - x cos. — , p. 4f2 and 

sm. B 2 2 '^ 

. 4.«„ /^ + ^^ sin. a + sin ft ^ C 

. . tan. I J = ■ ■ . cot. — 

2sm. (-_;.cos.(-^) 

2 . sm. I 1 , COS. { I p 

\ 2 ^ \ 2 / ^^^ Si (by fo^^ |-5 j^ page 32) 



2 . sin. (^ — ) . COS. (--'--) 



, . , /A + B\ ^""'CV^) C 

and .'. tan. f — ^ ) =: ^ ^ ^ . cot. — [I] 

Similarly^ 

sin. A — sin. B sin. a— sin. ft . ^ 

COS. ^ + COS. 5 2 3i„ (^ ^ J) 3i„ 8 O 



2 cot. -r ; 



..«..».(l±i).co,.(4^) 

Hence/ since by the formula [1], tan. ( — - — J is determined^ 
"*"■ becomes known, let it zz S: and, by the formula [2], 



168 



tan. ( a 7 *^ determined, smd — ^^ becomes known, let 

it equal D, then, since 

A + B _ g 
2 

by addition, A sz S -V D^ 
by subtraction^ B ss S ^ D. 

Example. A -{- determined. 
C = 36** 4-3' 28" - = 18* 22' 44" cot.= 10.4785395 

a = 84 14 29 ^ 7 - = 20 22 cos.= 9-9729690 



20.4515085 



^=44 13 45 ^-i^ = 64 14 7 cos.= 9.6381663 

.-. Jog. Un. ilt? = 10.8133422 

.-. ^!^4^= 81* I5'44".41. 
2 



A ^ B determined. 

C 

- = 1 8* 22^ 44" . . . . cot. = 10.4785395 

2 

1II^= 20 22 sin. = 9.5341789 



20.0127184 
li^ = 64 14 1 ... .sin. = 9.9545255 



10.0581929 



■^•« 



= 48*^ 49' 38". 



A arHl J& determined. c determined. 

— i-? = 81^ 15' 44".4.l sin. 36^ 45' 28" = 9.7770158 

— - — = 48 49 38 sin. 44 13 45 = 9.8435629 



.'. A =130° 5' 22".41 19.6205787 

JB = 32 26 6.41 sin. 32 26 6 = 9.7294422 

.•i log. sin. c = 9.8911365 
.-. c= 51»6' 12*'. 

The expressions for tan. i — "^ — ) and tan. ( — ^^j^ expand* 

ed into a proportion, are called, from their Inventor, Naper*s 
Analogies. 

The angles A and B being determined by the above forms, 
the side c may be determined, as it has beeti in the foregoing 

Example, from the expression ■■ . ■ ' = . ' ■ : but it may be 

sm. C sm.i> 

desirable, ad in the corresponding case of rectilinear triangles 
(see page 78), to determine c immediately without the interven- 
ing process of finding the angles A and B : and, in fact, many 
Problems in Astronomy * require, from the data of two sides and 
the included angle, solely the determination of the opposite side c. 

Determination of the side r. 

Second Method. 

c'^^ ^^ n COS. c — cos. a . COS. b , ^- 

Smce COS- C = r^ : — -—: — , page 1 39, 

.-. COS. r = cos. a • cos. b + sin. a . sin. b . cos. C; 
but COS. C=l — ver. sin. C, (ver. sin. stands for versed sine) ; , 

* For instaace, in finding the Moon^s distance from a Star; in.de* 
ducing the altitude of a Star from the latitude, declination and hour- 
angle (two Problems useful in determining the Longitude); in deducing, 
in the case of an occultation^ the Moon's distance from a Star ; in deter- 
mining the altitude of the nonagesimal (see Astronomy, p. 364.): in de- 
termining the latitude from 2 altitudes and the time between, (see 
Astronomy^ p. 422.), &c. 

Y 
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.% cos* czzco$» a. coa. i+sin^a . sin. b — sin* « • sin. i . ver sin, C 
=: cos* (a — ^) — sin. ^ . sin. b, Ter. sin* C ; 

^. 1 —COS. c, or, 2 sin.* -=Ter. sin. (« — 6) +sin. ^y.sin« i.ver. am. C 

, »\ Z', sin. a • sm. ^.vct. sin. C % 
- Ter. sm. (* - *) (1 +__^^-^^^^^j-3p-^ 

. * ^ o /I sin. /I • sin. b . ver. sin. C 

Assume*" tan.* ^ ca : — -— . — f 

Ter. sm. (a - ») 

which in logarithms is 2 log. tan. =: 
log. sin. a+log. sin. k + log. ver. sin. C— log. ver. sin. (^i— *) [p] 
then 2 sin.* - = rer. sin. (a — ^) . sec* d, and 






Iog.d+2log. sin. -=log.TCr.8in. (a-*) + 2 log. sec. — 10 [{} 



Former £«ft#^. 

c computed independently of il and B by the 2d Method. 

Determination of the subsidmvy an|^ 6 by the form [p] 

a = 840 14' 29". sin. = 9.9978028 

6 = 44 13 45 . r. . . . ^in. == 9.8435629 

C= 36 45 28 ver. sin. = * 9.2984762 

29.1398419 
fl — 6 = 40 44 .ver. sin. = 9.3693878 

.-. 2 log. tan. e = 19.7704541 

and log. tan. = 9.8852270 

* This is the instance to which we alluded in speakings page 103, of 
the use of Trigonometrical formula; in computing log. (a-f^). 
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Determination of c by the form (f ^ page 170« 

alog.sec.e =20.2012488 

log. ver. sin. 400 0' W a= 9,3693878 

29.5706366 
10 + log. 2 ^ ' = 10.3010800 

.*• 2 log. sin. - = 19.2696066 

and log. sin. ^ = 9.6348033 

.-. 1 = 2** 33* 5"!^, 

and tf = 51 6 ll«5, nearly. 

This is, perhaps, the most commodious form for computing t; 
for, when we use it, we need not consider whether the firac^n 

sin. a . sin. i . t. sin. C - , . ^ n j •-.. r n 

— : — r-'— 7T — i« > or < I, since tan. admits of all 

Ter. sm. (df— ^) 

degrees of magnitude. It is easy, however, to give another 
formula of computation, thus: 

Third Method of computing c. 

cos. c s cos.il. cos.i + sin. a sin. h, cos. C 

C 



= cos. a .COS. 6 + sin. a . sin. i . f 2 cos.* 1 I 



C 

= cos (a+i) + sin. a . sin. b • 2 cos.* — ; 

.•.1—2 .sin.* - =:cos. (a+b) + "sin. ii • sin. i^ . 2cos.* — ; 

2 2 

and .•. 2 sin.* ^ = 2 . sin.* ?-i 2 sin. a . sin. b . cos.* — . 

2 2 2 

C 

Let sin.^.sin. ^.cos,*— 1= 8in.*Mt 

2 

and •*. log. sin. Jlf = |r2log«fX>s. -^log.8in.4r+log. sin.3-20^ 

then.sin.* I a 8in.« fL±i - sin.* M 

2 2 
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= si„.(|+|+M).,in.(|4-|-M) 
by the form [r], p. SI ; and in logarithms, 
log. sin. ^s=i|log.8in. (^+-+ m) + log. ^' (^ + 5 -^j] 



This is the kind of form which Laplace has employed 
in his Mecanique Celeste ^ Livre 2, page 227, 

Former Example, by^he third Method. 

Q 

-=:l8*22'4.4".2.cos, = J 9.95452^4 

Ju 

asB4 14 29.. r*8in.= 9.997^028 
6=44 IS 45...,sin.=: 9*8435629 

^-=64 14 7 39.7958911 



M=52 14 23, •. 9.8979455 =log.siD,ikr=log. sin. 52° 14'33 

.-. ~^+yif=:n6» 28' 30\..sin.=9.9518856 

^ M= II 59 44...sin.=9.3177204 



19.2696060 



9,6348038= log. sin. - ; 

.\ £ = 25* 33' 5"^ 
2 « 

p = 51 6 11.33, nearly, 

jFii/r^A Methqd. 
cos. ^ = COS. a • COS. ^ + sin. a • sin* ^ • cos. C 

1 — ver. sin. r =cos. a. cos. h + sin. a • sin. &— sin. a . sin. ^ • ver. sin. C } 

.'. yer. sin. r = 1 — cos. {a — b) •¥ sin. a. sin. b . ver. sin. C 

— ver. sin. (^ — ^) + sin. <». sin. b . ver. sin. C, 

which formula, translated into words^ becomes the precept ^ven in 
Sherwin's Table, page 44, (edit. 1771) for finding the side opposite 
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to the included angle. The Author gives in his Work a Table 
of natural versed sines^ which are plainly necessary in his mode 
of computation. 

If we use one of the preceding formulae for computing c, We 
may, if we please, determine A and B without the aid of Naper's 
Analogies, and by these expressions, 

^ sin. C . sin. a . t» sin. C . sin. h 

Sm. .4 = ; ; Sm,ij= ; • 

sjn. c . sm, c 



Case IV. (JcBa)* 

A, jB, two angles, and c the adjacent side are given, and the 
side a is required. 

The solution will be deduced from the former, by the aid of 
the supplemental triangle; A\ B\ C'y a'y Vy r' being its angles 
and sides. 

tan.(^-i-g:)=tan.(<^»Q°-')+<^«^-*>)^tan.(l8(>> -l±i) 

""• (^) = tan.(*^) = -tan. (^) 

[see Cor. 6, Prob. 3.] 

. /J -b'\ . /B - J\ . /A — B\ 



* This combination is in the third row (see p. 1 55,) and therefore 
not essentially different from the first of that row, namely, (aCbA) 
which has been already considered. In fact, the two equations involving 
the four quantities are precisely similar : but, from what was said in 
p. 151, the same formula of solution cannot suit each case, since in the 
former, an angle is the quantity required, which in the latter, becomes 
one of the quantities given. 
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„ . /if±V\ _^ . /A±B\ 

.-. gcneraUy, sm. (^— ^^ « * s"*- VT^/ * 

Again, 

co». — ^ =:C08. f 180^ ^ 1 = — COS. f — - — ) 

[see Cor. 6, Prob. 3.] 
COS. (^^) = COS. (^^^) 5 or = COS. (^^i^) 5 
lastly, cot. — = cot. (gO® — -) = tan. ^ . 

Having now transformed all the terms in [1], [£], (see p* l67), 
into different expressions^ if we substitute the transformed terms 
in [1], {2], there results 



' V fi / - 7 Tnr^ 



and 



tanA^;=;^— j^.tan.| [S], 

whence ^ , 

2 ' 






tan- 

V 2 X 

sm 



a-b 



whence may be derived, 



These equations [S], [4], expanded into a proportion, are 
called, [as the former similar ones [1], [2] have been (see p. l69.)] 
per's Analogies* 



Naper's Analogies* 
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£xampie, 
c = 510 6' 12" 
^ = 130 5 22 
B = 32 26 6 



2 
c 
2 



= 48 49 38 COS. = 9.8184449 sin. = 9-8706379 

e 25 33 6 tan. = 9.6795032 tan. sp 96795032 



19.49794«1 19.5561411 

-i— re 81 15 44. ....COS. = 9.1815936 sin. =;= 9.994930I 



tan*^i- = 10.3163545 
2 

and^i- = 640 14' g"^ 

a— A 
"—• = 20 22-' 

2 »3 



.♦. a = 84« 14'28"§ 
A = 44 13 43i5. 



tan.-~ = 9.5612110 

and ^^ = 20** 0' 22"^ 
^ 13 



C determined. 

sill. 130* 5' 22" : = 9.8836842 

sin. 51 6 12 =9.8911357 

19.7748199 
sin. 84 14 29. . . - = 9.9978028 



I ' 1 1 > I ^1 



.'• log. sin. C. i. = 9.7770171 

/. C = 36« 45' 28". 

a and b being deternitned, C fnay be determined from thi» 

« 

expression, sin. C = sin. A x . ' ■ y as it was in the preceding 

Example^ or, without the intervening process of finding a and hf by 
the. f olb wing method. 
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Determination of the angle C. 

In the supplemental triangle, by the original form [r], p. 139, 
COS. (f = sin. y . sin. if . cos. C^ + cos. J . cos. V ; 
or cos. (18(y>— C) =sin.(18(y>-.^ . sin. (180P— B) . cos. (180^-r) 

+ COS. (1800 - A) COS. (18(y> — i?) 
or — COS. C = — sin. A . sin. B . cos. c -f cos. -4 . cos. JB; 
as — sin. A . sin. B (1 — ver. sin. c) + cos. A . cos. B ; 
and .*. 1 — COS. C, or, ver. sin. C = 

1 -f cos* ^ • COS. B — sin. A . sin. B + ver. sin. c . sin. A . sin. J3 
= 1 + COS. (wdf -f- -ff) + ver. sin. r . sin. A sin. J ; 

.-. ver. sin. C, or 2 sin.^ — =: 

2 

2 .cos.^ f 1 + ver. sin. c .^sin. A sin. B:= 

• il + B / , , ver. sin. c . sin. A . sin. B\ 

. COS.* I 1 + 3 xw — I * 

A ^ • /» ver. sin. r. sin. -4 .sin. B . , '^i.^. 
Assume tan.* Q = -— ^ ^^^ — , or m loganthms, 

2 . COS.* (^^-±-^) 
log. tan. Q = 
^ (log, ver. sin. ^ +log. sin. ^ +log. sin. B — 2 log. cos. f ) 

-h 10 — log. 2). 

C /A + J?\ 

then, ver. sin. C, or, 2 sin*. — = 2. cos.* f J sec* ^j 

C A A- B 

in logarithms, log. sin. ~ = log. cos. — ^^ — + log. sec. B -^ 10. 



ill 

C, in the former Example, found independently of a, B. 

K> — leg. 2 ^ 9.0989690 

c =: 5/1^ tJ' 1^' •. ver. sin. = 9.570639a* 

^ 5= 130 5 22- i «n. = 9.8836842 

B= 32 26 6.. *.. sin. = 9.72944.22 



M«. 



38.8827344 
A+B 



2 



.= 81 15 44 i.. 2 COS. =18.3631872 cos. =9.1 81 5936 

20.5195472 
.^ log. tan, e = lQ.2597736...sec.g = 10,3i7 1290 

•^ log* sin. ^= 9.4987226 

.\ ^= 18»22' 43"^, 

and C = 36* 45' 27" nearly, as before. 

if we express 1 + cos. {A + B), the versed sine of the supple- 
ment of -4 -1- B, by suver. sin. {A + B) we may employ this 
form for cortoputing C 

ver. sin. C = suver* sin. (^ -f -S) + ver. sin. c . sin. A , sin. B 
■B suver. sin. (A + B) . sec.* ^, putting 

tan.^ 6 =: sm. ii .em*i>» ■ ■ . ■■ ^ — =r . 

suver. sin, {A + B) 

CaseV. (aAbB). 

Two aides a, h^ and an angle A opposite to one, ate given, 
the angle By and the remaining angle and side are required. 

By Cor. 2, page 141, sin. B = — W-^ — ^ , 

sm. a 



■ I ■ I II ■ II ■ 



. c c 

* Since ver. sin. C==2 sin.* - , log* ver. sin* c— log, 2=2 log* sin. - — 10 

.'. log. tan. ^= j( 2 Jog* sin. -j^+log* sin. ^+log.sin. JB— 2 log* cos. '][' ■ ) 

which form is rather more convenient than the one used in the compu- 
tation. 

z 
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and in order to find C, take the first of Naper's Anahgtes^ p. 167^ 

then cot. 9^tm.\{A^ J>^^^'* (^. + *j M 

2 '^ COS. i{a -¥ b) 

and locf. cot, — =: 

* 2 

log. tan. |(-rf + jB) + log. cos. J (^i + ft) - log. cos. i (^ — ^). 
C being found, c may be had from the expression 

sin. ^ =: sin. a . ^! ' , or directly thus from the third of Nafper's 

sm. A 

Analogies^ p. l74, 

^ -L^ 1/1 ixCOS. i (-4+JB) r,T 



Example, B computed. 

^ =; 33» 15' 7". sin. = 9.7390354 

b z=zlO 10 30 sin. 3= 9.9734663 

19.7125017 
rt = 80 5 4,. sin. = i§.9934638 

log. sin. B sin. = 9.7I90379 

and JB = 3r 34' 37".? 1. 



C computed. 
^—^ =^ 75** 7' 47" - cos, as 9.40930S9 

^^^ = 32 24 52. . - .tan. = 9.8027553 

19.2120652 

^ "" =: 4 57 l7 COS. = 9.9983741 

2 



C 

cot. '-s=:9,21 369 11 



.-. - = 80' 42* 38"fi » 
and C= 161 25 I7fr 
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c computed from C. 

sin, lai^ 25' 17" , =t 9.50S2532 

siq. 80 5 4 = 9.9934658 

19.4967170 
sin. 33 15 7 , . . . 5= 9-^390354 

log. sin. c , = 9.7576816 

.•. c=: 1450 5' 2". 



c computed independently of the Talue of C 
2-±i = 75^ r 47" tan. = 10.5758962 

—J — = 32 24 52 cos. = 9.92644J7 

20.5023379 

— - — = 50 15 COS. = 9.9999536 

2' 

.-. ton. % = 10.5023843 

,\ I = ^^20 32" 30''^ 
and c = 145 5 1^. 



Case VI. (JaBb\ 

Two angles ji, B and a side (a) opposite to one of them> are 
given^ the other side by and, besides, the remaining side c and 
rfie angle C, are required. 

• j> 

t is determined from this expression, sin. b a= sin. a , ' . ; 

'^ sm. u« 

C from the first of Naper^s Analogtis [1], p. 167, and c from th^ 
third [3], p. l64, as in the preceding case. 
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b oomputedf 

a =2 8g^l6'53".5 sin. =r 9.9999059 

-B ax 48 36 a sin. rs 9.8751256 

19.8750914 
^ s« 70 39 SIB. = 9.074^475 

log. sin. b = 9-9003439 
.'. & s: 52» 39' 4".5. 

The sin. b = sin. (180V*), but b cannot :^ 127*» 20' 56", for since 
A> B .a must b^ ^ 6. 

c computed from the form [6]« 



^ = 70« 57' 59' , tan,= 10.462201 1 

2 

^^-^ =s 59 37 30 cos.= 9.7058563 

20.1660574 

-— -= n I 30 cos.= 9.9919097 

log. tan. 2 5=10.1741477 

.-. I = 560 11' 29".33, 
♦ andc =112 22 58.6. 

* This last Example is take^ from the THg o mmetiy, of M. Legendrei 
who has, however, found c and C by a process different from the aboye. 
Subjoined are the data and rcsuhs in French memre (J^ and reduce(f 
by the Jlule, page 21^ to {injB^lish (£). 
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C conputed from the torm [«}• 

aA-h 

~i-- ss 7(f 5t S^" ,,,co«. = &.5JS38n 

"^ = 59 37 30 tan- ==10.2320208 

2 

19.7454019 
^-^ =18 18 54.5 COS. = 9-9774230 



c 

cot. - = 9*7679789 



.•. - = 59« 37' 30", 
and C =119 15 0. 



rr 



a = 99* 20' 17" (F) jB = 54° O' (F) ^ = 78° 50' (F) 

9 92 017 5 4 7 85 

89 28 153 48 6 70 65 

Q ^ 6 

16.8918 36 39 

6 .-. B =48« 36' (E) .-. ^ = 70» 39' (F) 

53,508 
,-. a = 89° 16' 53".5 (£) 

c= 1 240 8a' 99^3, h =58° 50' 14" (F), C = 132<> 50' 

12 48 69.93 5 85 014 13 25 

112 38 29.37 52 ^b 126 119 25 

Q Q 6 

22.97622 39-0756 15.0 

6 6 .•. C=lig°15' (F) 

58.5732 4.536 

.-. c = 112» 2Qr5S\6 (F) •. ^ = 52* 39' 4".5 (E) 

and these quantities (tfv ^9 ^ agree with those de^rmined is the text* 

The above reductions may, more easily, be performed by the aid ot 
the Table inserted at the end of Chap. I, p. 23. 
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In Case 5ihy the angle C has been determined by means of B 
previously determined^ and by the aid of one of Naper's Analogies ; 
and this method, on the grounds of facility and certainty, is, 
perhaps, the most convenient : still, analytically considered, the 
determination of C does not require the previous determination of 
By for by the third equation, p. 157, 

cot. A . sin. C = cot. a . sin. b — cos< C • cos. by 

in which Ay a, b, C are alone involved. But, this form is not 
adapted to logarithmic computation ; in order to adapt it, we 
must introduce what has been called a subsidiaiy angle : thuS; 
if we take 6 such, that tan. 6 = cos. b . tan. A [c] ; then, 

sin. C . COS. b , , r^ ' ^ * , 

-^ + COS. . COS. C i=f cot. a . sin. b ; 

tan. e 

or, cost> .(sin. C . cos. 6 •{- cos. C . sin. B) s cot. ^ • sin. b . sin. 6% 

^^ •„ //-» , nv _ cot. flr.sm. ^.sin. ^ ^ * • n J rji 

or, sm. (C -♦- ^) = ; sstan. b . sm. ^. cot. ^ \a\ 

COS. b 

Hence, by deducing the logarithm of C + ^, we shall know C, 
since & is determined by this form, 

log. tan. = log. COS. b + log. tan. -4 — 10, 

and by a similar method, that is, by the assumption of ^i sub- 
sidiary angle, may c be detemjined solely from AyOyb. It is 
sufficient, however, to have noted these methods, for, the com- 
putist is not recommended to avail himself of them ; ^the preced- 
ing ones, those by which the Examples have been numerically 
solved, being fully adequate to the purpose of solution. 

In Case 6th, C and c may be also solved by the introduction of 
a subsidiary angle ; and its introduction^ in these cases, corresponds 
to the Geometrical resolution of the oblique-angled into two right- 
angled triangles : thus, in the last case, conceive a perpendicular {p) 
the arc of a great circle, to be drawn from the angle C on the base 
Cy and let the angle contained between this perpendicular and the 
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iide b be supposed eq»»al to (90» — tf) i then, by Naper's first 
Rule, 

1 X COS. b zrcot. (90^ — 6) . cot. ^, 

and tan. B =s cos. j . tan. A, which agrees with the as$ump^on [r], 
p. 182. 

Again^ by Naper's first Rule, 

sin. I 90® -^ (90^ — B) ] ot, sin. B = tan.^ . cot. ^, and 

•'. tan. p = sin. B . tan. ^. 

And finally, by Naper's first Rule^ 

COS. { C — (90^ — a) J = tan. J? . cot. a, or 
/. sin. (C + ^) = sin. B . tan. i.cot. a, 
which agrees with the result [^] in the preceding page. 

A great variety of instances to the preceding methods might easily 
be collected from Plane Astronomy. It is not, however, necessary 
to give any ; since, amongst other purposes, the present Treatise is 
meant to be merely preparatory and subservient to the study of the 
latter science, and to be intelligible to the Student who may happen 
to be unacquainted with its technical terms and language. Astro- 
nomical Examples, stated and numerically resolved, would, indeed, 
be useful to the Student. One part of their utility would be, to 
communicate the art of translating Astronomical conditions into' 
bare Mathematical conditions; it is not, however, the special 
business of a Trigonometrical Treatise to teach such art. Another 
part of their utility would consist in teaching the method of trans- 
forming general symbolical results and formulae into numerical 
values ; but, of this method sufficient specimens, it is hoped, have 
been given in the preceding pages. 

Still, however, it is desirable to apply and illustrate the pre- 
ceding formulae ; and, it happens fortunately, we can efFebt this 
without introducing either the principles or the terms of a new 
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science. The accounts of those TrifpmmHrical Stdrvnfs, by 
which the figure and dimensions of the Earth have been attempted 
to be determined, will furnish us with very interesting instances of 
exemplification. 

In tlie next Oiapter we will turn oar attention to this point. 
We shall there perceive how results may be obtained by the direct 
application of the preceding methods of solution ; and, besides, 
for what reasons and by what means, those methods, in certain 
circumstances, are either modified, or are completely superseded 
by methods of approximation. 



CHAP. XII. 



Application of Formula to certain Cases that occur in the Trigonometricat 
Surveys, — Reduction of the Oblique to an Horizontal Angky by the 
direct^ by Delambre's approximate, Method, — Excess of the Sum of 
the Three Angles of a Spherical Triangle above Two Right Angles, — 
-Roy* Theorem, — Legendre's Reduction of a small Spherical to a 
Rectilinear Triangle, — Delambr^s and Mudge^s Method of computing 
the Length of the Meridian, 

In the Trigonometrical Survey, the two extremities of the 
line to be measured, are connected by a series of triangles, the 
angular points of which are the stations, at which, by proper 
instruments, the angles are observed. The sides of the tri- 
angles are determined by computation. But, since the sides 
cannot be determined solely from the angles, it is necessary to 
measure, at least, one side of one of the series of triangles. It is 
usual to measure, the length of a side of the first triangle, near one 
extremity of the line to be measured ; which side is called the 
Base ; and also another line, the side of one of the triangles, near 
the other extremity ; which latter line, serving as a test of the 
accuracy of the observations and computations, is called a Base of 
Verification- In the Trigonometrical Survey conducted in 1784, &c. 
under General Roy, the difference between the base of verification 
on Romney Marsh, measured and computed from the original base 
measured on Hounslow Heath was found to be about 2 feet in 
28533 feet. The connecting chain of triangles by which the 
computation was made, extended over a space of eighty miles. 

After the first important operation of the measurement of a 
base, and which, (the side of the first triangle,) will be a spherical 
arc, if the measurement be conducted by spherical triangles ; or, 

A A 
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a straight line, if by plane triangles of the chords of the spherical 
arcsi the angular distances between certain objects tHat mark the 
several stations must be observed. But as the objects, probably, 
are not situated on the same horizontal plane, nor on the .same 
spherical surface, the angles observed are oblique angles. Since, 
however, the lines, &c. to be computed, are supposed to lie in the 
surface of the earth, they are horizontal angles which are required. 
The oblique angle observed then must be reduced to an hori- 
zontal angle : for instance, — if the two objects be ^, J5 5 the 
observer, and Z his zenith, and a, b^ two points on the surface of 
the earth (supposed to be spherical), the observed or oblique 




m-*.. 



angle, is AOB, measured by AB, and the horizontal angle, which 
is required, is equal to JZB. 

Now, by the third method of solution, Case 1, page 159, 
. 2 AZB _ sin. 4 (JB+ZB- ZJ) . sin. i (AB -^ ZA - ZB) 

9111. .i^— — ^_ ^^ ■ I ■ ■ • I 

2 sin. ZA . sin. ZB 

cos. /f . COS. h 
and in logarithms, 



log. sin. 



AZB 



= i { 20 + log. sin. 1 (a + ff — A)H-log. sin. i 
ia + h -^ H)-- log. COS. H — log. cos. k } 
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From this formula, a, A, if, being determined by observation, 
•die horizonfal angle may be computed. For example: in the 
Trigonometrical Survey, of 1787> made for the purpose of joining 
the Observatories of Greenwich and Paris, the angular distance of 
Watten and Fiennes, at Calais, was observed to be 66^ 30' S8".9: 
moreover, H was = — 1" (a depression) and h .= 25' 47".2 : hence, 
if O represent Calais, -4 and'^B Watten and Fiennes, AB = 
669 sa 38".9. 

log. r* =20 

J {cL+H-h^ == SS** 2' 25".35 sin. = 9-7365802 

\(a+h--H)=z S3 28 13.55 sin. = 9.7415519 

39.4781321 
log. cos. « 1" + log. cos. 25' 47".2 = 1 9-9999878 

... log. sin. :^=i(I9.4781443) 

= 9.7390721 

AZB 



• ■ 



= 330 J 5' 1 8"^ , and AZB = 66» 30' 36"^. 



Here, the reduced or horizontal angle differs from the oblique 
or observed angle by a quantity a little more than £"} and 
although the preceding process of reduction is not a long process, 
yet, for practical purposes, it is not sufficiently short, when 
several hundred reductions are to be made ; and for this cause, 
M* Delambre "^ has investigated a formula, and constructed 
Tables of easy use, for finding a small correction \ which, applied 
to the oblique angle, should give the horizontal angle. A formula 
similar to Delambre's, will be investigated in the Appendix. 

But, whether we use the preceding direct method, or Delambre's 
approximate method, all observed angles, if it is proposed to conduct 
the operation with nicety, must be reduced to horizontal angles ; 



* See Ckmnoissance des Temps, 1793 ; Maskelyne, Phil. Trans. 1797, 
page 451 ; Legendre, Mem. Acad. 1787^ page 313 ; Delambre, Mem. 
Inst* 1 806, p. 112; Suanberg, Exposition des Operations faites, &c^| 
p. 38. 
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and these latter angles are spherical angles. For, if we recur to 
the preceding method, the angle reduced was AZB, which is 
equal to the inclination of the planes OZa, OZ b. Hence, if 
from j4 and B^ as stations, the angles subtended by BO^ AO^ 
respectively, be observed^ and reduced, by the preceding method, 
to horizontal angles, the three stations will be proj^ted on the 
surface of a sphere, and the sum of the three angles at O, <f, and 
by ought to exceed 180°. (Prop. 9> p. 131). 

If we could determine, independently of observation, the 
quantity by which the sum of the three angles ought to exceed 
180**, we should then be able to judge of the accuracy of obser- 
vations ; which it is desirable to do, since observations made on 
objects situated nearly in the horizon, are liable to some uncertainty. 
Now, the Theorem concerning the area of a spherical triangle, 
(Prop. 13, page 134), enables us to determine the quantity of the 
excess For, the area is equal to the diflPerence of the sum of the 
three angles and 1 80®, and consequently, since the sides of the 
spherical triangle described on the Earth's surface are nearly 
rectilinear, they may, with scarcely any error, be considered as 
rectilinear in the computation of the area. 

This beautiful application of Albert Girard's Theorem was 
first made by General Roy, in the Philosophical Transactions for 
1*790, page 17 1, where he gave the following rule* for computings 
what he terms, the spherical excess. " From the logarithm of the 
area of the triangle f taken as a plane one^ in feet ^ subtract the constant 
logarithm 9.3267737, and the remainder is the logarithm of the excess 
above 180^, in seconds nearly!* 

The rule may be thus investigated, 

^ 4. 54-^^ 180® =^18a>(Prop.l3),butS=4irr«5/.tf + J+r 

180® 
— 180®= — r-a?; or, if /?, 6, f, are reduced to seconds, the 



* M. Delambre finds, very expeditiously, the spherical excess by 
means of a chart of the triangles, a scale, and a Table of two pages. 
See Mem. Inst. 1806, pages 166, 179, 180. Disc. Prei. 
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excess In seconds = ^--^I — x ; now, on the Earth's surface, 

1^ (taking a mean measurement) corresponds to 

(60859.1) X 6 feet: .*. since an arc (= radius) = , 

P : (60859 .1) X 6 :: ^ : 1^ X (60859 . 1) X 6 = Earth's 
radius in feet. 

Hence the excess in seconds 

Stt 60.60 



\x. 



=x , 



360 '6«x (60859. IF 

2wxl0 . 

36 X (60859 . If ' 



.'. log. excess 

= log. :t — {2 (log. 6 4- log. 60859.1) — log. 2 tt . 10 } 

= log. X - (11.1249536-1.7981799) 
= log.r- 9.3267737. 

As an instance of this rule, take the Example given by 
General Roy, Phil. Trans. 1790, p. 172. 

Names of the Stations. Observed Angles. Distances in Feet. 

Hanger-Hill Tower (a) 42^ 2' 32"' (a) from (6)= 38461.12 

Hampton Poor-house.... (ft) 67 55 39 (a) from (c)=s 24704.7 

King^s Arbour * (c) 70 1 48 

179 59 59 

Hence, making the distance from (a) to (c) the base of the tri- 
angle, the perpendicular on that base will be equal to 38461.12 x 

sin. 4,9P 2' 32", and therefore the area of the triangle = *^^^^^P^n>'' 
= 24704.7 X 19230.56 x sm. 42^ 2' sr. 
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Computation, 

log. sin. 42« 2' 32^ = 9.8258661 8.5026328 

log. 24704.7 = 4.3927761 9.3267737 

log. 19230.56 =4.2839906 -1.1758591 

18.5026328 

.*. taking away 10 for radius, 8.5026328 CorrS. No. =r .14992 *, or 

the logarithm of the area in feet. the spherical excess in 

seconds is nearly .15. 

Again, as a second instance^ take that given in the succeeding 
page; 

Names of the Stations. Observed Angles. Distances in Feet. 

Hundred Acres (d) 53° 58' 35".75 

Hanger Hill Tower (e) 68 24 44 {d) from (e) = 71934.2 

St. Ann's Hill (/) 57 36 39.5 (^0 from (/)= 79211.22 

179 59 59.25 

log. sin. 53° 58' 35".7 5 =9.9078287 9.3625207 

log. 35967.1 =4.5559054 9.3267737 

log. 7921kl.22 = 4.8987866 0.0357470 = log. 1.0858 

19.3625207 or spherical excess in se- 

conds = 1".0858. 

Third Instance^ from the Phii. Trans. 1803. page 428, 

Buxter Hill (g) 76» 12' 22" 

Dean Hill (fi) 48 4 32.25 («) from (g)=s 140580.4 

Dunnose («) 55 43 7 (i) from (A)= 1 83496.2 

log. sin. SB"" 43' 7"=9.9171279 10.0276492 

log. 70290.2 =4.8468947 9.3267737 

log. 18349.6 =5.2636266 .7008755 = log. 5".022; 

20.0276492 or spherical excess = 5''.022. 



* There appears to be an error in the Philosophical Trans, p. 172. 
where the spherical excess is put down .29, which is nearly equal to 
^;(14992). The cause of the error seems to be, the neglect of the 
divisor 2 in estimating the area of the triangle ; for if we add the log. 2 
to — 1.1758591, the resulting number expresses the logarithm of .29. 
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In this manner the spherical excess computed ^^ will enable 
the observer to examine the accuracy of his observations, and in 
some degree to correct them. He may then proceed to calculate 
the sides of the triangles by the rules of Spherical Trigonometry. 
But these rules, although they must give exact results, will not 
give results very expeditiously. It is, . however, very desirable to 
obtain results expeditiously, when several hundred triangles are to 
be solved ; and, this desideratum, M. Legendre has put us in pos- 
session of, by combining sufficient exactness with conciseness in 
the following Theorem : " A spherical triangle being proposed, of 
%uhich the sides are very small relatively to the radius of the sphere , if 
from each of its angles one^third of the excess of the sum of its three 
angles above two right angles be subtracted^ the angles so diminished 
may be taken for the angles of a rectilinear triangle y tfie sides of ivMch 
are equal in length to those of the proposed spherical triangle T The 
demonstration of this rule will \>h given in. the Appendix, but its 
utility may be here shewn. Suppose in a spherical triangle, two 
sides and the included angle to have been determined, respectively, 
equal to 5S^ S^' S5".15, 71934.2, 79211.22 feet; compute the 
spherical excess, which is equal to 1".08 nearly -(see the second 
Example, p. IQO), then J (l".08) = .36, and 53' 58' 35".75-.36 = 
53® 58' 35''.39 : with this, as an included angle, and the given 
values of the two sides, resolve the triangle as a rectilinear tri- 
angle, by the method \ given in page 83, Plane Trigonometry. 



* In two of the instances that have been given, the sum of three ob- 
served angles is less than 180^; •*. in order to correct that ^um, we 
must add the defect plus the spherical excess ; that is, in the .first 
instance, we must add r'+.15 ; in the second, .75 + l''.08. If all the 
observed angles were made under similar circumstances, and with equal 
care, we should have angles better suited to calculation than the 
observed angles, by adding to each of the latter, one-third of the pre- 
ceding corrections ]".15 and 1''.83. But if two of the observations 
should have beeil made more correctly than the third, then to this 
third is the correction chiefly to be applied. General Roy, probably, 
acted thus; for his corrections, as they now stand, appear rather 
arbitrary. 

t This method has been used, in preference to the common method, 
because the logarithms of the two sides were already taken out. 
See page 83. 
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log, 79211.22 = 4.8987866 

log. 71934.2 = 4.8569354 

.\ log. tan. ^ - 10 = 0.0418512 

.-. e = 47« 45' 23''.1 
6 - 4.5° = 2 43 23.1 

log. tan. (a-45«) = 8.6825575 

cot. 260 59/ 17".69 = 10.2930544 

.-. log. tan. (:^^) = 8.9756119 

.-. :4zl5 - 5* 24' 2".325 

A+B 

—^ = 63 42.31 
2 

,\ A = 68''24' 44".635 
B = 57 36 39-985. 

The Side c, opposite the included Angle, computed. 

log. 71934.2 =;Jfc.8569354 

log. sin. 53* 58' 35'\39 = 9-9078286 

14.7647640 
log. sin. 57*» 36' 39".99 ! . = 9.9265645 

.-. log. c . . = 4.8S&1995 

.-. e = 6S696.9* 

We must now add to A and B one-third of the spherical 
excess, , and we. shall have the spherical triangle completely re- 
solved ; ♦ that is, 

S Angles of the Spherical Triangle. 3 Sides of the Spherical Triangle. 

C =: 53^ 58' 35".75 c = 68896.9 

^'=68 24 44.995- a = 79211^2 

^'= 57 36 40*345 If = 71934.2 

180 1,09 



* In this instance solved by this method of Legendre, the coaditioQs 
of the triangle were^ two sides and an included angle ; but it is pkin, 
that by the same method, a triangle with any three other condili«its 
may be solred. 
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\V!e shall have the saine:rei|dt..a8 that ^lucb .we hare alr€;^y 
obt^aed hj. re(S^}yiiig,tb^.;|^x^mple :accQrdii|g' to. the method em^ 
ployed in Case S» p^ge 166 ; but that method is rather ioagVandi 
on that account, k is superseded by the pr^js^nt^ which) in caaet 
like the preceding^ gives results sufficiently exact. It n^ust not, 
however, be forgotten, that, in fact, the. preceding oi^et^iod is a 
method of approximation. 

One or two cases may be brought under the conditions of the 
foregoing. If two sides of a spherical triangle are each nearly 
180^, and the third side is very small, then, if we produce the 
two longer sides till they meet, a small spherical triangle will be 
formed, which may be 'resolved by the preceding method \ and, 
from the sides and angles of this second triangle those of the first 
may be immediately deduced. Again, if two angles of a spherical 
triangle are very acute, the polar or supplemental triangle will 
have two sides nearly = 180^, and the third a very small side : this 
case, therefore, is under the conditions of the preceding one. 

Triangles solved by the foregoing methods will be spherical 
triangles, their sides arcs of great circles, and the computed arc of 
the meridian also an arc of a great circle. But, the foregoing 
methods have not always been eniployed, and they are not in- 
dispensably necessary. Delambre, in France, and Colonel Mudge, 
in England, do not consider the line of the meridian as a curve, 
but -as formed of the chords of curves ; and they have resolved 
their triangles not as spherical triangles, either by the direct, or 
by Legendre's approximate process, but as rectilinear triangles, 
the skies, of which are the chords of arcs. This-^method then -re- 
quires Theorems and formulae different from those that have been 
already explained. It, however, to a certain point, goes along with 
the former ; for it supposes the oblique angles to be reduced, 
either instn^mentally * or by calculation, (page 186) to horizontal 



* Ramsden's T)ieodolite, by means of an azimuth circle, gives at 
once the horizontal angle when the oblique atigle is observed ; this in- 
strument first, we believe, shewed the sphericaf excess^, which rarely 
amounts to 3". Defembre's and Mechain's Theodolites were . Borda^s 
repeating circles of -jsmali dimensions ; with these the oblique angle wa^ 
observed, and then reduced by calculation ($^e page 136*). to the hori- 
20Dtal angle. 

• B B 
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«iigk9 i lad, tlM harisantal tagte btteg, at it fait been already 
explaitieHj tphtrieal aagletf mmt be i edw cei to Ae anglea con- 
tained hy tbe chofdt of the tpherieal ttdet of die triai^gle. To 
elfiwt tUt reduetion, we mntt letobre this Problem. 

Gir^ the angle contained by the tpherieal area anO^ bmOt 
(^* 1^)> the angle aOh contained by the chordt aO| tO is 
requii^. 




Let the aipherical tidet ai^ bmO, anO, be repretented by 

the chordt ^b^ kO^ 0O T> /$^ a i 

die tpherieal angle at O C 

the an|;lf ^ ^ of the chord 

thejB cot. c m tin* m \ tin. b . cot. C 4- cot. a • eot. b fptge 189.). 
But^ cot. c ^ l^^ #in.2 ^ s and tiilftf «= 2 tin. «[i ^ot. ^ ^ ftc. 

.*. 1 — 12 . tin.^ ^ a 4 . tin. ^ . eot. ? sin. j . cot. b . coe. C + 

2 2 2 

ll - 2 tin.« 1} |l ^2tin.»||j 

but, 8in.|, 8in.|, tin.-, («ee p. 10.)=|, ^, |, letpeOiT^ly; 
.*. tubttttuting, trantpotingt 8ic. 
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2 X^±^^^^=a/? COej. f COS. * COS. C + ^ , 

4 . 2 S 4 

but (Prob. 1, pages 24, 25), cos.^ as ° . +P* — 7* . .^ substituting 

tt/3 X COS. dr^ap cos COS. - COS. C+^-r^ 1 

2 2 4 

ttnd diiridiDg hf a0, 

COS. 9=£COS. 5^» COS. «t •COS. C 4* sill, t^ . Sltl. ^ p 

2 2 2 2 

ftom thi^ expressioii, 9 amy be found by the method ghren 
in CaM By page 171 ; thus, taking the instance given in page 187, 
the distance of Calais from Watten and Fiennes being in minutes 
and seconds of the Earth's meridian respectively \5' 59'', T . 26", 

we Iiav« izz f 59".5, - = S' 43". 

.'. 2]og. oot. S^"" ly lB\44s: 10.^446590 
log. COS. 7 59.5 3= 9.9999988 
log. COS. O 3 43 = 9.9999998 

.-. 2 lag. sin* M + 20 s 39.B446576 

and JIf tt!560 44' 41". 

Again, 90* - —^ = 89^ 54' 8.75; 
. 4 



■ iff ■ i 



... 90* - ti^4. Jtf=:i80*-(3So 21' 10*.25); .-. sin. = 9.7^1996 
90» - 2jh^-3/ = 33 9 27.75 sin.tt 9-7379440 



2)19.4781436 
.-. log. sin. I =9*7390718 

and s 00* So' 56^.68. 

For reasons, however, similar to those M^hich we used when 
speaking of the reduction of oblique angles to horizontal angles, 
the direct and ordinary rules of Spherical Trigonometry are too 
tedious for the occasion : B differs very little from C, and a small 
correctipn only is required. To enable the computist to obtain 
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such correction and with little trouble, M. Delambre, as in the 
former case of reduction, page 187» has investigated a formula, 
and constructed Tables resembling the former Tables. 

In this method, then, M. Legendre's Theorem is not employed, 
nor is the Theorem relative to the spherical excess requisite; 
for there is this criterion of the accuracy of the observations — 
the sum of the three angles contained by the chords deduced 
from the spherical angles, ought, if the observed angles were 
truly observed, to equal 180^. The remainder of die calculation 
in this method is by the common rules of Plane Trigonometry; 
and the arc of the meridian, if that is proposed to be determined, 
is composed of the sides of an irregular polygon inscribed, in a 
circle,* 

We may then, in a Trigonometrical survey, calculate the 
arcs and angles according to the exact rules of Spherical Trigo- 
nometry, as Boscovich has done ; or, we may reduce the observed 
angles to angles of the chords, and calculate, by Plane Trigo- 
nometry, such reduced angles and the chords, as Delambre and 
Mudge have done ; or we may, by a slight transformation, give 
to spherical triangles the properties of plane triangles, and resolve 
them as such, according to Legendre's method. 

Delambre, indeed, indefatigable in quest of accuracy, informs 
us, Mem. Inst, page 512, 1806, that he computed by the three 
different methods, the whole series of triangles that extend from 
Dunkirk to Barcelona. 



* The whole of the process of calculation in a Trigonotnetrical survey 
has not been described. Since the Earth is not a perfect sphere, some 
small correction is due to its spheroidical form; the investigation of 
these corrections is not of great difficulty, but is omitted here, since it 
would be foreign to the plan and matter of J^he present Treatise* 
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On the Relations between the corresponding Variations of the Angles tmi 
' Sides and Triangles ; andy on the Means of selecting^ in theappli- 
. cation of Trigonometrical Formulae^ the Conditions that are most 
favourable to accuracy of result, 

,T:HE preceding Chapter contains some illustration of the use 
of . TrigQQometrical formulas. These formulae are applied to 
certain data or conditions furnished by; observation. Now, the 
Mathematical, process is sure and infallible \ but all instrumental 
observation, in a greater or less degree, is liable to error. The 
practical result . then cannot be perfectly exact : but it will not, 
necessarily,, be inexact to the full extent of the error of the ob- 
servation. That error, according to the conditions of v the case, 
will be variously modified by the Matiiemadcal process. If it 
changes its magnitude by changing the conditions, it will be least 
when the conditions are of certain values. Hence, if it should 
happen, that we could vary the conditions, it would undoubtedly be 
expedient to assign them such a magnitude, that the erroi;s of ob- 
servations should least vitiate the results : that, in the words of a 
Mathematical statement, the error of the result should be least 
with a given error of observation. 

These remarks stand, perhaps, in need of some illustration. 
The height of a tower may be determined by observing the 
angle which its summit makes with the horizon, and by measuring 
the horizontal distance between its base and the station of the 
observer. Now, in observing the angle, a certain error may be 
committed : but the error of the result (that which is Mathema^ 
tically obtained) will vary as the distance between the tower and 
the observer is varied. If, therefore, we have it in our power, to 
. regulate that condition, that is, if we can observe the height of 
, the tower at what distance we please from its base, we plainly 
ought to select that which renders least inaccurate the result. 
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Again, in Astronomy, the time is determined from an observed 
altitude of the Sun or of a Star, from their declination and the 
latitude of the place. It is not then a question of mere curiodtj 
to determine in what position, or part of the heavens, the Sun 
or Star ought to be observed, in order that die instrumental error, 
supposed to be of a certain magnitude, may least vitiate the 
determination of the time. 

The determination of the least errors is only one branch of the 
general Problem, which assigns, in its solution, tht rdations 
between the corresponding errors in the data and results ; that is, 
the given errors in one or more of the conditions of die Pro- 
blem, and the cwutipunt errors in the results. *I%uSy die right 
tension and declination of the Sun are computed in the 
Kaudcal Almanack from the longitude furnished by the Sohr 
Tables and from the bbliquity of the ecliptic. Now^ the 
determination of this latter condition is subject to eonne etior. 
If we assign a value to that eiror, we may then investigaise die 
corresponding erron in the right ascension and declination, and, in 
the result of such investigation^ we should necessarily include die 
cases, in which the origimd error would least afiect die vsdnee of 
diejright ascension and declination. 

The errors^ that hitherto have been spoken of, are small variations 
or increments in the angles and sides of rectilinear and spherical 
triangle'^. Hence, an investigation of their corresponding values 
will comprehend a great variety of Problems that occur in Astro- 
nomy. For instance, it would assign the effects of parallax, re- 
fraction, aberration, precession, &c. in declination, right ascen- 
sion, &c. since the effects of these inequalitiesj always very 
small, may be represented by very small portions of the arcs or 
circles along which those effects originally take place. 

It is not here intended to extend this enquiry beyond tri- 
angles ; but, there are a great variety of Problems belonging to 
odMt figures and other subjects of investigation that might have 
•been tnduded under the class of Errores in mmtd MaAiti, 

This was the Tide whidi Roger Cotes gave to his Tract * on 



^^I^mi^*^mmmm^tm*^mm^mt^mmmm^fmmm^mm^^^^tmmmi^^tmtmmmm»mtmimat0* 



* iEstimatio errorom in mixta Matkesi per VariaSioAes partitun 
Triaeguli plain et Spherici. 
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diis sobject ; and Lacatile *, in treating of the same subject, pro- 
perly describes the object of Cote^s Tract to he ike determination 
rf the limits rf inevitable errors in the practicer- tf Geometry and 
Astronomy. 

We purpose to treat this, as we have treated all the preceding 
subjects, analytically. Suppose the relation between an angle A 
and a side h^ to be expressed by this equation, 

sin. A zz: m. tan. b \ 

then, if A should be increased by A A^ whilst b was increased 
by A& iP^Aj J^b, representing the entire difierences or in- 
crements of A and b), the equation belonging to the changed tri- 
angle would be 

. sin. {A -\- AA) ^ m. tan. (* + Aft), 

and the corresponding errors of A and J, or AAf A b, would 
be to be determined from this equation, which is the difference 
of die two ficmner, namely, from 

sin. (^ + A ^ — tin. .^ == III. { tan. (A -f A») -*- tan. b { . 

If we expand f sin. (^ -f A A), the left-hand side of the 
equatioD will become 

J.sin. ^ . . . <P . sin. A .. j^ . -^ 

Now^ in most of the cases that come mukir this enquiry* A A, 
whether it represents the quantity of precession, or of XMueaUax, 
or of aberration, &c. is always a very small quantity: so small, 
that without vitiating the result, we may reject all terms involv- 
ing (A A)^'9 (A Ay, &c. ; in which case, the preceding quantity 
would become 

d . sin. A . J, 

3—3 — .A -4. 

a A 

* ' Le bat de PAuteur est de determiner )es limites des erreom ip- 
evitables dans la pratique de laGeometrie et de I'Astronomie/ Acad, 
des Sciences, V74fl, p. 240. 

t See Principles qf Analytical Calculaiion^ pp. 72.. 73. 
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In like maimer, if the right-hand side of the equation be 
evolred and the terms that ipyolve (J^bf^ (A^fi &c. be rgectedi 
it will be reduced to 

d • tan. b ^ , 

Hence A^, A b^ are to be determined hj this equation, 

rf. sin* A. ^ A d * tan. ^ a t 

— p-^ A jf = m — r-i ^b. 

a A db 

If A Ai Ai, should not be very small, or if considerable accuracy 
were required, the terms involving (A Af^ (A bf may be retaiped, 
in which case the equation will be 

^dA^'^"^^ i.2.dA^'^^^^^ 



m 



{^■-'*TTji^"A 



and for deducing A ^ in terms of Ab^ or Ab in terms of A A) 

the solution of a quadratic would be requisite, ^'^^"j ^ , d.t^n.b 

d A . db 

(see Pfincqtles of Anal, Caic. p. 74,) are the differential coefEcients 

of sin. Ai tan, ^, and are respectively equal to cos. A^ sec* ^. 

We have taken a particular form ; but, if we assume a general 
one, the method will be the sam^ and the formula of solution 
similar. For instant, let X denote any ftmction of Ay and Y^sib, 
and let the equation be ^ 

then the equation for determining A A, Ab, will be 



m 



idb l.^.db^^ S 



wd if A ^, A by are very small. 



d JC A >* d Y . , 

-p-j , A A = iw— j~ . A by nearly ; 

d A UP 
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or, -— - . A -/I = ■— X — — - . A b^ nearly. 
a A jl db 

And, in like manner, if F should be a function of C, and U of a^ 
&C' and the finite equation of relation should be 

X -\-n.F + &c. = m r + i> y + &c. 

ftf fUy Sec* being constant quantities, the equation of relation be- 
tween A^, A/j, &c. these quantities being very small, would be 
nearly 

^-7-. A-4 4- «.-r7;-^C = w.-TT^ft -l-o.---.Atf. 
o^ rfC rf* ^ da 

In order to facilitate the solutions of the following cases, we 
will prefix the values of the differential coefficients of sin, jr, 
COS. Xf &c. 

^ d . sin. j: d . cos. ;tf • d . tan. j: _ « 

* — r-= zicos.a:, — = =— sm, x, = sec* x 

dx dx dx 

d.sec.x tan. j: d. co-sec. x co-tan. j: i/.co-tan«:r 

— ^ , — . — ;-^ir — — : , = =:— co-sec.* jr. 

ax cos.x a,x sm. t dx 

m 

Example 1. 

In a right-angled triangle, of which one side is h, the other a^ 
and the angle opposite h, 0, it is required to find the error or 
variation in A, from a given error in 0, (See Cotes's Est, Errorum 
in mixta Mqthesi^ p. 20.) 

d tan. d 



3 



Here, hzna . tan. ; .•, A A = /i . A . 



a.A0.sec.^0=:^-?^^.hA0 

tan. 



d0 



h.A0 h,A0 2h.A0 



tan. . cos.^ ^ sin. . cos. ^ sin. 2 * 

consequently, if A be given, A A will be least when sin. 2 ^ is the 
greatest, that is, when = 45^, and consequently, when azih. 



d.sm.x . a ' .■ . • sin. OP 

* ■ — , — , m nuxionary notation is — :— . 

(19 X 



c c 
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Hence^ if h represent the height of a tower, and A ^ be the 
error of observation, (see p. 197f 1- 2^f) it will be most advan- 
tageous to observe the angular height of the tower at a distance 
about equal to its height *-- 

Example 2. 

In a right-angled spherical triangle, where C is the right 
angle, and A is invariable, it is required to find the corresponding 
variations of the hypothenuse c and the side 6. 

By Naper's first Rule, p. 146, making the complement of A the 
middle part, and the radius equal 1, 

1 X COS. A = tan. b . cot. e ; 

.•. (see p. 201, 1. 12,) 

= A 6 . sec.* b . cot. r — A r . tan. b . co-sec* c ; 

A b tan. b co-sec* c 



• • 



X 



A c sec* b cot. c 

sin. b . COS. b 



sm. c . COS. c 
sin. 2 b 
sin. 2r 



(see p. 9f 10.) 



(see p. 12.) 



Example S. 

Let now c be invariable, and let it be required to find the ratio 
between the variations of the sides a^ and b. 

Make the complement of c the middle part, then, by Naper's 
second Rule, p. 146, 

1 X COS. c zz. COS. a . COS. b ; 
.•• (p. 201,1. 12,) 

= — A tf . sin, a . cos. ft — A * . sin. ^ .cos. a ; 



* • Conunodissum erit ad earn distanliam (AC) observationem instituere 
ut angulus [ACB) sit graduum 46 quamproxime.' Coles's Est. Errorum, 
p. 20. 
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A a sin. h cos. a ^ , 

-T-r= r X -: = "• tan. h x co-tan. a. 

^p • cos.b sin. a 



Example 4. 

In an oblique-angled spherical triangle {SZP), if one side (PS), 
vary, it is required to find the corresponding variation in one of 
the angles (SPZ). (See Lacaille, Mem. Acad. 1741, p. 242.) 

Let the angles SPZ^ SZP, ZSP be J, C, B respectively, and 
a, r, b, the opposite sides ; then, see p. 139* of this Work, 

COS. A . sin. b . sin. c = cos. a — cos. ^ . cos. c ; 

.•. by p. 201, 

— A ^ sin. A . sin. h . sin. c + Ac . cos. r.cos. A , sin. b = 

A c . COS. b . sin. c ; 

A r 
.\ A A zz -, — ; — r — ; (cos. A . COS. c . sin. ^— cos. ^. sin. r) 

sin. A .sin. 6.sin. c 
= A r (co-tan. A . cotr r — co-tan.^ . cosec. A). 

If Z be the zenith, P the. pole, and S the Sun, then the above 
solution will, in the method of finding the time by equal altitudes, 
assign the correction of the time {A A) which is due, by reason 
of the variation or error (A r ) in the co-declination. (See Astron. 
p. 404.) 

Example 5. 

In the preceding triangle (5ZP) if SZ (sn) vary, it is re- 
quired to find the corresponding variation in the angle SPZ 
(= A). (See Esf. Errorum, &c. p. 21.) 

By p. 139. of this Work, 

J cos. a — COS. b . COS. c 

cos. A = : T— 5 

sm. ^. sm. r. 
.-. by p. 201, 



— Ail .sin. ^ as — Atf.— 



sin. a 



sin. b ' sin. c 



2M 



•D . • yt * r^ 8in. a 

But. 8in. A = 8in. C x -. ; 

sm. c 

^A 



A a sin. b . sin. C 

Hence^ since b is supposed to be constant, and C to be variable, 
A ^ is least, (A a being given,) when sin. C is the greatest^ that 
is, when C is a right angle. 

If Sf Z, &c. designate, what they were made to do, in the latter 
part of the.preceding Example, then this solution determines the 
error in the time (A A) consequent on a given error in the ob- 
served altitude (90*^ — a\ when from such altitude and the known 
latitude of the place, it is proposed to find the time ; and, the 
solution also determines that the error in tlie time will be the 
least when C ( = SZP) is 90°, that is, when the star S is on the 
prime vertical. (See Astron. p. 408.) 

By similar processes we might find (as Lacaille has done, Mem* 
Acad. 174<1, p. 248.) the effects produced in the right ascensions 
and declinations of stars, by the precession of the equinoxes. 
But this, and like Problems require no new or peculiar principle 
for their solution, the first step of which (the essential one in 
this class of Problems) is to be made, as in the foregoing cases, 
by taking the differential or fluxion of each side of the equation 
(see p. 201, 1. 12). The other steps necessary to produce 
results of a certain form, must vary with the conditions of the 
case, and consequently cannot be anticipated and prescribed by 
any fixed rules. 

Here terminates what specially belongs to Trigonometry. 
In the course of the Treatise, considerable aid has been drawn 
from certain auxiliary branches of science : for instance, in almost 
every example, the processes and forihulae of logarithms have 
been introduced. Now, logarithms have neither a more intimate 
nor a more natural connexion with Trigonometry, than with 
many other branches of science. There is no' eminent reason, 
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then, why the properties of the former should be discussed in 
a Treatise on the latter science. Still, since it is usual to treat 
together of the one and the other, the custom is here not departed 
from. And, accordingly, for the purpose of investigating 
the properties of logarithms, and for the discussion of some 
other subjects connected with the preceding matter, the following 
Appendix is now added. 



APPENDIX. 



I F we look to those branches of Science that are mathe- 
matically treated of, such as Dynamics, Astronomy, 8cc. we meet 
continually with instances, in which it is necessary to multiply 
numbers together, to divide one number by another, or to extract 
the roots of numbers. The common rules of arithmetic are 
adequate to these operations: but the operations themselves, 
especially if the numbers consist, as is generally the case, of 
several places of figures, are very tedious. The conditions of the 
problems that are really presented to us in Natural Philosophy 
for solution, are rarely expressed by small integer numbers. 
They are most frequently the results of methods of approximation ; 
and, as such, are necessarily expressed either by decimals solely, 
or conjointly by integers and decimals. For example, according 
to the method oi determining the eccentricity {e) of a planet's 
orbit (see Astronomy^ vol. I. pp. £03, 204.) the eccentricity can 
never be exactly expressed : it is merely the result of a method of 
approximation : it can only, therefore, be nearly expressed : very 
pearly by five decimal places, more nearly by six, still more so by 
seven, and so on. The case is the same with other quantities : so 
that when we are obliged numerically to expand (which in practice 
we are always obliged to do) our formulae, or the results of our 
mathematical processes, we have to multiply, divide, or extract 
the roots of such quantities as 1.016814, .983185, &c.( I +^,l—^)j 
which operations, indeed, are not difficult, but are tedious; and, if 
of frequent recurrence, very embarrassing to the computist. 

There is, besides, this circumstance to be noted in these simple 
operations of divisions, extractions^ &c. namely, that the operations 
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performed in any particular case cease, when the case is resolved, 
t6 be of farther use* The extractions of the square roots of an 
hundred numbers do not aid us in determining, with any increase 
of facility, the root of the hundredth and one number* Previous 
operations become not subservient to the abridgment of similar 
subsequent ones. The labours of preceding mathematicians are, 
in these cases, of no use to those that come after them. 

These inconveniences, (such as have been described) could not 
but be felt by the early analysts : and, as it is natural, having once 
possessed themselves of sure methods of calculation, they began 
to seek after expeditious ones. After many trials and immense 
labour they discovered such, or rather invented such, by means of 
Logarithms. 

' These have had various definitions assigned to them, and have 
been computed by a great variety of methods. They have, with no 
great propriety of language, been styled Artificial Numbers. They 
have no more title to that denomination than the square or cube 
roots of the numbers 2, 3^ 5, &c. have. If 10'= 3, x is the loga- 
rithm of 3, and is some number between O and 1, and must be 
expressed, for the practical purposes of computation, by some 
vulgar or decimal fraction. But ^2, ^\/3, &c. are in the same 

predicament. There is no number that exactly expounds Vg: its 
value (if we may so express ourselves) is between 1 and 2, but not 

capable of being exactly assigned : it is greater than ^, but les^ 

than I ; greater than -^ but less than i^, &c. &c. j and these 
limits between which the value of >/2 is always placed, may be 
found either by the common rulies for the extraction of roots, or by 
a series of tentative methods. The case is nearly the same with 
the equation 10* = 3. A series of limits between which x is, 
successively, still more and more narrowly placed, may be found 
by trial and the simplest operations : the value of x is between ^ 

and ^ : it is less than |, greater than -g : less than |, greater than 

^ : less than ^, greater than ^ ; or less than .5, but greater than 
.46875 : and, in this way, we may make approaches to the loga" 
fithm of 3, with as much certainty as towards the square or cube 
root of 2, 3, or of any other number which is not a complete 
power. The results are no more artificial in one case than in the 
other. 



208 

It 18 true that the direct process for approaching to the value 
of H in an equation such as 10' a S, or 10'' = 2, Sic. is not so simple 
nor so easily practised as the ordinary processes or rules for the 
extraction of roots. But if we examine the matter on those 
grounds on which all analytical calculation rests, there is no es- 
sential difference between the two processes. They are in the 
same line of consecutive deductions : one nearer, indeed, to the 
common source than the other. 

We have chosen to consider logarithms as the values of j: in 
the equation 10* = iV, when N is represented by the several 
numbers from to 1000 and upwards. This, however, is not the 
form under which logarithms were originally exhibited, or need 
necessarily to be exhibited. It is the form rather to which (after 
many trials) as essentially embodying their properties, they have 
been reduced by analytic art. All numbers then are made equal 
to, or feigned to be equal to certain powers of 10, and the indices 
of those powers are the logarithms of the numbers. But it is plain 
if we assume such an equation as 

10*= JV, 
or 10»*»«-^ =: N. 

We may also suppose 2' = Ny or 3' = N, &c. j that is, there 
may be several systems of logarithms : alike in their general pro- 
perties, but differing from each other by reason of their bases^ 
which are the technical denominations of the numbers 2, 3, 8ic. 
in the equations 2* = jW, 3* = N, &c. 

The general formula for the value of x in the equation N s=e^ 
cannot be obtained by any ordinary or simple processes. But 
there are particular cases in which, without any trouble, Ve may 
assign the values of x : for instance, if 2 should be the base, then 
since 

22 = 4, 2^ = 8, 2* =16, 2^ = 32, &c. 

2, 3, 4> 5, &c. would be the logarithms of 4, 8, 16^ 32, &c. If 
3 should be the base, then since 

3« = 9f 3« = 27, 3* = 81, &c- 
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SSf $9 4» &c. in such a system would be the logarithms of 9> ^7) 8 1, 8ce» 
In like manner, in the common or Briggs's System of Logarithms, 
in which 10 is the base, 

2, 3, 4f, 5, &c. are the logarithms of 100, 1000^ 10080^ 

iboooo, &c. 

There is no need of calculation, not even of the slightest, in 
diese simple instances : and, if we selected others. We might still,^ 
by very simple, although tedious, processes, deduce or approximate 
to (and almost all the values are approximate ones) ttie values of the 
logarithms of numbers. For instance, if the base should be 2, 
then the logarithm of a number intermediate to 4(= 2*) and 
8 (=2*) must be some number (using that term in in its general 
meaning) between 2 and 3 : suppose the number to be 6 = 2': 
then X is intermediate to 2 and 3 : if the arithmetical mean of 

2 and 3, namely |, be used to represent to, then, since 2t = */s^ 

which is less than V 36 (=6)1, or 2|, or 2.5 is too small aii 

index. If we assume a: = 2|, or |, then since 2t =:^)^256 

which is greater than • >/£l6 (= 6), the index 2|, or 2.26666, is 
too large. The logarithm of 6, therefore, is now confined within 

trv — < =^ I - + - 1 1 we shall find it too 
^ 12 I 2 V2 S/4 

•maU: the next trial, therefore, must be with some number be- 

tween the limits — and — : and as these limits successively 

12 12 ' 

approach to each other in value, we shall, by repetition of trial, 

continually approach more and more nearly to the value of the 

logarithm of 6. • 

The above, however, is a very rude method of obtaining, and 
by trials not speedily made, the index of 2. It will, together with 
all similar imperfect and irregular methods, be superseded by any 
formula, or regular process, which, from the equation, 

exhibits x in terms of N and a. 

From such a formula the arithmetical values of the logarithms 
might be deduced whatever were the system : whether it were 



2i and 2-%: if we 
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Brigg/i, or the common sptem in which the base a is lO^ or 
Napn'if or the fyperMic, in which the iasi is 2.71828 18^ &c. 

The iise of such aformula, as that we have just spoken of, h to 
<ie<fDce the logarithms of numbers, principally of prime numbers. 
The use of logarithms is, as it has been stated, to render arith- 
metical operations more compendious^, than they are by the 
ordinary processes of multiplication^ division, involution and evo* 
lotion. That object (compendium of calculation) is attained pardy 
by the registering of the arithmetical values of logarithms^ when 
once obtained, and partly by the properties of logarithms. The arith- 
metical values of logarithms are obtained for us by the labours of 
others : and we should have indeed, on that score, the same kind of 
benefit, if the square, cube, &c. roots of numbers, the products of 
numbers, &c. obtained by previous computation^ should be registered 
in Tables. But, as it is plain, the labour of computation would not 
only be excessive, but the size and number of the Tables would be 
so incommodious as to be almost entirely useless.' The logarithms 
of numbers may be comprised \rithin Tables of a convenient size : 
and may be applied, by means of the properties of logarithms^ to aU 
arithmetical operations whether of multiplication, division, evo^ 
lutiott or involution. Their properties then (of which we shall 
now proceed to speali^ render it worth the while (whatever the 
eiq>ence of time and labour) to procure the computation of several 
niilHons of results and to insert them in Tables. 

Properties of Logarithms. 

'. . Jiet N ^a', N' = ^, N" = a"', N"' = a^', &c. then 
NN' =: a* X fl' = fl*+''5 but by the definition, a: + x' is the loga- 



* The iHtroductioD to the English Translation of Briggs states, 
very plainly <i»d distinctly, the uses of logarithms, '*By theoi all 
troublesome multiplications and divisions in arithmetic are avoided, aod 
performed only 1}y addition instead of multiplication, and by subtrac- 
tion instead of division. The curious and laborious extractions of roots 
are also performed ^ith great ease, as the square root of any number is 
found by bipartition or division by 2, &c.'^ Logarithmedcal Arithmetic, 
1631. 
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rithm of the number represented by NN\ and x and x', by the 
some definition, are the logarithms of N and N' ^ hence we 
have, in other symbols, 

log. (AT N') = log. iV + log. N'. 

If therefore we possess already computed the logarithms of 
numbers, instead of multiplying, when there is occasion, one 
number by another, it is sufficient simply to add their logarithms ; 
and^ the sum will be a logarithm corresponding to which, is die 
number that is the product required. For instance, 

the logarithm of 2.13 s 0.3283796 

of 47.2 m 1.67S94«0 

2.002S21IS 

and, the number corresponding to 2.0023216 is 100.586, which 
18 the product of 2.13, and 47.2 ; as on trial^ it will be found 
to be. 

Again, NN'N'' = a' x a^ x i^' = 1^-^"+'''; but by the 
definition, a: + jc' + j/' is the logarithm of NN' N", or, 

log. N + log. N' + log. N"=: log. {NN' N'y 

N {^ 
Again, —=:—««'—•', but by the definition, j;— a' is theloga- 

N 
rithm of the number corresponding to «•"'', or — : or, 



N* 



N 
log. N — log. N ' = log. — ; 



hence, instead of diriding, for instance, 841.32 by 5.316, subtract 
the logarithm of 5.316 from that of 841. S2j and the remainder 
is a logarithm, corresponding to which is a number that is the 
quotient that would arise on dividing 841.32 by 5.316 ; 

Again, N'^ss(^y^i^, but, by the definition, mxis the loga- 
rithm of /T', or AT* ; .•. in other symbolsii 

m log. N = log. 2V"* ; 
hence^ instead^ for instance, of multiplying 53.127, five times 



219 

by Itself, in order to obtain f5S. 127)^, multiply the logarithm of 
53.127 by 6, and the product is a logarithm, the number corre- 
sponding to which is the 6th power of 53. 127» 

Again, iV» = (tf) »=/»*: but by the definition, - is the loga- 

rithm of a number represented by a^ , or iV » : or in other sym- 
bols, 

1 - 

-.lo^. N = log. JV» . 
n 

Hence, instead, for instance, of extracting the square root of 
137.51 twice, in order to obtain *>/( 137. 51), divide the logarithm 
of 137.51 by 4, and the result is a logarithm : and the number 
corresponding to it is the fourth or Biquadratic Root of 137.51. 

Even these few illustrations shew the utility of logarithms: 
by means of a few simple rules and the same Tables, or registered 
results, the complex operations of arithmetic (as they may be 
called) or the involution and evolution of numbers, are super- 
seded by the most simple, which are addition or subtraction. The 
enquiry, therefore, may be now directed towards what, indeed, are, 
in this subject, the sole remaining objects of curiosity, the certain 
methods of computing logarithms from numbers, and numbers 
from logarithms. These objects will, it is evident, be attained by 
the solutions of two problems, by one of which, the equation 
being 

N = flV 

X should be expressed in terms of j^ and a : and by the other N 
should be expressed in terms of a and x ; the expressions in each 
case admitting (which is essential) of an easy application in 
specific instances. 



Expansion of a^. 
= 1 + x.(a — l) + x. ^ ~^ .{a - 1)2 
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+ X . ini . ?Lll . (a - If + &c. by the Binomial Theorem * : 
2 S . 

and arranging the series by the powers of xjo'^i + jr 

{ {a- 1) - 1 (/J - 1)2 + i(a - 1)3 - &c. } +qx^ + r x^ -{• 8cc. 

j', r, &c. standing for certain combinations of (a— l)*, («— 1)', with 

the numbers, 2, 3, &c. : for, it is plain, from the manner by 

which they must be formed, that they cannot involve the index 

X, or any function of it : 

hence, if we put/? = (a — 1) -- |(^ — 1)2 + J (a — 1)» — 8cc- 

if zz 1 +px + qx^ + rx^ + &c. 
and fl'=l +j?z-^qz^ + rz^-\' S&c. 
.-. fl* X fl*, or 0* + '= 1 + p {x + z) + f^ X z + q{ofl + z^ + 

pq(x^ z -{• z^x) -{■ &c. ; but from the original form for if, sub- 
stituting X + z instead of x, we liave 

if-*-' = 1 -^pix-^z) + y (X + ;2;)2 + r(x -f zf + &c, 

= 1 -{'p{x + z) + q.2xz + q{x^+z^) + r{3x^z + 3xz^) + 8cc. 

hence, comparing the terms th^t involve like powers and com- 
binations of X and z ; 

2q -fj and /. ^ -\^ 

S r = pa, and .-. r = -^ = -£-- ; 
-^^ 3 2.3 

and^ if s represent the coefficient of the term succeeding rx?, 

4 / = r «, and /. / = ^ = — ^ — ; 
^ 4 2.3.4' 

\g*,orAr=l+jP^+-^.^+--^.^+- , /^^ ^ jr* + 8cc.Xnl 
- ' ^ 1.2 1.2.3 1.2.3.4 

This series then determines the number N in terms of th^ 



* See Woodhouse's PviwApUi of Analytical Cahulation, p. 35^ &c. 
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base a, and the index or logarithm x \ but, the reverse Problem, or 
that which determines x in the terms of N and a is of the most 
consequence. 

z expressed in terms of N and a. 

Since a' = 1 + pjr -f ■^~ tjfl + f j? + &c. 

^ 1.2 1.2.3 

2V" = 1 + Pz + -i— «« + — ^^^ — 2» + &c. 

1 .2 1 .2,S 

' if p =:(iy~ 1)- j(j\r-i)2 + j(2v-i)'- &c. 

but, since JVsfl*, N'=/i" =: 1 + joarz + iEJ^ .z^ + &c. 

Hence, comparing the terms that are affected with like powers 

of z, pxzn P, y q= , the same equation in fact as 

- ^ 1.2 1.2 ^ 

'^ ' /> (a-l)-|(<i-l)« + i(ii-l)»- &c. "-^ 

and hence, if instead of N :=. tf, the equation is 1 :t: N = o*, 

weshaUhavexzz ^t ^ ^ ii^;^:±: Ji^^ - &c. ^^ 

This is a simple algebraical mode of expressing x : but, it 
does not follow that it is, in all instances, commodious for the 
arithmetical computation of x\ since, if N be represented by any 
number, 7 for instance, and a be lO, the base of the common 
logarithms, neither the series 6 — ^ (36) + J (216) — &c. repre- 
senting the numerator, nor the series 9 — i.(81)+4 (729) — 8cc. 
representing the denominator, converge : in fact, the terms of the 
series are larger, the more remote they are froni the beginning, 
and consequently no number of them summed can exhibit, either 
exactly or nearly, the true sum. Retaining then the law of the 
expressions, we must now adapt them to numerical computation : 
and first we will shew a method of computing 

/^= (ii - 1) - i Osr - 1)2 + 8ic. 
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In the series «* = 1 + » j + -^C- «* -H — «£ x^ + &c. 

-^ 1.2 J. 2. 3 

let ;r r= Ij and p ess l^ then ^ will have a peculiar value, and 

be =: 1 + 1 + -i* + —2 — + &c. = 2.7182818284, &c.. 

1.2 1.2.3 

call this e, then (^ - l)-i(e - i)« + j (^ — l)' - &c. (which 

is the value of pin this case) == 1 • 

In the expression for o* put ir = - , then 

^ 1 « t 1 . 

0^ s 1 + 1 + + &c.=rf, and - = tf""'; 

1.2 a 

but if ^— ' a= - , then, by the form [/J, page 214, 

a 

/ 

or, since the denominator = 1, 

Now, since — 1 •< a, this series alvrays converges. Hence, in 
the common system, or Briggs's, in which a zz 10, 

pzz.9 -h ^^ + ^-^ + &c. = 2.3025850929, &c. 
^ 2 8 

Let us now endeavour to obtain the numerator by means of a 
converging series. 

By the form [X]^ page 214, it appears, that 

if 1 -f /I = ^', ;v = i (« - i«« + i n' - &c.) 

P 

and, if 1 — /i =: a'', y — - ( - n — J n* — j n^ — 8cc.) 

P 



^16 
Hence, 

i±^=a'-», and, x-y, = ? (« + 4 «' + J ««+&€.) 

or, log. (\^^-^ = ? (« + Jn' + i n* + &c.) 
VI — ny p 

JV— 1 
1 + tl i 

N -\- \ 
Now, N = j>. ^ , substitute therefore, in the preceding 

1 - %—- 

i\ + 1 

form, instead of n, and we shall have 

2V+ 1 

N — 1 
and this series is plainly a converging series, for -^^ being 

a proper fraction, the terms, reckoning from the beginning of the 
series, are less and less. 

For other methods, see the Principles of Anali/tical Calculation, 
pp. 137, &c. 
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Example, 
Let it be required to compute the logarithms of 2 and 3. 



Nz 



2, aad3^^:py= J 



1 

3 



= .33333333 



1 

3.3^ 

1 
5.3* 

Jl 

7 .37 



5= .012345,67 



= .00082304 



= .00006532 



i\^=3, and 



1 
2 



1 



— i =: .00000564 

y . 39 



3.29 

J 
5.2»' 



T 
7.2'' 



1 



U.3" 



= .00000051 



} = .00000004 

13. 3»'*' 

.34657355 



.*• log. 2 =: 



2.3(3258509 &c. 

= .3010300 to 7 places 



X .3465735 



9 729" 

1_ 

11.2"* 

1 
13.2''* 

1_ 
15.2'5' 

1 
17.2''" 

I 
19.2'^' 

1 
21.2"^ 

1 
23. 2« 



N+i 



2 

4 



1 
2 



= .5 



= .0416666606 



= .00625 



= .0011160714 



= .0002170138 



= .0000443892 



= .0000093900 



= .0000020345 



= .0000004487 



= .0000001003 



= .0000000227 



= .0000000050 



,5493061422 



.'. log. 3 = 



2.30258509 
= .4771212. 



,&c.x.5493061 



EE 
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' The logarithms of 9, and 3 thus computed, are the logarithms 
in Briggs's, or the common system, in which a = tO and 
(tf — 1) _ I (a_ 1)» 4. J . (a _ l)s . &c. = 2.30258509, &c. 

If we take the base =^ = 2.71828182, Sec., in which 
(/— 1)— i . (* - 1)* + i (^— 1)' — &€l. = 1, the logarithms will belong 
to a system called, from certain analogies. Hyperbolic^ or from 
its inventor, Napev^s ; and accordingly, we shall have the hyper- 
bolic logarithm of numbers- from the preceding series, by omitting 
the denominator/; which is equal to I, 

since it = (e-^ 1) - i^e- 1)* + J (^- If - &c. 
hence, hyp. log. 2 = .693 147 18, and hyp. log. 3 = 1.098612, &c. 

A constant multiplier connects one system of logarithms with 
another : if A be the hyperbolic logarithm of a number N, then, 

* X ^ ^^^^^^^^ o — » or A X .484294-48, 8cc. is the common 
2.30258509, &c. 

logarithm. Generally, if the base of a system of logarithms be 

k 
*, then, in that system, the logarithm of a number N = — , 

if J5 = (^~ l)-.|.(j« 1)»4. j(6_ i)3_&c. 

or, if ;r be the logarithm of a number N^ in a system of which the 
base is a, then log. N (base t) = 

By means of the logarithmic series, page 214, the logarithms 
of 2 and 3 have been computed ; and, by the aid of the same series, 
t>y the properties of logarithms, and by certain simple decom- 
positions of numbers, the logarithms of all other numbers may be 
found : for instance. 

The logarithms of 5 *, 7, 11 may be computed from the 
teries. 



* Since 5 = — , log. 5=log.™= log. 10 — log. 2= 1 — log. 2 = 

1 — .3010300 s •6939700; •*. it is unnecessary to compute the log. 5 
by the series. 
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The logariljiuns of 4, 65 8» 9$ 10« 12, U, 15, i6, 64, &c« 
wll follow from the properties of logarithms^ for 

log. 4qp log. 2* = 2 log. 2 

log. 6= log. (2x3) = log. 2+log. 3t. 

log. 8= log. 2».......'. = 3.log. 2 

log. 9= log. 3*.... = 2 log. 3 

log. 10= log. (2x5) = log. 2+log. 5 

log. 12= log. 3 + log. 4 = log. 3+2 log, 2 

log. 14= = log. 2+log. 7 

log. 15= = log. 3+ log. 5 

log. 16= log. 2* = 4 log. 2 

log. 64= log. 2* = 6log. 2. 

The logarithms of IS, 17, 19, 2S, 29, &c. camiot be easily 
<t>mputed from the series [x], since ^"" , the larger N is, 
approaches to 1: with the preceding numbers IS, l7, &c. the 

fraction would be respectively, — , or - , — » or - , . — , -— tj &c. 

^ ^ 14 7 18 9 12 15 

and the numbers also being prime cannot be resolved into factors ; 

^ut if they algebraically be expressed after this manner, viz. 



^=(N-,)(l+^^), 



then 



log. N = log. (N - 1) + log. Q H-jy^^-r) = 

by [L], page 214 ; and thus^ the logarithms may be computed by 
series that converge with sufficient rapidity. 

For instance^ 
if iV=13; log. J3=log. 12+i(i - ^, + 3-— - &c.) 

if jr=17; log. 17=log. 16+i(i- - ^, + ^ - &c:) 

if iV=23, log. 23=log. 22+j(l - ^. + ^- &c.) 

if i^=29j log. 29=log.28H^(i - -i- + 5-L_j _ &c.) 
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In these expressions, the logarithms of 12j 16, 22, 9S, are 
known from the logarithms of their factors, see p. 219 : and when 
JV is a prime number, iV — 1 can be aways resolved into factors. 
There are, however, besides the preceding, various other artifices 
and methods for computing logarithms *. 

But, as it has been in substance remarked before, the art of 
computing logarithms, and dexterity in that art, would, by them- 
selves, be of nu use in expediting calculation : if, for instance, we 
had to multiply 31.523 by 17.81, and to divide the product by 
5.4312, it would be a most long method of performing the ope- 
ration, to investigate the logarithms of these numbers. It is the 
circumstance of registering computed logarithms in Tables, and, 
by the art of printing, of multiplying such Tables, that enables us 
to compute quickly. The calculation of logarithms is exceedingly 
operose ; but one man calculates for thousands, and the results of 
tedious operations are made subservient to the abridgment of 
similar ones. 

By the methods already described, the logarithms of all numbers 
from I to 100000, are computed and registered in Tables. Those 
in common use contain the logarithms of numbers, according to 
Briggs's System, in which the base (a) is 10. Naper*8, or the 
Hyperbolic logarithms are so seldom required in numerical cal- 
culation, that it is more convenient to deduce them from Briggs's, 
by multiplying (he latter into the number 2.302585092999 Sec. 
than to search for them in separate Tables t. 

But Napers System, in which, (i?— l)-i(^ - 1)» + J(^-iy 
^ &c. = 1 (^ = base) is, apparently, so very simple, that there 
must exist some substantial reason for the adoption of Briggs's. 
Now, in this latter system, the logarithm of 10 is 1, the loga^ 
rithms of lOO, or 10*, of 1000, or 10*, &c. are 2, 3, &c. re- 
spectively I consequently, the logarithm (£) of a number JV being 

—II I — -« - _X ■ _ 

* See Principles qf AnaL Calc. pages 142 to 183 : Phil. Trans. 1806, 
p. 327 : Bertrand, p. 421 to 676. 

t I'homas Simpson^ has given a short Table of Hyperbolic Loga- 
rithms at the end of his Fluxions : in Callet's and Button's Log^ritlnns 
there is a Table, of a single page, for converting common into Hyper* 
bolic Logarithms. 
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known, the logarithms of all numbers corresponding to N x 10^, 
or -—can be expressed by an alteration in L of the simplest kind. 

Thus, if the logarithm of 2.7341 be .4368144, the logarithms of 
the numbers 27.341,273.41, 2734.1^27341, 2734lO, are 1.4368144, 
$.4368144, 3.4368144, 4.4368144, 5.4368144; that is, these 
latter logarithms are formed from the first by merely prefixing ^o 
the decimal, 1, 2, 3, 4, 5, which are called characteristics, and 
which characteristics are always numbers one less than the number 
of the figures of the integers in the numbers whose logarithms are 
required : the reason is this, 

527.341 = 10x2.7341 ; .'. log. 27.341= log. lO+Iog. 2.7341 = 1.4368144 
2734.1=1000x2.7341 ; .'. log. 2734.1 = log. lOOO+log. 2.7341=3.4368144 

and generally, log. KT x N = log. 10* + log. N =s m + L 
and, similarly, it is plain, that the logarithms of 

2.7341 2.7341 2.7341 2.7341 • ^ . r 
■^ — — - , . , . — -—- — , , tnat is, ox 

10 100 ' 1000 10,000 

.27341, .0^7341, .0027341, .00027841, 

must be the logarithm of 2.7S41, or .4368144, subtracting, re- 
spectively, the numbers 1, 2, 3, 4, which subtraction, it is usual 
thus to indicate : 

r.4368144, 2.4368 144j 3.4368144, 4.4368144 

The logarithm of a number (N), then, being inserted in the 
Tables, it is needless to insert the logarithms of those numbers 
that can be formed by multiplying or dividing N by 10 and 
powers of 10. 

Hence, we are enabled to contract the size of logarithmic 
Tables: and this advantage is peculiarly connected with the 
decimal system of notation. If there had be^, in common use, 
scales of notation, the roots * of which were 9, or 7, or 3 : then 
the most convenient systems of logarithms would have been those, 

* The root or radix of a scale is that number according to the 
powers of whiqh any digit, as it is moved more and more towards the 
left, increases in value: in our scale the root is 10 : thus 723=7 x 10^ 
+ 2 X 10 + 3. 
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tfa^ bases of which^ are Q, 7, 3, respectively. For^ in such cases, 

after having computed, the logarithm of any number Ny we could 

immediately, by means of the characteristics, assign the logarithm 

N 
of any number represented by 9** x N, or — [root =9,] which 

numbers would^ analogously to the present method, be denoted 

by merely altering the place of the point or comma that 

separates integers from fractions-. The root, then, in the scale 

of notation ought to determine the choice of the base in a 

•ystem of logarithms. We may construct logarithms with a 

base = 3, and then, having computed the logarithm X* of a 

number N, the logarithms of all numbers corresponding to 

N 
S" X N, and — would be i» -f 2., and — m '^ L, and, therCi* 

fore, could be assigned by merely prefixing the proper diaracs' 

teristics ; but then, in order to know the numbers corresponding 

N 
to 3*^ X N and ~ , we must multiply and divide N by 3, and 

3 
the powers of 3. We cannot multiply and divide by simply 
ak^ring the place of the point or comma that separates integers 
from decimals ; so that, in fact, not knowing, by inspecrion^ such 
numbers as 3 N,9 N, 9,7 N, and 3"* x N, we should be obliged 
to insert the logarithms of a/I numbers in the Tables. 

A single instance will elucidate this statement : with a ba^ 
s=3, the logarithm of 2.7341 equals .915519, then the logarithms 
of the numbers 

8.2023, 24.6069, 73.8207, 221.4621 

are 1.915529, 2.915519, 3.915519, 4.915519; 

for, the numbers 8.2023^ 24.6069, &c. are produced by multi- 
plying 2.7341 by 3, 3*, 3', 3*, respectively; they are known, 
however, only by actual multiplication, and consequently it would 
not be sufficient to insert in Tables of logarithms constructed to a 
base =s 3, the logarithm of 2.7341 only; but, those of 8.2025, 
24.6069, 73.8207, 221.462], &c. must be also inserted : and it 
is plain, that the logarithms of 27.341, 273.41, 2734.1, 27341j 
.027341 must be also inserted. If these latter logarithms are sot 
inserted^ the computi^t would be obliged to undergo the labour 
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of forming them, by adding to the logarithm of 2.734 1^ re* 
spectively, the logarithms of 10, 100, 1000, 8cc. computed to z 
base = 3. 

This is not the sole principal inconvenience that would arise 
from using a system of logarithms with a base not equal to 10* 
We might indeed, as it has been explained, by slight Arithmetical 
operations, directly find the logarithms of numbers from Tables 
of no greater extent than those which are in use ; but, the reverw 
operation of finding the number from the logarithm, could not 
at all conveniently or briefly be performed : for, the logarithm 
proposed might be nearly equal to«a logarithm which the Tables 
did not contain. These considerations will, perhaps, be suf- 
ficient to shew the very great improvement that necessarily 
ensued on Briggs's alteration of the logarithmic base. The real 
value of that alteration does not seem to have been duly appre- 
ciated by writers on this subject. 

For the description and use of'Tables, in which the computed 
logarithms of numbers are recorded, the Reader is referred to the 
volumes of the Tables themselves : and, as nothing seems wanting 
to the plainness and precision of the rules therein delivered, it 
would be a needless accumulation of matter to insert them hef^# 
The principle however of the construction of certain small Tables 
for proportional parts, that are nearest the margin of every page, 
requires explanation. The use of these Tables is to find the 
logarithms of numbers consisting of more than five places. See 
JSherwin, p. 6, Hutton, p. 128, first edition. 

Let the number composed of the first five figures or digits 
of the number N be « j therefore, the number next to n, or wlidch 
di£Fers from nhj 1, is fi + 1 ; let m be the digit, which placed after 
the digits composing n, shall make it N, then NsslOn + x, and 

log. N=log. (lOfi +x)=: log. lOn (l +—) > 

= log. 10« + log. Q + —^ [p. 211], 
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=4oe. 10 n H 9 if the terms -- — r-r— Ti> 8^c. are, on ac- 

^ /7XlOr» 2.(10/1)* 

count of their minuteness^ neglected. 

Again, log. ^ "^ = log. ( 1 + -)=-. - [neglecting 
^ w V ny p n 

, &c.] consequently, = log. (» + 1) — log. «, and 

* "* ^ p n 



2/ . n 

X 



X 



= TTT { ^^g- C»+ 1 -log- «) } > 



p X ia« 10 

and from this formula the small Tables of the proportional parts 
may be computed : for instance, 

Let N = 678323, then n = 67832, and w + 1 = 67833, 

and log. 67833 - log. 67832 = 8314410 -^ 8314346 = 64, 

X 3 

and since j? = 3, — { log. (;i + 4) — log. n \ =— x 64 = 19-2, 

(or taking the nearest whole number) = 19 : and by putting for jt, 
1, 2, 3,^&c. we may form the small Table which is in the page 
oontaining the number 6783, &c. thus: 



X = 1 

3 
4 

6 

7 
8 



Proportional Part. 
6.4 
12.8 
19.2 
25.6 
32 
38.4 
44.8 
51.2 
57.6 



Proportional Part 
in the nearest int^pers. 

6 

13 

19 
26 
32 
38 
45 
51 
5S 



See Sherwin's Tables, page 6, and at number 6783, and also 
Hutton's, page 128. 

ITie above proof establishes the truth of the precept for 
finding the logarithms of numbers consisting of more than 5 places 
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(O^AgvMs : thdothc^ precept * which directs us fo find the number 
Cdrrespondiitg to s^ Idgarithn^ not found exactly iti Tabled, ma^ 
be thus proved. 

Let Zr be the proposed logarithm, N the number : / the tabulair 
logarithm next less; /' the tabular logarithm next greater $ n, 
11% their corresponding numbers. 

Let X be the diiSFerence of N and «, or let iV ss « + ar ; then 

log. ^=2 log, (« + Jp) ar log. /»( 1 +- )=:log. W + log. T 1 +^J 

or, Zr = / H , nearly j /. x = np (L — /). 

Again, 
log. n = iog.'(« + 1) =:log, n fl H--^ r= log. « + log. (^i"-) 

or Z' == / H 'j /• f -^/= - — 9 consequently j:* = -r; j, and N = 

np np I — / 

"'*4-ar:±:HJ+zr-' — jJ ^^^^ which expression, the precept tSher- 

win, p. &. Hutt(m> p. 130. > and the small Table are derived ; for 
sofitance^ let X =: '44114728^ then (gee the Tables), 

/ :=: w4f414595, n *= 2763.5 
/' =5 .4414752, n' = 27636 

.-. i — / = 133, Z' = 157, and ---• ss - x = 

' ' 157 10 157 

ii!^^*^ + Ji. = .8 + -1- X 2|29 = .8 + 

10 157 1570 100 1570 

J_ X ^^QQ+^^^Q = .8 -f .04 + &c. s .84 + &c. 8 and 4 
100 1570 

being the two figures given according to the Rule and Table, 8 
corresponding to 125.6, or 126 the nearest integer, and 4 to 62S, 
or 63 the nearest integer. 



^ HicttoD^p. 1 SOy-first edition : Sherwin, p. 8, fifth edition. 

FF 
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It may now be worth the while to illustrate, by a few more 
inttances, the uses of logarithms ; and this ^inll be done chiefly 
with a view of relieving the Student from any embarrassment 
which the negative index or characteristic (see p. 221.) as it is 
called) may occasion. 

In the common system of logarithms in which die base is 10, 
1 is the logarithm of 1 0, and the logarithm of 1 : consequently, 
erery number than can be assigned between 10 and 1 must have 
for its logarithm a proper fraction, or (since a fraction may always 
be decimally expressed) a decimal fraction. The logarithms, 
therefore, of 2, 3, 4.56, 6.9345, &c. must be such decimals as 

.3010300, .47712125, .6589648, .8410152, 8cc. 

which, as it has been already argued (see pp. 207, &c.) are 
not to be called artificial numbers, but are computed numbers 
such as make good the equations, 

10-6009648 - 4.56^ io4i4ioi5e -. 6.9345. 

The Logarithmic Tables contain, in fact, the logarithms only 
of those numbers which are contained between 1 and lO ; and, 
from these registered logarithms, those of other numbers, less 
than 1, and greater than 10, are to be derived by means of the 
properties of logarithms. Thus, in the following extract from 
Sherwin's Tables : 



Numbers. 


Logarithms. 


1255 


093 6437 


56 


9896 


51 


099 3353 


58 


6806 


59 


100 0257 



the logarithms, with a decimal point prefixed to their first figure, 
are respectively the true or real logarithms of 

1.255, 1.256, 1.257, 1.258, 1.259, 

and since 

log. 12.55 =log. (1.255 X 10) =:log. 1.255 +log. lOalog. ]:.255+l» 
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and unce similarly, 

log. 125.5 =: log. 1.255 = log. 1^55 + 2y 8cc. 

we find by these properties of logaritfams, the logarithms of 12.559 
125.5, 1255, 8cc. to be expressed by 

1.0986437, 2.0986437, 3.098643?: 

and similarly, we may, from the logarithms of 1.256, 1.257 y &c. 
immediately assign, by prefixing the proper indices or charac- 
teristics, the logarithms of 12.56, 125.6, 12560, 8cc. 12.57, &c. 
1257000, &c. 

But if .0986437 be, as it is, the real logarithm of 1.255, the 

(1 255^ 
since .1255 = -^ 1 must equal 

.0986437 - 1, or - .9013562, 

(1 255x 
since .01255 = ' 1 must 

equal 

.0986437 — 2, or - 1.9013562. 

These negative quantities, then, are the real logarithms of the 
above decimal numbers, that is, the equations, 

.12.55 = 10— *>i2662^ or = 



.01255 = 10-W1M62, or = 



1 



101.90] 3008 

.001255 = 10-^9013562 or == -_2-_ , 

8ic. = &c. 
are^ within certain limits of exactness, true equations. 

Now although, by means of the registered logarithms, the 
logarithms of decimal numbers may always be assigned by the 
preceding method, yet they are not immediately assigned : there 
intervenes, as an operation, the subtraction of the logarithm taken 
out of the Tables, either from l^ox 2, or 3, &c. In order to get ride 
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of this subtraction, the Authors of the Rules or Precepts far the 
use of Logarithmic Tables have devised a notation for negative 
logarithms (which the logarithms of all proper fractions are) by 
which the number or the series of figures assigned by the Tabkf for 
the logarithm of any number may be retained. They hare chosen 
to represent the logarithms of 

.1255, .01255, .001255, 8u:. 

neither by .0986437 - 1, .0986437 — 2, 8^:. 
nor by the results - .9013562, — 1.901 S56?, . 
but by 

T.0986437, 2.0986437, &c. 

and they apply a similar conventional notation to designate the 
logarithms of all other decimal numbers. The advantage of this 
notation is obvious : the same set of figures or of cyphers which 
the Tables assign to a number are to be forthwith used, what- 
ever that number be, whether integer or a decimal fraction : thus, 
if in the Logarithmic Tables 8785218, under the column marked 
log., stands opposite the number 756, then, by the properties of 
logarithms (see pp. 210, Sec.) and the peculiar notation. 



Numbers. 
75600 


LogaritbuiB* 

. 4.8785218 




7560 


3.8785218 




756 

^^,^^.,^, a 7.56 
\756 
.0756 


2.8785218 
1.8785218 
0.8785218 
1.8785218 




. .00756 


2.8785218 


.00756 


3.8785218 


, ?0]> *" 



The first 5 logarithms are real numbers in whkh the figmres 
and cyphers have, according to their order or arrangement, that 
significancy which they have in all ordinary arithmetical opera- 
tions : the 3 last logarithms might be called Artificial Numbers, 
since their significancy cannot be inferred from analogy^ but is 
altogether arbitrary or conventional. 
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Now^ this being the case^ we cannot, relatively to these latter 
logarithms, establish any rules for operating on them, that is, any 
rules for adding to them, or for multiplying and dividing themt 
except by reference to what they are made to stand for. In so 
doing we make a recurrence to a kind oi first principles. In order 
then to add the logarithms, 

T.4329693 and 2.6901961, 

(which it is necessary to do in finding, by means of the Logarithmic 
Tables, the product of .271 and .049 of which the above quan- 
tities are respectively the logarithms) we must substitute the 
quantities they stand for : thus 

(j) T . 4329693 = .4329693 - 1 
(b) 2.6901961 = .6901961 - 2 

1.1231654 — 3. 

Now 1.1231654 means 1 4- .1231654; 

.-. 1.1231654 - 3 equals .1231654 - 2, 

which, according to the peculiar notation, may be thus written 
2.1231654 : which is the result that would be obtained by adding 
ia) and (^), and causing the unit carried over by the addition of 4 

and 6 to destroy 1. Generally, 

17.431 = .431 - n 
m . 752 = .752 — m 

.'•«+«»+ 1 . 183 = 1.183 — « - i» 

= .183 — (w — 1)— i»; 



but .183 — («— I) — m may be written w — 1 + iw. 183 5 

•*. in n +m + 1.183 the 1 is to be incorporated with then or m, 
and written thus. 



fn ^ \ ^ m. 183, or m — 1 + h . 183. 

Suppose it necessary to subtract the preceding logarithms 
(which it would be were it required to divide^ by meana of loga- 
rithmic Tables .271 by .049.) 
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then since (c) T.4529693 stands for .4329693 — 1, 
and {d) 2.6901961 .69O196I — Sj 

by subtraction, the right result is — 1 +.7227732 + 1, 

or .7227732 

which is the same result as will follow by subtracting (d) from (c) 
in the commoq way and by considering — 1 and 1 as the same. 

In order to procure instances for the multiplication and division 

of such indices or characteristics^ as 2, 3, Sec. Suppose it were 

required to find, by the aid of the Logarithmic Tables, the value 
of (•0756)». 

Now, by the properties of logarithms (see pp. 210, See.) 

log. (.0756)' >= 3 log. 0756 =z 3. x 2.8785218 

Now 2.8785218 stands for .8785218 - 2 
(multiply by S) 3 

2.6355654 - 6 

b^t 2.6355654—6, is the same as 2 4- .6355654 —6, which equals 
•6355654, which, according to the peculiar notation of logarithms 

(see p. 228.) may be thus noted 4.6355654 : the same result as 

will be obtained by multiplying 2.8785218 by 3, considering 

? (bsS X 2) + 2 to be the same as 4. 

Since .6355654 is the logarithm of 4.3208, 4.6355654 [which 
is the logarithm of (.0756)*], is the logarithm of .00043208 : con- 
sequently, 

(.0756)' = .00043208. 

When the index or characteristic is to be divided (which 
happens in finding the root of numbers by the method of loga- 
rithms) the operation is less direct : suppose it were required to 
find the value of (.0756)^. 

« 

Now log. (.0756)^ = \ log. 0756 <= i (1.8785218), 
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Now, 2.8785218= •8785218 - 2 

= 1 + .8785218 - 2 '^ I 
= 1 + .8785218 - 3 
or = 1.8785218 - 3 

.-. i (2.8785218) = 3 (1.8785218 - 3) 

= .6261739 — 1 
or 1.6261739. 

But it is evident we may at once obtain this result by changing 

2, into 3, then by dividing by 3, and^ in the division immediately 
succeeding to that of the index, carrying 1, as a quantity borrowed, 
to the next figure. 

If the value of (.0756)7 had been required, then, since it 

would be necessary to divide 2.8785218 by 5, we must make 2, 5, 
and csrry, as quantity borrowed, 3 to the next figure : for 

i'.8785218 = .8785218 - 2 
= 3.8785218 - 5 

.-. I (5.8785218) s-i (5 + 3.8785218) 
5 5 

= T.7757043. 

A few more instances, involving such characteristics as 
2, 3, &c. are subjoined. 

Required the sum of 3.6989700, 7.3467875, 1.4771213, 
5.4313638, 

by separate additions, 

7.3467875 3.6989700 

5.4313638 1.4771213 



12.7781513 5.1760913 

12.7781513 

7.9542426 



or by one operadoii, 

7.3467&75 

5.48 1 3638 
3.698970a 
1.4771213 

"7.9542426 

Instances of Subtraction. 

1 8t, 7 .9788 1 07 ( = log. 00000095238) 
ittbtrahend 3.154902O (= log. 0014285) 

4.8239087 (= log. 00066666). 

2d, 2.2218487 (= log. .016666) 
subtrahend 4.6989700 (= log. .50000) 

7.5««8787 (= log. .00000033353). 

In the first of these instances the quotient (.00066666) arising 
from dividing .00000095238 by .0014285, is found by the method 
of logarithms : and in the second the quotient (.00000033333) 
arising from dividing .016666 by 50000. 

Instances of Mtdttplicuttm and Division. 

Find the values of (.05)«, of (.0000625)^, and of (.0752 18)i 
Ist multiplicand 2'.6989700 (the log. of .05) 
mullipUer 5 

7.4948500 (the log. of .0000003 1£5) 
.•. (.05)' = .0000003125 

2d, 4 I 5.7958828, the dividend (= log. 0000625) 

2.9489707 ( = log. .088914?) j 
.•• (.0000625)-^ = .088914. 

3d, T8763253 ( = log. .07521 8) 

2 

5 1 1.7526506 (see pp. 230, 231.) 
1.9505301 (= log. .89234) ; 
.-. (.075218)^ = .89234. 
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The logarithms of decimal fractions (see pp. 227 j &q.> AT« trftly 
and properly expressed by negative quantities; but since (see 
pp. 228.) they are not commodiously so expressed^ a peculiar 
notation with negative indices or characteristics has been invented. 
Th^iri.meanipg i&. to be derived not from analogy, but from the 
terms 6f that prescription that assigns them their meaning. We, 
must refer, as we have seen (see pp. 229, 8cc.), to the same source 
for establishing th^ truth of rules for operating on such indices. 
But there is another contrivance for designating the logarithms of 
fractions, in which no negative indices are employed. This 
consists in borrowing 10, or 100, or 1000, &c. and by prefixing, 
to the! decimal part -of* the logarithm, the difference between 10, 
, or 100, or &c., and 1, 2^ &c. Thus, 

instead oJf 18763253, 7^4948500, &c. 
the numbers '9.8763253, 3.4948500, &c. 

or 99.8763253, 93.4948500, &c. 

, . • "■•.■.■ • " ' 

are written : but then, in these cases, to prevent ambiguities or to 
derive rules for operating on these artificial logarithms, it must be 
noted or understood that 10, iOO, &c. is borrowed. For, .4948500, 
1.4948500, really representing the logarithms of 3*,1^5, 31.25, the 
logarithm 3.4948500 would naturally and analogously be that 
of 3125 ; but it is made, according to. the nptatioawe are now de- 
scribing, to represent the logarithm of .0000003125. There will 
exist, therefore, in this, and ihsimilarcases> an occasion of ambiguity 
which cannot occur in the nqtatjon with negative characteristics. 

In order to establish any rules relatively to the last-mentioned 
niethod of noting the logarithms of fractions^ we must> as in the 
case of negative characteristics, refer to the real quantities they 
are made to represent. For instance, 3.4945800 (which, without 
any cohvention expressed or implied, would designate the loga^ 
rithm of 3125) ■ is made to represent the logarithin .000000312$, 
it stands for 3.4945800 — 10 (= - 6.5054 199) ^> and this ijiul- 
tiplied by 4 equals 

J 

4 X 3.4945800 — 40 
^.r .1%978320P -40,.. 



G O 
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which may be thus expressed, 

13.9783200 40 being borrowed, 

or 3.9783200 30 being borrowed ; 

whence we derive a rale for multiplication ; which is, to multtplf 
the logarithm (expressed by borrowing 10) by the multiplier (in 
for instance) and to ^ject the lO's from the characteristic : the 
number then borrowed is m x 10 — the lO's rejected. 

Thus, if 5.9635786 stands for .9635786 - 5 

6 or .9635786 — (10-5) 

35.7814716 represents 6 times the logarithm of 

.00009195. Again, if 5.9635786 stands for .9635786 —(10—5), 
six times the logarithm equals 35.7814716, in which 60 is 
borrowed, or rejecting SO, 5.7814716 may represent it, 
30 (=60 —30) being borrowed. 

In order to divide 9.7526506 by 5 (to take such an instance) 

9.7526506 stands for .7526506 — 1, 

or 9.7526506- 10; 

.-. 49.7526506 is equivalent to 497526506 - 50 5 

.-. I (49.7526506) equivalent to i (49.7526506) - 10, 
S ' 5 

or 99505301 to 9-9505301 - 10 5 

but the left-hand set of figures is made to stand for the right: 
therefore we may divide a logarithm (expressed by the borrowing of 

10) by changing the characteristic (c) into m — 1 xlO+^>ifmbe 
the divisor, and then by dividing by m : the quotient is the real 
quotient, 10 being supposed to be borrowed, or is the real 
quotient - 10; thus if 3.4948500 standing for 3.4948500-10, 

be to be divided hj 5, add 40 (=: 5—1 x 10) to the characteristic 
making it 43 : then 

i (43.4948500) = 8.6989700. 
5 

There is then no difficulty in Jflding Tides for operating with 
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logarithms thus noted. But since (as we have already explained the 
matter in pp. 333, &€.) the logarithms, expressed by 10, or iOOt 
or &c. being supposed to be borrowed, have a meaning different from 
their usual or ilatural import, there exists a cause of ambiguity and 
and some danger of confusion. The logarithms expressed by 
means . of negative characteristics are free from these objections: 
they have indeed, like the others, a conventional meaning but 
they have only one meaning. The rules for operating with them 
are distinct : and the only objection against them, is, their typo- 
orraphical uncouthness. 

Expressions for the Sine and Cosine of a Multiple Arc (see p. 46). 

These expressions admit of no simple proofs ; yet, we will 
proceed to give their proofs, principally from the necessity of the 
case, and, partly, on account of the importance of the formula 
on which H:hey depend, and which is little known to English 
Students. 

The object of. the formula is to afford the means, of computing 
^u (a function of v) when u is expressed by this equation, 

in "which/ u (=1/) denotes another function of u, not necessarily 
the same as <pu*. 

Since M = X + y -fu, it is plain that u arid consequently <p u, 
depend on x and jr, or, to use the language of Mathematicians, 
(which has been used on the Continent ever since the time of 
John Bernoulli) zre functions of x and^; let ^« = V', then, by 
taking the partial differential coefficients (see Princ. AnaL QaU* 
pp. 79> &c.) of r, we have 

dF d(<pu) du d/T _ d{<l>u) du . 
' dx du dx^ dy du dy^ 

. dF du_djr dj4 r -| 

dx dy dy dx 

* For instance, fu or IJ may in a particular case represent u'**^ 
-whilst 0tt represents sin. tf, or tao. u (see Anal, (Jatc, pp. 42^ &c.) 
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■ Again^ take the partial difierential coefficients of du^fmn 
tbe equfttioh u :±x ''^y *Uh 

then^ 



^ ■ # 



• . - . . f J . 



d« _ dU du 

dx du d-x ^ 

Ji/ _ |.j dU du . 

dy "*" "du dy* ' 

' i> ■■.••. 

. dU 

Eliminate, by means of these two equations, -z — , and there resul^ 

P-- [T.^ =0.. !...... ...^. ...[*]. 

.. ay ■ ax '..' -'.. '■ . : •" "!■ «. . 

■:..'. .'■'■ ■• •■ • I ■ 

Substitute in this last equation, -diii ydlue^ of --r^, asgived 

du . 

in the equation \a\y and 

dV J. dF ^ n 

« • dy dx 

t . ■ ■ • . • ' 

and from these two equations, the formulas for u and for f 
(s= ^ tt) are to be derived. Thus, 

u :=: X + y ,fu 

, =;: X -f 5^ . .^ + y* . ^ + / . B + &c. 



3f stjTj:, and ji/, B, &c. being supposed to be functions of *. 

,'■■..' . . .: ■ ■ • ■;..,■ . - « ■ , . 

Hence, ..,,...: ^ ■ ..^ ■ ■ - . . j: r. /■. 

' dv ■; dX ■ ^dA • 3 <?B , ff J c 

Ja: dx ,dx rfj? ^ ' 



.■:!; 



^=zX+2y.4 Vsy-iB + &c. ^ _ 

dy 

Substitute these values in the equation {^i, and -^re results 

z=: X -^^y.A + Sy^.B +'&C. 
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.••^ •>. 



:dx. ax : ax ; >\ 

Now AXr=.X^.iJ. =^^J^.i 

- . fl» ■. ■■■■■- «*_- . 

consequently, • B = - — - V~ . ^ j' and so on. 

2.3' oa;\ 

Hence, , , • . , •.. 

and C7 ( = ^^^) = J'^ I . '-^ + /^^t^>+i!«: 
fpu is to be obtaiae^l precisely in the same-way. For, . 

•',, since the first term of the developement will be 0x(=i*)^«i^d 
U has been expressed by a series of terms inyQJiying functions 
of J?, assume 1 . . 

r, or 0« = P + 3f . <2 ■+/• if 4 y^.Sfkc. ' ' 

Py Q» i?5 &c. being functions of x. . , . . ,^| ' 

From thisy find, as before, (p. 235^ 1. 08, 29;) the partial ditfer- 

I ' '■•■;, J y" dy '"'^^ .■ • . ■ ■■, 

ential coeflGiaents -r— , -— - and substitute . their values, with 

fliat of U, in the equation [r], and there results 



.." .1. 



4 

(2(^4- ^Ry + 3 5/ + &c. 
-1:7- +i^-r^+^ •'T— +8cc. 1 XI 2:+ -^ ^ ^ -fScc.l 



■ 'V 



t 
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Henccj at before (p. 236.) multiplying the two series of the 
latter part^ and comparing the terms affected with like powers 

ax 



dx 9, .dx ax 

ax 2Jl ax 

40 dX 

- iMB- 

~ dx ' 

• . -K - *•- rf— - 4 3^ 

and so on : Hence, 






K^'^-D 



dP y* V rf x/ 

which is the important formula that we proposed to inves- 
tigate*. * 



til ■■<■>■< 



* See on this subject, Laplace, Mem, Acad. Mil, and his Mec, 
Celeste^ pp. 170, &3C. Lagrange, Thcorie des Fonctions Anal. Edit. 1. 
pp. 101, &c. and his Equa. Num. Edit. ]. pp. 234» .&c. and Cousin, 
Aatron, Physique, pp. 15, &c. 

The Stttdpnt, who examines the preceding demonstraliipfiy will per- 
ceive how necessary it is, in complicated processes » to be possessed of a 
precise and'comtnodious notation. In the text, the difierentiai, in pre- 
ference to the fluxionary, has been used ; but even that may^ with 
advantage, be, in this as in like cases, superseded by Arbogast's, in which 
the small Roman character d j;s used to denote the differential coefficient. 



of V * ^^^ 



With that, character, instead of —-^^ — ^ ^ we should write 

dx 

D (X* . D P), and so on. See Principles qf AnaL Cak\ pp. 22, 43, &c. 
and Preface, pp. 28, &c. 
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We will now apply this theorem to express the cos. mJ. 
By p. 48, 9, . cos. i» -4 = a* -f -;; ; 

if, 2 . cos. j4 = a + - . 

a 

Hence, we must, from the preceding formula, find a"* and 
— from this equation 

a — 2 . COS. A ;_ 

for this end, compare it with uzzx + y. IT"; 

then 1/ = a, X zz2 cos. A, y =. -^1, and 

t7 (= fu) = ^ : and the function (<p u) of w, or of «, that is re- 
quired, is a**. 

Hence, P = ^x = j?^ = 2* .cos.** A 



X • 2 cos. A 

-^— = mpr--^ = 2*" — ^ .iwcos."' — ^^; 
ax 

.'. X^ « iw X 2"*-*.cos."— *.^. 
ax 



Again^ 



J^.l£=: m X(2cos.^)-— ^ 
ax 

.-. ^ , ^^^ = m .(w^8) (2 COS. AT"^', 
ax 

in like manner, — =a— "• is to be obtained; in this case ^c^ss a-*"*, 

and P SB a?"""*, 

and-r — = — mx^'^^^i whence, 
ax 



2M 

ax z . COS. ^ 

r 

X* ^ = - W . (2 COS. -4)^"— 3^ 

and .•.,—, jT-j 7 s=/w.(ot+S)(2cos.-4.)~*"".%<&c. 

* Hence, 2 . cos. m A zz oT" ^ — = 



a*" 



(2 .cos. Ar-m.{^ cos.-rfr-2 ^^Lii!?L_^ (2 cos. ^r-* + &c. 



• '«'. '; ' ; ■'. ■'. •• . / I'.i 



+ (2 COS. ^) -"• -f IW (« cos. ^) -*»-« + ^-^^^ . <2 cos. -r^)-^^ + &C. 

This expression is apparently composed of two series, one 
arranged according to the positive, the other according to the 
negative, powers of 2 cos. A, But, it is to be observed, the first 
series is to be continued, till the terms involve, in fact, negative 
powers of 2 cos. Ay which, in the case of m being an* integer, 
will be all destroyed by the terms of the second series. 

For instance, if m = 1, 

2 COS. -4=2 COS. -4 - (2 COS. A)^\'- (2 .cos. ^) — ' + &c. 

+ (2 COS. ^)-^ ^ (2 . cos. :z/) - 3 + &c. 

Again, if m ss 2, 

2 COS. 2 Azz(2 COS. Af — 2 .(2 cos. Af - (2 cos. A) — ^ &c. 

+ (2cos. ^)~2 + &c. 

= (2 COS. A)* — ,2, 

and, similarly, it will so happen, when other whole numbers are 
substituted for m. 

Hence^ in thoeie ;ca6e8 in which mis represented, by, whole 
numbers, the value of 2 cos. m A may be represented by the first 

* ■■ '- _ 

* This is only oae out of the many important applications that may 
be made of the formula which we have demonstrated. 
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series alone, that series being restricted from involving any 
negative powers of 2 cos. A : that is, if 2 cos. -rf=/?, 

2.cos.w^=/;« — mf^--^ + y.'(^-^)yi.~4 _ gj;c. 

The series is frequently written in a reverse order ; since the 
general term is 



m 



^ (m''n)(m-n'-'\) (m-g;i4-l) ^ ^-s-. 



tn -^ n l.g w 



when'm = 2;i, the series terminates, and the above term becomes 
=i2. If we make the series begin from this term, then 

2 . COS. mAsz ±2M ^--r + • — ^ ^ — &c. } 

X 1-2.2* 1.2.3.4.2* J 

the upper or lower sign taking place, as m is of the form 4 /, or 
4/ + 2. 

If iw = 2 /I H- 1, the preceding general term becomes mp, 
and then 

V ^ 1.2.3.2*^ ] .2.3.4.5.2*^ / 

the upper or lower sign taking place as m is of the form 4/ + 1, 
or, 4 / + 3. 

From these expressions for the cosine of a multiple arc, 
several others may be deduced. Let s and c be the sine and 

cosine of an arc, then czz^i and 

2 

cos. m-4=i ((2rr -m (2r)"-^« +*2i^Z^ (2rr--* - 8cc.) [a] 
or, [m odd] 

\ 1.2.3 1.2.3.4.5 / ^ ^ 

[in even] = ±(1— — c*H ^— - — ^ r"*- - &c. I \c\ 

^ ■' V 1.2 1.2.3.4 J ^^ 



A H 
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Since the expression [6] is true whatever be the arc, let the 
arc instead of J^ he^—J, then cos. ( ^ — ^ ) nsin. ji=ss, and 

COS. ^ I ^ — -^ ) = COS. f ——mA ) = :*= sin. mAf\_+ if m 

be of the form 4/ + 1, -- if of the form 4/ + 3 :] hence, in all 
cases, [m odd] 

yt »i(m*-l) , . m .(wi*- l)(m*— 9) j5 ^.^ rfi 

Sm. in^ = mj- ^ '-s^ + — ^^^ -^ s^ — oCc. I aj 

1 .2.3 1 .2.3.4. 5 

Take the differential or fluxion of [a], then since [p. 106.] 
J(cos.m ^) r= — sin. mA.m.dAi and 2"*.d(0 = 
2*" X md^-^^.dc =: '-Or.mif^'-^s.dAy &c. 
•*• diriding by mdA^ we have, since / enters each term, sin. iiij^is 

J ((2 rr-^-(m-2)(2r)r-^ ^(iii-3)(m-4)^^^y,_g_ &c.)*W. 



* The remark made in p. 244, 1. 17, on formula [a], produced to 
the Author of the present Treatise an anonymous letter dated Trin. Coll. 
Dec. 12, 1817, communicating an ingenious demonstration of \e\ (the 
formula for the sin. m A). 

The following process for finding [a] contains, substantially, the 
principle of that demonstration. 

By virtue of the formula of 1. 8. p. 32, 

COS. (/» + 1) a = 2 cos. na . cos. a — cos.(7t — \)a ; 
.*. cos. (n + 1) fl . J?* = 2 cos. n a , cos. a.x* — cos. (« — 1 ) a . «^. 

Let »=0, 1,2, 3, &c.; then collecting the severally resulting 
values 

cos. « + cos. 2 a • X + cos. 3 a • j?* + &c. = 
cos. «— .r + 2 . cos. a .x { cos. a+cos. 2a . * + cos. 2 a . j?*4"^c. } 

— ^* { COS. a 4" cos, 2« . a? + cos. 3 a . j:*'+ &c. J 
consequently, 
cos. a+cos, 2 a . ir+cos. 3 a.Jif* -\- &c.-(-cos. na . «*"i -}" &c. ^ 



' V , 
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If we perform the same operations on [F] and [r], we shall \ 
have [m odd] sin. mA :=: 

.,(... --^^<i:£^2^>..^.> .r/j. 

and [m even] sin. m A zz 



COS. a—x COS. « — 0? 1 

X 



1 — 2cos. a,jp+** i+«* . ^ 1 

' ' 1 — 2 cos, a.-ri — s 



.a 



1 iX? J? 

|-2 COS. a , 77-1—0^+2* COS'* fl • >. . stx 3 +&C. 



1+^^ ^ '(l+^)'»^ (1 +•=»?*)' 

+2-» COS.— «.-_^+ai-icos.-» «.^.^_p^+&c. 

Equate the terms that on each side are affected with Jf*~^ : now of the 
terms within the brackets, the last written terni^ the last but twoj the 
last but four^ &c. each contain (when their denominators are evolved) one 
term and only one affected with a""* they will also be so affected when 
muktplied by cos. a, the first term of cos. /i— «• The intermediate terms 
contain no such term : but they will contain such a term wiken multiplied 
by — iT the second term of cos. a—x; hence the coefficient of the term 
afiected with gi^^ arising from the complete development of (A) is 

2*^* COS.* a 
^ 2*-s co6.»^* a . (»— 2) — 2*-^ . cos.*^ a 

+ 2-« . cos.*^ a/.2q!:^^Z£> + 2*-*. cos.-^ a . (n-S) 

.,«-* .-!« (»-6)(»-5)(ii-4) ,,,- ,. (»-5). .. 
— 2*^ .cos.»-^a. ,^ ^ ;,^ ^-2*'-* cos.*-* a. >- ^ .(»-^) 

+ &c. + &c> 

and hence cos. n a = 

r(2 COS. a)* - n. (2 cos. a)»-« + ^^^(3 cos. «)P-« i 

* I _ '!:^i^^|izi) (2 COS. «r*: + &C. j 
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V 2.3 2.3.4.5 /L6J 

If we perform a like operation on [d], then, since J (sin. fnA):iz 
m COS. niA.dA [p. 106,], we shall have 

COS. m ^ as r f 1 /* + ^ ■ ■ '^ r f J* - &c. I . . . . [Aj. 

V 2 2.3.4 -^ 

If in the equation [r] we put, instead of -df, ^ — ^, then 
c = cos. ( 5 — " -^ I = An.A^Si 
and COS. iwf-— ^l=cos ( ^ mAjs=i ± cos. « -4 

ft 

[ +, if m is of form 4 s, — , if m is of form 4^4-2.] 

Hence, in both cases, 

COS. mAzzl J + — ^ ' s* — &c m- 

2 2.3.4 ^-^ 

Take the differential or fluxion of this equation [f]^ and diyide 
hj mdAj then we have [m being even] sin. mA 

^c(ms- >»^'»^-4)^+ >»(>»'-4)(»»»- 16) ^_ >V 

V 2.3 2.3.4.5 y*--* 

These formulae for the sine and cosine of the multiple arc, (ten 
in number,) require not, as it has appeared, separate demon- 
stcations, since the nine latter are easily derived from the first 
[a] ; the attention then of the analyst ought principally to be 
directed to that If in tlie formula [a], [rfj, j/], [h~\j we sub- 
stitute for m^ 'J, 3, 4, 5, there will result, as particular instancesr 
the forms designated by [r"], \c'% [c""], [^r^, [/"], [/'^], &c. in 
pages 45, 46, 47 \ and if in [/], [A], [i], we expound m by dif- 
ferent numbers,' we shall have 
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m :=: 3 sin. 3 -4 as - / (1 - 4 r») 
m zz 6 sin. 5 A = s 

&c. 



(1 - 12r»+l6^)j '•■^•' 



m = 3 cos.S^ = .(1 - 4/) I f^^^ j.^. 

m =z 5 cos.5A= ^(1 - X2/^ + l6/*)J ^ ^ 

&c. 

m = 4 COS. 4 ii s= 
i7t = 6 COS. 6 ^ 

&c. 



= 1 - 8/* + 8/* 1 r r-i 



which particular forms were not deduced in the above-mentioned 
pages. 

Series for the Sine and Cosine* 

By the form [rfj, p. 242, 

sin ^ ^-,^.- ^'(^*-^) ,3 ^ m.(rn'-\){m'^9) ^ g.^ 
sm.m^-.m/----_^/ + 2.3.4.5 "^ *^- 

Let J. be very small, and m verj large, and such, that m A zz r, 

then J- = sin. A = sin. - = - , nearly ^ and «*— 1, w*— 9» &c. 

2= m*, iw% &c. nearly ; .*. sin, m Ay or, 

m 2.3 Vwy/ 2.3.4.5 Km^ 

x^ x^ 

zzx ^ + ^ ^ , ^ — &c M. 

2.3 2.3.4.5 '^ ■* 

We shall have the same result if we take the series [i] in 

which m is even ; for r =: cos. A = cos. — =1 nearly, and m* — 4, 

m 

m*— 16, &c. = m\ m% &C4 

If in the series [A], or [i J^ we make the same substitutions as we 
have already made, we shall have 

COS. mA, or cos. ar= 1 h ^ — ^7-7; — - -—Set M. 

' 1.2 1 .2.3.4 ^ -^ 
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Instead of computing sin. T by the methods given in pp. 67 
and 69, Calculators, in the construction of Trigonometrical Tables, 
have employed the preceding series [v] for the sin. x, and under 
this form, 

. m ir WW m^ v^ . Q. 
sm. — , - = — , — :; . -; + &c. 

n Q « 2 n^ 2'. 2.3 

putting — . - instead of x : they have also, availing themselves of 

previous computations,* taken «• = 3.14159 26535 89793, and 
accordingly have been able to represent the above series, and the 
series [m] for the cosine, with numerical coefficients, after the 
following manner : 



* Dr. Horsley, in his Elementary Treatise on Mechanics, p. 153, 
says, that this is '^taking things in a preposterous order;'' and, un- 
doubtedly, it would be so in a Treatise intended specially to explain 
the principles of the construction of the Trigonometrical Canon, but 
not in a Treatise giving rules for practically constructing it with as 
much ease and conciseness as possible* 
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m 



* sin. ^ . 90^ = 
n 



m 



1.57079 63267 9^8966 --...[1] 



ffit 
- 0.64596 40975 062463 -3.. .[2] 



+ 7969 26262 461670 -r...[3] 

nr 



- 468 17541 353187 —...[4] 



fn 



9 



+ 16 04411 847874 — 



.35988 432352 



m 



11 



lit 



+ 



m 



13 



,569 217292 — 



m 



15 



,6 688035 -T. 



»5 



n 



m'7 
.60669 -7. 



m 



19 



.438 --r: 



72 



»9 



COS. ~ 90° =: 
n 

1.00000 00000 000000 

- 1.23370 05501 361698 -r 

n* 

+ 0.25366 95079 010480 ^ 

- 2086 34807 633530 — - 

+ 91 92602 748394 —,1 

- 2 52020 423731 ■— » 

+ 4710 874779— r. 

- 63 866031 -- 

+ 056596 — 

- 5294 -ij 

4- 34>^ 



From this series not only the sin. l', but the sine of any arc 
may be computed ; for instance, let — = — , then computing 
exactly as far as seven places, 



♦ Euler, Irurod. ad AnaL Irtf. p^99. Callet's Log, 27, 28, 
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since - = .t, [H— .157079632 

fnS 

since ^= .00001, [3] =.000000796 



.157080428 
»ince '-^= .001, [2] =.000645964. 



> 



m« 



The 4th term [4] and the re- 
maining terms produce no 
significant figures in the 9th 
Btby &c. places. 



.-.sin. 9* =.156434464 

4 

or, in nearest numbers, as far as 7 places, sin. 9® =.1564345. 
See p. 76, 1. 6. 

From the series for sin, — QO^, we may, by assigning different 

n 

values to — , deduce as many formula of verification as we please ; 
n 

for instance, suppose we wish to know whether sin. 20**, computed 

according to the methods of pages 70, 7 J , be rightly computed ; 

put — 90° = 20 ; .'. — = -, which value is accordingly to be 

substituted for ~ in the several terms of the preceding series 

for sin. - x 90«. 
n 

The sines of arcs deduced by the preceding series and the 
formulae of pages 70, 7 1 , will be expressed in parts of the radius, 
and be, what are called, natural sines ; but, computation is usually 
conducted by means of logarithmic sines, which latter may, by 
the aid of the common logarithmic Tables, if the log. sines are 
required to seven places only, be computed by taking the loga- 
rithms of the numbers that express the natural sines ; and, in 
order to avoid the inconvenience of negative logarithms, (for if 
the radius = 1, the sines are all fractions and the logarithms 
consequently negative) the Trigonometrical Tables are con- 
structed to a radius = 10^°, the logarithm of which = 10: 

so that, instead of 1.6006997, the logarithm 6i .3987491, 
which is the natural sine of 23° 30^ to a radius 1,10 + (T.6006997) 
or 9.6OO6997 is made to denote the logarithm. 
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But it is not absolutely necessary to compute the logarithmic 
from the natural sines ; and, indeed, if the latter consist of more 
than 7 places^ their logarithms cannot, from the Tables in common 
use, be obtained : on this account it becomes necessary to shew, 
by what means independent of Logarithmic Tables, or re- 
quiring the aid only of the Tables that are in ordinary use, 
logarithmic sines may be computed to any degree of exactness. 

By the form [v], sin. x =s x + &c. 

= x (l - — + ?l_-8cc.) 

^ 2.3 2.3.4.5 ^ 

Now, for the purpose of finding the composition o£ 

i* 
1 ■ — + &c. put sin. .r = 0, then (Table, p. 16. making 

A =iO)x may be 0, or at, orSTr, or 3 tt, &c. and x may 
also be either — «-, or — 2flr, or, — 3w, &c. hence, viewing 

the above series as an equation, 0, 7, 2 tt, 3 vr, &c. are its 
roots, or if we put - for x, and then reduce the equation, so 
that the term of th6 highest dimensions (^" for instance) stands 
first, - , — , — , &c. - - , > -~ r" > ^^- ^'^ '^^^^ ®^ 

» 2flr 3w TT 2w 3w 

y* — ^— 4- &c. and consequently, for reasons like those stated in 
2.3 

p. 57,^ , ^ , 8tc.^+ - > ^ + — } &c. are divisors of 

IT - 2Tr AT 2w 

the equation : hence, 

er«»(l L- + &c.) = v(l ~ — )v(l + — ) 8cc. 

or (dividing by y), 

1 I 
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and .-. 1- JL- + ar<<.»(l -f ) (l +-) «te» 
Hence, sin. x^x\i — i.) (i - .£-5) &c, 
or, (putting a? «c 2 .l) 

8in. 21. r = 21. 1(, ^J2l) (1 -^J &c. 

'uid consequently, log. bin. • . ^ 

=log..+log.£+log.(l - J^)+log.(l -^.)+&c. 



By a like decomposition we shall have 



"" ' o-r:)(i-^:)0'A)«^-^ 



C0«. ^. -2t ^_ », X X, V 



and log. COS. 2-. |«log.(l - ^) + log- (^ •- ^ ^^^ 



* If in the expression for sin. - . ■- , we put n— - m instead of /»> 

, /n—m 7r\ /tt m7r\ m w . 

then. since sin. { . ^ /= sin. I -y=cos. — . r-, we have 

cos. — . -= . ;5:V"7r~yv~"7; — /v""":; — /V"i — y &c. if we 

equate this expression for cos. *- • - with the former one, and divide each 

by the common factors, there --esults ^^ ^ ^ ^ ,^ ^ =^X ^^^^^^^^ ^^^ 

, tr V 2.2.4.4.0.6, &cc, . . • • ttt n* . 1 

whence ■- = — which is Walhs's expression ; and many 

other curious results, which are not, however, the proper objects of this 
Treatise, might be obtained. 
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The preceding series may be difi«rently expressed : since * 

^..(.--)=,c,.C4^) 

= log. (2 ff + »l) (2 /!-») — 2 log. 2 n 
rs log. (2 » •f w) + log. {% n — w) — 2 log. 5 — 2 log. « 

.•. log. sin. — . 90^ = log. TT -H log. w? — 3 log. w — 3 log. 2 

n . . • . * 

+ log. (2 1» -h m) + log. (3 » — wi) 

and b]r steps exactly similar we may obtain 

log. COS, — . 90^=log. (ji—m) + log. (in-m) — 2 log. n 

and since^ (p. 2\^\ 



* Log. { 1 -"T-*) * or log, \1 — ^5~x/ Js not expanded^ as the 
similar expressions log. \\ — TtTtJ > &c. are, and for this reason; if 
expanded, it would increase the coefficient of — jj by — : now --^ = 
=z .00000(X)9, &c. or the significant figures would come in the 



1048576 



eighth place, whereas ^ + 10^^5^^27776 = -OOOOOOOOOOOOOp, &c. 
and the significant figures do not come in till the fourteenth place : if, 
therefore, log. \l ^ o5r*/ ^^^ heen expanded, or the powers of -5- 

retained in the computation, we must have computed a greater number 
of terms, (see succeeding series, p, 247,) in order to have -had the series 
exact to fifteen places of decimals. 



wz 



log. -^J = -^ J__^ + ^-j— + 3^:jn?+8«- } 

log. (i -8^.) = - j {g^. + aiw +T^+*"-} 

If wesumthecoef&cientsof -^y ^4 > ^' taking the column& 
vertically, that is, if we find the arithmetical value of 

.4842944, &c. j ij + ~, + r* + &c. j (coefficient of !^/ 

1 .4342944, 8^J7*"*'g*"*"5*'^^*} (c®^®^^®*** ^^ -T?/ 

J .4342944, &c. | ^ + gj + ^5 + 8cc. j (coefficient of ^) 

and add 10 the log. tabular radius, we shall have two Tables 
resembling those given in page 247. 
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log. sin. — . 90** = 

log. m-flog. (2n— wi) 
' +iog. (2n + m)— 3 log. » 

M + 9.59405 98857 02190 
[1] - 0.07002 28266 05901 — 

91 

[2]- Ill 72664 41661 — 

e 
[3] - 3 92291 46453^ 

-.' 17292 70798*-!^ 

TT 

-. 843 62986^ 

- 43 48715-75 

- 2 31931— 

»^ 

- 12659-ia 

vr 

- 702-^ 

- 39^ 

n 



log. COS. ^90 =f 



^ --P— 



1<^. (»— m) + log. (»+ m) — 2 log. ra 
+ 10 

-...0.10149 48593 41892^ 

n 



318 72940 65^51^ 

rr 






— ...«....>.. .20 94858 00017-fi 



n 



.»» 



J 68483 48597 -i 



.m 



!• 



14801 93986-15 



m 



la 



1365 02272-s 



i« 



n 
129 81715 -r: 



n 



14 



12 6I47I-: 



If 



1 24567 



W 



12456 



1? 



1258^ 



.128 



2!! 
1^ 



■5^ 



From these series, may logarithmic sines and cosines^ inde- 
pendently of the values of the natural sines, be computed to \i 
places; and, this inconvenience is avoided ; if the natural sines had 
been taken, consisting of more than 7 places, no Tables in common 
use would give their logarithms* The logarithms indeed of the 
numbers m, dn^—m, 2n+M, &c. arc sujqposed to be taken to 15 
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places, and these can be had, since the numbers will not consist 

of more than 6 figures : for — cannot exceed | * ; therefore, since 

n = 90.60.6O = 324000, it + m, 2n-f ift, 8ce. cannot exceed 
1000000. 

As an instance to the preceding formula, suppose the loga* 
rithmic sine of 9^ to be required : here m=l, n = 10. 

.'. log. m or log. 1=0 

log. (2»— m) or log. 19 = 1.2787536009 

log, (2» 4- »i)orlog.i2L..... ssl.322219294'7 

[a] =9.5940598857 

12.1950327813 [d] 

[1] , 0007002282 

[2J 1H7 

3 log. 10 = 3. 

3.O007O03399 W 

.'.log. sin. 9°, that is, [d] - [e] = 9.1943324414 

.,.-■•• 
This is the log. sin. 9^ to 10 places : and the decimal part is the 

logarithm of 15643446 the natural sine of 9% found, p. 73, &c, 

.... ^ 

' Rule J with its proof ^ for finding the logarithmic sine and tangent 
of very small arcs i (see pp. 96, 8cc. and Introduction toTayWs 
Logarithms^ p. 17, &c.) 

For the sine ; to the logarithm of the arc reduced into seconds 
wifh the* decimal annexed, add the constant quantity 4.6855749^ 



Tfl 1 

* If — > - , the series for the cosine would be used for computing 

the sine, since sin. (45° + .4) = cos. (45° — -4) : it is obvious that the 
logarithms of m, n-i-mf &^c. may be dispensed with entirely, by ex- 
panding log. ( 1 — ^r*a } ' ^^^ then, to attain the same axactness, we 

must make the series consist of more terms. \% is also plain, that instead 
of fifteen places in the numerical coefficients of the series, any number 
may be used.' See Callet's Logarithms, p. 48. 
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and from the sum subtract one-third of the Arithmetical Comple- 
ment of the log. cosine ; the remainder will be the logarithmic 
sine of the given arc. 

For the tangent ; to the log. arc and above constant quantity ^ 
add two-thirds of the Arithmetical complement of the log. 
cosine^ the sum is the log. tangent of the given arc. 

Proof of the RuUfor the Sine. 

By the series, p. 245, sin. xzzx -f ^ &c, 

:=r (x being small) 

x^^ = j: fl - ~) ^x(\ ^ £!y nearly, 
2.3 V 2.3/ \ . 2/ ^' 

hence, log. sin. x = log. a:^ + i log. f 1 — — I 

= log. a; + i log. cos. jTj, 

smd introducing the tabular radius 10^, the logarithm of which 
at 10, log. sin. X = log. /c — § (10— log. cos. x). 

Now X is in parts of the radius \ let n be its value reduced to 
seconds, then 2rx 3.14159, &c. : x :: 360.60.60 : «; 

consequently, 
log. a:aBbg.i»-flog,2r-f- log. 3.14159, &c — 2log.36 — log. 1000 

= log. « + 4.6855749> 

' and log. sin. x = log. « +4.6855749 — J (10— log. cos. x) which, 
since 10 — log. cos. x b the Arithmetical complement of the loga- 
rithmic cosines, proves the rule. 

Proof of the Rule for the Tangent, 



••■ /. ,'\i 



sm. X ' 2.3 , ^ " 

tan, X = — —- = . , nearly = -=— =7 »r^ 

COS.X i_ £ ^ (i^^Y 

* 2 ^^T ^ «^ 
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.^. log. tan. A = log. x* — 4- log. cos. x ; 

orss log. X + 4 (10— log. cos* x) [introducing the 
tabular radius 10^^]. 

hence^ as before, n being the number of seconds in the arc x, 
log. tan. X = log. n + 4.6855749 + i arith^ comp'. log« cos. x ; 

r* 

since cot. x = , log. cot. x, or log. tan. (90^ — a) = 

tan. X 

20— (log. /» + 4.6855749 +4 arith^ comp^ log. cos. x). 

These are the proofs of the two rules for finding the sine and 
tangent from the arc ; but, there are also two rules for the reverse 
operation of finding the arc from the log. sine and log. tangent. 
These are subjoined. See the Introduction to Taylor's Logarithms^ 
p. 22. 

Rule to find the Arc from the Sine. 

To the given log. sine of a small arc add 5.3144251 and i of 
the arithmetical complemeht of log. cosine ; subtract 10 from the 
index of the sum, and you will have the logarithm of the number 
of seconds with the decimal fraction of the given arc. 

• 

Rule to find the-Arcfivm the Tangent. 

To the log. tangent add 5.3144251, and from the sum subtract 
4 of the arithmetical complement of log. cosine, and subtract 10 
from the index, and you will have the logarithm of the number of 
seconds with the decimal fraction of the given arc. 

Proof of the First Rule. 
If ^sssine, and ar= arc, then dx = . ^ ^ (p. 106); 

... » -y + ^ (nearly) = ^(l + /-^ = s (^ "f)'* 
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••• log. X =z log.^r-i log- y^ -\j = log. j^^ 5 log. COS. X ; 

or to tabular radius, log. x=:log.^ + i (10— log. cos. x\ but, p. %55^ 
log. X =log. » + 4.6855749 = log. n + (10-5.3144251); 

consequently, 

log. n = log.^ -f- 5.3144251 + i arith*. comp'. log. cos. J? — 10 
which is the rule symbolically expressed. 



Proof of the Second Rule. 
^^ = -77~^y if ^ te tan.*, V = — ^^ — -=/ . (1 + /')-^4 

= / - i<» nearly, and^' ^n^W^ ==^-^^ "^''^""* 
= <'— 4^ nearly; 

hence, expanding, by the Binomial Theorem, the value of dx as 
far as two terms, and integrating, there results 

^ 2.3 

m 

= *-^ 
3 

= /(I + 0"-i (nearly). 
Hence, log. x=:log.Y— J log. sec* x =: log./ — 4 log. -, and 

COS. tJC 

supplying the Tabular radius^ and putting for x its preceding 
value, 

log. w=log. t + 5.3144251 — 4 (10 — log. cos. x) — 10 

= log. t + 5.3144251 — 4 arith*. comp^ log. cos. x — 10, 
which is die rule symbolically expressed. 

KK 
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Examples to the Rules : with their Solutions by Sherwins and Taylor* s 

Tables^ 

Required the Arc whose Logarithmic Sine is 6.4Q70549. 
By the Rule. 



5.3144251 
6.4976549 
Arith^ comp\ = 

11.8120800 

.'. Jog. arc = 1.8120800 

.'. arc = 64".8754. 



/ A*f 



= r 4".8754 



By Shenvin, 

log. sill. 2' = 6.7647561 

log. sin. 1' = 6.4637261 



.3010300 
given log. sin... = 6.4976549 
log, sin. 1' = 6.4637261 

""""'"' 339288 

- 339288 
arc = 1 - 

3010300 

= I' 6".76. 



X60. 



By Taylor, 



log. sin. l' 5'' 
log. sin. 1 4. 



given log. sin 
log. sin. 1' 4" 



6.4984882 
6.4917548 

67334 

6.4976549 
6.4917548 



59001 



.-. arc = 1' 4^4 



59001 
67334 



' Af 



= r 4^.876. 



Required the Arc whose Logarithmic Tangent is 7.1644398. 



By the Rule* 



5.3144251 
7.1644398 



12.4788649 

2 
lO+s- ar CO. log. cos. = 10.0000003 

it 

Jog. arc = 2.4788646 

,'. arc =301".3067 

=5' r'.2067 



By Shenvin* 

log. tan. 6' = 7.2418778 

log. tan. 5 = 7.1 626964 





791814 


given log tan. . . 


.. = 7.1644398 


log. tan. • . 


.. = 7.1626964 



17434 



• • 



arc = 



^, 17434 ., 

^757814 ><«^ 
= 5' \".S2. 
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By Taylor, 

log. tan. 5' • 2" c= 7.1655^21 

log. tan. 5'. l" = 7.1641417 



» ■ « 



14404 

given log. tan , = 7.1644398 

log. tan, 5'. 1" = 7.1641417 

~~ 2981 

-. w ,// ^981 
•'• ^""^ ^ -5.1 ^^^^^ 

= 5' 1".2069. 

Here, if we take, in the first Example^ that to be the true 
result which is determined by the rule, it appears that the arc is 
not determined from its logarithmic sine by Sherwin's Tables 
exactly in seconds, nor by Taylor's Tables exactly in parts of 
seconds (see p. 96). In the second Example, the number of 
seconds in the result obtained by Sherwin's Tables is right : for, 
although the number of seconds is not necessarily right, it may, 
in certain cases, happen to be right: if, instead of 7-1644398, 
the proposed logarithmic tangent had been 7.202287 Ij the arc, by 
Sherwin, would have been 5' SO", and wrong in seconds, since the 
true arc is 5' 28".633. 

Amongst the independent methods of ascertaining the true 
result, there is none more simple than that, which is called, tech- 
nically, the differential *. If Oy a\ d\ &c. be successive values of a 
quantity, a, differing by a constant interval 1, and if the 1st, 2d, 
3d, &c. differences be d\ d'\ d'\ &c. then any. intermediate value 
i^A) distant from a by the interval x is equal to 

a^x.d' ^x.^^-^.d'^+x.^^—^.^^d"' + &c. 

2 2 3 

This series> by a direct application, . gives the logarithmic sine 
and tangent of a proposed arc : thus, suppose the logarithmic 
tangent of 5' l" 12'" 24'^ to be required:. 

a = log. tau. 5' 0' = 7.1626964 
a'= log. tan. 5' 1"= 7.1641417 
«"= log. tan. 5' 2" = 7.1655821 
«"'= log. tan. 5' 3'"= 7.1670178 

* See Wood, p. .242. Waring, 54. 



d' 


d" 


14453 


- 49 


14404 


- 47 


14357 
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Here, stopping at the Qd difference d" and taking 48 for its 
mean value> and^ for greater simplicity, making the series to begin 
from Of in which case 

12 X 60 + 24 _ 62 ^^ .^^ 

X := = , we nave * 

60.60 300 

log. tan. arc required zz. a + x^ + x , — - — d' 

= 7.16414.17 + .0014404 X ^^ + .0000004 = 7.1644398 

300 

as it ought to be. See the former Example, p. 258. 

The arc cannot by a direct process be found, by means of 
the preceding series, from the logarithmic sine or tangent : but, 
thus it may be found : 

Since x is small, 

fl' + x^' + irini r {=A) = a' -i-xd' -Id' nearly. 

2 2 

Hence, x = ^ '^ Z, \ thus, if ^ =7.1644398 ; 

d-^ 
2 

then (by the Tables) the logarithmic tangents next less and 
greater are 7.1641417, the log. tan. 5' 1", and, 7.1655821 the 
log. tan. 5' 2" : hence, taking the differences as before, 

X ,- ^'1^44398 - 7.1641417 _ ^^^ 
.00 14404 -f .0000024 ' ' 

and consequently the arc =5' 1".2067 as before, see Example, 
p. 258. This method, although it does not determine the loga- 
rithmic sines and tangents of small arcs so concisely and con- 
veniently as Dr. Maskelyne's Rule, is of very extensive use, and 
especially in Astronomy. It may be considered as the foundation 
of the common Rule given in books of Logarithms, for finding 
the logarithmic sines, tangents, &c. of arcs that contain a frac> 
tional part of a minute or second : for, in mean arcs, the differ- 
ences d\ d"\ &c. are nothing or very small, and consequently 

A -=. a + ad'. 
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Thus, to find by Sherwin's Tables the log, tan. 44®. 29' 30". 







log. tan. 44« 28' =9.991914.3 d' 

log. tan. 44** 29' = 9.9921670 2527 
log. tan. 44'» 30' = 9.9924197 ( 2527 

.-. since J? = j, log. tan. 44'* 29' 30" = 9.9921670 + \ (.0002527) = 
9.9922933. See p. 9^. Also Sherwin, pp. 23, 24, &c. Hutton, 
p^ 149> &c. 

Dtfnonstration of the Formula for Computing the Approximate Re^ 

duction to the Horizon. See p. 186. 

Let A be the observed angle, x the correction, that is, let 
^ + :r be the angle required, H and h the heights , 

, , A ^ \ COS. A — sin. H . sin. h . _ ^^. 
then COS. (A + x) -=. == = (p. 139). 

COS. if. COS. h 

But, p. 245, Appendix, 

if' 
sin. if = if— + &c.,#when H is small, =i H nearly; 

2 . 3 

similarly, sin. h -=. k 

if* H'*' . . A* 

cos. H=. 1 f-&c.=: 1 ———nearly ; similarly, cos. A= I — *-. 

TT iAt \ COS. -4 — if A COS. A^Hh 

Hence«.cos. (A+xjzz r: ■ .=; 

O-fK'-D '-(f-f> 

(COS. A'-Hh) [1 -i(ii* + h^y]-^^ 
or, COS. A . COS. J7- sin. A . sin. .r=;(co^. A — Hh) [1 + ^ (-ff*-f A*)] 
nearly, 

but, since x is very small, cos. j:= 1, and sin. j:=jr; 

.-. cos. A — sin. A .X =i cos. ^ — if A + \ cos. A (,H* -{- A*) 

sm. ^ 
or X may be differently expressed ; thus, 

makejp = ^ (if+A) .-.je?* -5* zr if A 

9 = i {H-^h) P' + q*^i {H^ + h% 

sm. A sm. ^ 
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. 1— COS. ^ , 1+C08. -4 

8in. A ' sin. A 

A A 

(p. S3.) s: p* . tan. -- — jf* . cot. — . 

This is the expression given by M. Legendre, Mem» Acad, 
1787, p. 354 ; also in his Trig. edit. 6, p. 413. It is nearly equal 
to the first term of the series given by Delambre, Connoissance dis 
Terns, 1793, and in the first vol. of Measure of an Arc of the Meridian j 
p. 14fO ; by Suanberg, p. 38 ; and by Dr. Maskelyne, Phil. Trans, 
1797, p. 451. 

If « = tan. :^ . sin.» i (iFf+A)-cot. £ . sin.* i (H - A) 
theti, the series deduced by the three latter Mathematicians, is 
x^ n sec. H. sec. A— — sec* if. sec* h. cot. A, sin. 1'' 

+ §«' . sec* if. sec* A (J + cot.* J) . sin.* 1" + &c. 

Here the first term, since sin. ^{H-^-h) is nearly =: 5 (if + A), 
agrees with Legendre's expression. 

Demonstration of Legendre^ s Theorem, See p. 191. 

Let r be radius of sphere ; a, h, c, the sides of the spherical 
triangle ; then the sides of a similar triangle on a sphere whose 

radius is 1, are - , - , - ; let also A be the spherical angle oppo- 

r r r 

site to a, and A' the angle of a rectilinear triangle, the sides of 
which are a.h.cx then, since ; = ( sin. - sin. - ) 



— 1 



sm. -^ sin. - 
r r 



we have, by Prop. 18, p. J 59, 



1+cos 



.A / . S . S-a\/ . h . c\ 

— = I sm. — . sin. 1 1 sm. - .sin. - i 



— 1 



2 
\r 2.3r^/\ r r* / V 2.3r* 2.3 rV 



r* 
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c V 2.3.r* 7 



S . (S-a) _ S.jS-a) / S»+(5-fl)'-^«-g*' 
6<: 6 



neglecting the terms that inTolve, in the denominator, higher 
powers than r' ; but, 

2 2 

„ 1 + cos.^ _ S.(S -a) 2S(S--fl)(S-6)(S-.tf) 

(Prop. 2, p. 25.) = — i:-^ ilTTT^ '""• ^ 5 

/. COS. A = COS. -4'— TT^ sin.* A' \ 

but^cos. -4=cos. u^'— sin. A\x,i{ AszA'-i-x, and a: be very small ^ 

be . ., 1 be . sin. A' Area 
.'. * = ---- . sm. -4 = — - X • = r , 

aud Jl sz A^ ■■ ^ -; and, in like manner, if jB, C, ^', C be the 

Other angles, 

Area 



B'=zB ^ 



3r* 
Area 



3r* ' 



•/l"- 



86i 

or, — -=-4 + B+C— 180: .and thus is prcrred to be twe 
the theorem mentioned^ p. 191. 



THE END. 
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